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Preface 


This book discusses an approach to the study of global properties of solutions 
to the equations of general relativity, the Einstein field equations, in which the 
notion of conformal transformation plays a central role. The use of conformal 
transformations in differential geometry dates back, at least, to the work of 
Hermann Weyl in the 1920s.‘ Their application to global questions in general 
relativity, as presented in this book, stems from the seminal work of Roger 
Penrose in the 1960s in which the close connection between the global causal 
structure of the solutions to the equations of general relativity and conformal 
geometry was established.? Penrose’s key insights are that the close relation 
between the propagation of the gravitational field and the structure of light 
cones which holds locally in a spacetime is also preserved in the case of large 
scales and that the asymptotic behaviour of the gravitational field can be 
conveniently analysed in terms of conformal extensions of the spacetime. In 
the following decade Penrose’s ideas were polished, extended and absorbed 
into the mainstream research of general relativity by a considerable number of 
researchers? — finally leading to the influential notion of asymptotic simplicity. 
The subject reached its maturity when this formal theory was combined 
with the methods of the theory of partial differential equations (PDEs). This 
breakthrough is mainly due to the work of Helmut Friedrich in the early 1980s, 
who — through the conformal Einstein field equations* — showed that ideas of 
conformal geometry can be used to establish the existence of large classes of 
solutions to the Einstein field equations satisfying Penrose’s notion of asymptotic 
simplicity. As a result of this work it is now clear that Penrose’s original insights 
hold for large classes of spacetimes and not only for special explicitly known 
solutions. 

This book develops the theory of the conformal Einstein field equations from 
the ground up and discusses their applications to the study of asymptotically 
simple spacetimes. Special attention is paid to results concerning the existence 
and stability of de Sitter-like spacetimes, the semiglobal existence and stability 
of Minkowski-like spacetimes using hyperboloidal Cauchy problems and the 


1 See Weyl (1968). 

2 See Penrose (1963, 1964). 

3 See e.g. Hawking and Ellis (1973); Geroch (1976). 
4 See Friedrich (1981a,b, 1983). 
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construction of anti-de Sitter-like spacetimes from initial boundary value prob- 
lems. These results belong to the canon of modern mathematical relativity. In 
addition to their mathematical interest, they are of great physical relevance as 
they express, among other things, the internal consistency of general relativity 
and provide an approach for the global evaluation of spacetimes by means of 
numerical methods. 

Why a book on the subject? The applications of conformal methods in general 
relativity constitute a mature subject with a number of core results which will 
withstand the pass of time. Still, it provides a number of challenging open 
questions whose resolution will strengthen its connections with other research 
strands in general relativity. This book aims at making the subject accessible to 
physicists and mathematicians alike who want to make use of conformal methods 
to analyse the global structure and properties of spacetimes. Hopefully, this book 
will provide an alternative to the use of original references while learning the 
subject or doing research. 

Anyone who wants to engage with the subject of this book faces a number 
of challenges. To begin with, one has a vast literature spreading over more 
than 50 years. As it is to be expected from a living subject, the perspectives 
change through time, the importance of certain problems rise and wane and 
it is sometimes hard to differentiate the fundamental from the subsidiary. The 
combination of results from various references is often hindered by changing 
notation and conflicting conventions. Moreover, to appreciate and understand the 
results of the theory one requires a considerable amount of background material: 
conformal geometry, spinors, PDE theory, causal theory, etc. These methods are 
an essential part of the toolkit of a modern mathematical relativist. This book 
endeavours to bring together in a single volume all the required background 
material in a concise and coherent manner. 

As a cautionary note, it should be mentioned what this book is not intended 
to be. This book is not an introductory book to general relativity. A certain 
familiarity with the subject is assumed from the outset — ideally at the level of 
Part I of R. Wald’s book General Relativity.” This is also not a book on the 
applications of the theory of PDEs in general relativity. For this, there are other 
books available. Also, although the Cauchy problem in general relativity is a 
leading theme, this book should not be viewed as a monograph on the topic — 
for this, I refer the interested reader to H. Ringstrém’s monograph.” 

I have endeavoured to write a book which not only serves as an introduction to 
the subject but also is a tool for research. With this idea in mind, I have striven to 
provide as much detail as possible of the arguments and calculations. However, 
at some stages supplying further details is neither possible nor desirable. Indeed, 
quoting the preface of J. L. Synge’s classical book on general relativity: “There 


5 See Wald (1984). 
6 See e.g. Choquet-Bruhat (2008); Rendall (2008). 
T See Ringström (2009). 
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are heavy calculations in the book, but there are places where the reader will 
find me sitting on the fence, whistling, instead of rushing into the fray”; see 
Synge (1960).8 In an attempt to keep the readability and the length of the text 
under control, I have not endeavoured to provide completely general or optimal 
theorems — the attentive reader will realise this and is referred to the literature 
for further details, if required. As a picture is better than a thousand words, I 
have complemented the text with a considerable number of figures and diagrams 
which, I hope, will help to explain the content of the main text and provide 
useful visual models. 

In writing this book, I have assumed the reader to have a certain mathematical 
maturity. Some basic knowledge of topology is needed — Appendix A in Wald’s 
book contains the required background — as well as familiarity with basic tensorial 
calculus. I have, however, not assumed any prior knowledge of 2-spinors. The 
necessary toolkit is developed in the course of two chapters. Readers looking 
for a supplementary source on the topic are referred to J. Stewart’s book.® 
The applications of conformal methods discussed in this book require certain 
knowledge of the theory of PDEs. I provide all the required material in a chapter 
of its own — nevertheless, some previous exposure to the basic ideas of the 
theory of PDEs is an advantage. Some arguments in the book make use of very 
concrete results of analysis. In these cases, I have included the necessary ideas 
in appendices to the various chapters. 


8 I am thankful to R. Beig for bringing my attention to this quote. 
9 See Stewart (1991). 
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Introduction 


This book discusses an approach to the analysis of asymptotic and global 
properties of solutions to the equations of Einstein’s theory of general relativity 
(the Einstein field equations) based on ideas arising in conformal geometry. This 
approach allows a geometric and rigorous formulation of problems and notions 
of great physical relevance in the context of general relativity. At the same time, 
it provides valuable insights into the properties of the Einstein field equations 
under optimal regularity conditions. 

Before entering into the subject, it is useful to discuss the motivation behind 
this type of endeavour. Accordingly, a brief account of certain aspects of what 
can be called mathematical general relativity is necessary. 


1.1 On the Einstein field equations 


Einstein’s theory of general relativity is the best theory of gravity we have. It 
is a relativistic theory of gravity which considers four-dimensional differentiable, 
orientable manifolds M endowed with a Lorentzian metric g; a discussion of these 
differential geometric notions is provided in Chapter 2. The pair (M, g) is called 
a spacetime. Here, and in the rest of this book, quantities associated to the 
spacetime (M, g) will be distinguished by a tilde (~); the motivation behind this 
notation will become clear in the following. The gravitational field is described 
in general relativity as a manifestation of the curvature of spacetime. 

The fundamental equations of general relativity, the Einstein field equa- 
tions, describe how matter produces the curvature of spacetime. They are given, 
in the abstract index notation discussed in Section 2.2.6, by 


sles a A 
Rab = g Pab + AGab = Tab, (1.1) 


where gap is the abstract index version of g, and where Ra and R denote, 
respectively, the Ricci tensor and Ricci scalar of the metric g. Moreover, À is 
the so-called cosmological constant and Tap denotes the energy-momentum 
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tensor of the matter in the spacetime. Precise definitions and conventions for the 
curvature tensors are provided in Chapter 2, while a discussion of the energy- 
momentum tensors for a range of matter models is provided in Chapter 9. The 
energy-momentum tensor satisfies the conservation equation 


VT» = 0, 


where Va denotes the covariant derivative of the metric g. The Bianchi identity 
satisfied by the Riemann curvature tensor RY hed of the metric g ensures the 
consistency between the conservation equation and the Einstein field equations. 
A solution to the Einstein field equations is a pair (M,g), together with 
a g-divergence-free tensor Tap such that Equation (1.1) holds. In suitable open 
subsets of M the metric g is expressed, using some local coordinates («"), in 
terms of its components (uv); here and in what follows, Greek indices are 
used as coordinate indices. In general, several coordinate charts will be needed 
to cover the spacetime manifold M. Two metrics g and g over M are said 
to be isometric if they are related, everywhere on M, by some coordinate 
transformation. 

In the cases where Ta, = 0, a direct computation shows that Equation (1.1) 
implies 


Rap = AGab- (1.2) 


In what follows, the latter will be known as the vacuum Einstein field 
equations and a solution thereof as an Einstein spacetime. The full curvature 
of a four-dimensional manifold is described by the tensor Rsca. This tensor 
has 20 independent components. By contrast, the Ricci tensor appearing in the 
Einstein field Equations (1.1) and (1.2) has only 10 independent components. 
Hence, even in the absence of a cosmological constant, where the vacuum field 
Equations (1.2) reduce to 

Rap = 0, (1.3) 
it is possible to have solutions with a non-vanishing Riemann tensor. As a 
consequence, solutions to the vacuum field equations play a special role in general 
relativity, as they describe pure gravitational configurations. Vacuum spacetimes 
are often deemed more fundamental, as they exclude potential pathologies which 
may arise from the choice of a particular matter model. 

General relativity has two main domains of applicability: cosmology and iso- 
lated systems. To make use of the Einstein field Equations (1.1) within these two 
domains, one requires a number of idealisations. On the one hand, in cosmology it 
is usually assumed that the matter content of the universe can be described by a 
perfect fluid with an equation of state which depends on a particular cosmological 
era. It is a convention in mathematical relativity to refer to spacetimes with 
compact spacelike sections as cosmological spacetimes. On the other hand, 
isolated systems are convenient idealisations of astrophysical objects for which 
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it is assumed that the cosmological expansion has no influence. The transition 
between the regime of isolated systems and the cosmological one is a topic 
of fundamental relevance for the understanding of the physical content of the 
Einstein field equations; see, for example, Ellis (1984, 2002). 

The validity of general relativity has been verified in a number of experiments 
covering a wide range of scenarios ranging from the dynamics of the solar system 
to cosmological scales; see, for example, Will (2014) for a discussion of the 
subject. Surveys of the physical content of general relativity and its various 
domains of applicability can be found, for example, in Poisson and Will (2015) 
and Shapiro (1999). 


Note. In the remainder of this chapter, in order to simplify the presentation, the 
discussion will be restricted to Einstein spaces, that is, solutions to the vacuum 
Equations (1.2). The inclusion of matter very often requires a case-by-case ana- 
lysis. 


1.2 Exact solutions 


A natural first step to developing an understanding of the properties of solutions 
to the Einstein field equations is the construction of exact solutions, that is, 
explicit solutions written in terms of elementary functions of some coordinates. 
The first non-trivial exact solution to the Einstein field equations ever obtained 
is the Schwarzschild solution. It describes a static spherically symmetric vacuum 
configuration; see Schwarzschild (1916), an English translation of which can 
be found in Schwarzschild (2003). Remarkably, despite the complexity of the 
field equations, the literature contains a vast number of exact solutions to 
the equations of general relativity; see, for example, Stephani et al. (2003) 
for a monograph on the subject. The number of solutions with a physical or 
geometric significance is, arguably, much smaller; see, for example, Bičák (2000) 
and Griffiths and Podolsky (2009). 


1.2.1 Construction of exact solutions 


The construction of exact solutions to the Einstein field equations requires a 
number of assumptions concerning the nature of the solutions. The most natural 
assumptions involve the presence of continuous symmetries (Killing vectors) of 
some type in the solution, for example, spherical symmetry, axial symmetry, 
stationarity (including staticity) and homogeneity. Other types of assumptions 
involve the algebraic structure of the curvature tensors of the spacetime (e.g. 
the Petrov type of the Weyl tensor). These types of assumptions are harder to 
justify on a physical basis. 

Exact solutions are usually constructed in a coordinate system adapted to 
the assumptions being made. Very often, these natural coordinates cover only a 
portion of the whole spacetime manifold. Thus, one needs to find new coordinate 
systems (charts) for the exact solution which allow one to uncover a full maximal 
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analytic extension of the spacetime. This maximal extension usually paves the 
way to the interpretation of the exact solution and gives access to its global 
properties. 


1.2.2 The limitations of exact solutions 


Several of the well-known consequences of general relativity have been developed 
through the analysis of exact solutions, for example, the notion of a black 
hole. Thus, the study of exact solutions to the Einstein field equations helps to 
develop a physical and geometric intuition which, in turn, can lead to questions 
concerning more generic solutions. However, despite the valuable insights they 
provide, the construction of exact solutions is not a systematic approach to 
explore the space of solutions of the theory. In particular, this approach leaves 
open the question of whether certain properties of a solution are generic, that 
is, satisfied by a broader class of spacetimes. Moreover, exact solutions do not 
lend themselves to the analysis of dynamic situations such as, for example, the 
description of the gravitational radiation produced by an isolated system. Thus, 
it is not possible to address issues involving stability just by means of exact 
solutions. In order to analyse the above issues one has to consider whether it is 
possible to formulate an initial value problem for the Einstein field equations by 
means of which large classes of solutions can be constructed. 


1.3 The Cauchy problem in general relativity 


As in the case of many other physical theories, general relativity admits the 
formulation of an initial value problem (Cauchy problem). This aspect of the 
theory is obscured by both the tensorial character of the Einstein field equations 
and the absence of a background geometry in the theory; it is a priori not clear 
that the field equations give rise to a system of partial differential equations 
(PDEs) of a recognisable type. 

Classical physical theories are expected to satisfy a causality principle: 
the future of an event in spacetime cannot influence its past, and, moreover, 
signals must propagate at finite speed. Among the three main types of PDEs 
(elliptic, hyperbolic and parabolic), hyperbolic differential equations are the only 
ones compatible with the causality principle. This observation suggests it should 
be possible to extract from the Einstein field equations a system of evolution 
equations with hyperbolic properties. 


1.3.1 Hyperbolic reductions 


The seminal work of Fourés-Bruhat (1952) has shown that the hyperbolic 
properties of the Einstein field equations can be made manifest by means of 
a suitable choice of coordinates. Following modern terminology, a choice of 
coordinates is a particular example of gauge choice. Indeed, by choosing the 
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spacetime coordinates (7) in such a way that they satisfy the wave equation 
associated with the metric g, the Einstein field equations can be shown to 
imply a system of quasilinear wave equations for the components (uv) of the 
(a priori unknown) metric g with respect to the wave coordinates. For quasilinear 
wave differential equations there exists a developed theory which allows the 
formulation of a well-posed Cauchy problem. The use of wave coordinates is not 
the only way of bringing to the fore the hyperbolic aspects of the Einstein field 
equations. In this book, it will be shown that the Einstein field equations can 
be reformulated in such a way that after a suitable gauge choice they imply a 
so-called (first order) symmetric hyperbolic evolution system — a class of PDEs 
with properties similar to those of wave equations and for which a comparable 
theory is available. The procedure of extracting suitable hyperbolic evolution 
equations through a particular reformulation of the Einstein field equations 
and a suitable gauge choice is known as a hyperbolic reduction; hyperbolic 
reductions are further discussed in Chapter 13. Besides its natural relevance 
in mathematical relativity, the construction of hyperbolic reductions for the 
Einstein field equations is of fundamental importance for numerical relativity; 
see, for example, Alcubierre (2008) and Baumgarte and Shapiro (2010). 

In the same way that the Einstein field equations are geometric in nature, 
a proper formulation of the Cauchy problem in general relativity must also be 
done in a geometric way; see, for example, Choquet-Bruhat (2007). This idea 
is, in principle, in conflict with the discussion of hyperbolicity properties of the 
Einstein field equations, as the associated procedure of gauge fixing breaks the 
spacetime covariance of the field equations. As will be seen in the following, this 
tension can be resolved in a satisfactory manner. 


1.3.2 Initial data and the constraint equations 


The formulation of an initial value problem for the Einstein field equations 
requires the prescription of suitable initial data for the evolution equations on 
a three-dimensional manifold Š. This manifold will be later interpreted as a 
hypersurface of the spacetime (M,g). An important feature of general relativity 
is that the initial data for the evolution equations implied by the Einstein field 
equations are constrained. The constraint equations of general relativity 
(Einstein constraints) can be formulated as a set of equations intrinsic to the 
initial hypersurface S for a pair of symmetric tensors h and K describing, 
respectively, the intrinsic geometry of the hypersurface (intrinsic metric or 
first fundamental form) and the way the initial hypersurface is curved 
within the spacetime (M,g) — the so-called extrinsic curvature or second 
fundamental form. A priori, it is not clear what the freely specifiable data for 
these constraint equations consist of, or whether, given a particular choice of 
free data, the equations can be solved. The systematic analysis of the constraint 
equations has shown that under suitable assumptions, they can be recast as a set 
of elliptic partial differential equations; see, for example, Bartnik and Isenberg 
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(2004). For this type of equation a theory is available to discuss the existence 
and uniqueness of solutions. 

The constraint equations play a fundamental role in the theory and ensure that 
the solution of the evolution equations is, in fact, a solution to the Einstein field 
equations; this type of analysis is often called the propagation of the constraints. 
The constraint equations of general relativity will be discussed in Chapter 11. 


1.3.3 The well-posedness of the Cauchy problem in general relativity 


The formulation of the Cauchy problem in general relativity ensures, at least 
locally, the existence of a solution to the Einstein field equations which is 
consistent with the prescribed initial data. More precisely, one has the following 
result first proven in Fourés-Bruhat (1952). 


Theorem 1.1 (local existence of solutions to the initial value problem) 
Given a solution (h, K) to the Einstein constraint equations on a three- 
dimensional manifold Š there exists a vacuum spacetime (M,g) such that Š 
is a spacelike hypersurface of M, h is the intrinsic metric induced by g on Š 
and K is the associated extrinsic curvature. 


The spacetime (M, g) obtained as a result of Theorem 1.1 is called a 
development of the initial data set (S,h,K ). Not every spacetime can 
be globally constructed from an initial value problem. Those which can be 
constructed in this way are said to be globally hyperbolic. There are important 
examples of spacetimes which do not possess this property — most noticeably, 
the anti-de Sitter spacetime. A general result concerning globally hyperbolic 
spacetimes states that their topology is that of R x Š with each slice & = {t}x Š 
being intersected only once by each timelike curve in the spacetime. The slices 
S; are known as Cauchy surfaces. The above points will be further discussed 
in Chapter 14. 

The Cauchy problem for the Einstein field equations provides an appropriate 
setting for the discussion of dynamics. In particular, it allows one to investigate 
whether a given solution of the Einstein field equations is stable, that is, whether 
its essential features are retained if the initial data set is perturbed. Moreover, 
it also allows one to analyse whether a given property of a solution is generic, 
that is, whether the property holds for all solutions in an open set in the space 
of initial data. 


1.3.4 Geometric uniqueness and the maximal globally hyperbolic 
development 


An important observation concerning Theorem 1.1 is that it does not ensure 
the uniqueness of the development (M, g) of the initial data set (S,h, K ): 
a different hyperbolic reduction procedure will, in general, give rise to an 
alternative development (M, g’). From the point of view of the Cauchy problem 
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of general relativity, the solution manifold is not known a priori. Instead, it is 
obtained as a part of the evolution process. 

Given that an initial data set for the Einstein field equations gives rise to 
an infinite number of developments (one for each reasonable gauge choice), it is 
natural to ask whether it is possible to combine these various developments to 
obtain a maximal development. This question is answered in the positive by the 
following fundamental result; see Choquet-Bruhat and Geroch (1969). 


Theorem 1.2 (existence of a maximal development) Given an initial data 
set for the Einstein field equations (S,h, K), there exists a unique maximal 
development (M,g), that is, a development such that if (M’',g') is another 
development, then M! C M and on M’ the metrics g and g’ are isometric. 


The mazimal development (M,g) is also known as the maximal globally 
hyperbolic development of the data (Š, h, K). Theorem 1.2 clarifies the sense in 
which one can expect uniqueness from the Cauchy problem in general relativity; 
this idea is known as geometric uniqueness. 

One can think of the maximal development of an initial data set as the largest 
spacetime that can be uniquely constructed out of an initial value problem. The 
boundary of this maximal development, if any at all, sets the limits of predictabil- 
ity of the data — accordingly, one has a close link with the notion of classical 
determinism. In certain spacetimes, it is possible to extend the maximal devel- 
opment of a hypersurface to obtain a maximal extension. Accordingly, in general, 
maximal developments and maximal extensions do not coincide. A further 
discussion of the Cauchy problem in general relativity is provided in Chapter 14. 


1.3.5 Construction of maximal developments and global existence 
of solutions 


Given some initial data set (S,h, K), it is natural to ask, How can one 
construct its maximal development (M,g)? In general, this is a very difficult 
task, as it requires controlling the evolution dictated by the Einstein field 
equations under very general circumstances — something for which the required 
mathematical technology is not yet available. There are, nevertheless, some 
conjectures concerning the global behaviour of maximal developments. The origin 
of these conjectures goes back to Penrose (1969) — see Penrose (2002) for a 
reprint — and are usually known by the name cosmic censorship. In particular, 
the so-called strong cosmic censorship states that the maximal development of 
generic initial data for the Einstein field equations cannot be extended as a 
Lorentzian manifold. 

Given an exact solution to the Einstein equations, if one knows its maximal 
extension, one can determine the maximal development (M,g) of one of its 
(Cauchy) hypersurfaces, say, S. In what follows, let (h, K ) denote the initial data 
implied on S by the spacetime metric g. The explicit knowledge of the maximal 
development allows one to provide a physical interpretation of the solution and 
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to analyse its global structure in some detail. One can now ask whether certain 
aspects of (M, g) — say, its basic global structure — are shared by a wider class 
of solutions to the Einstein field equations. A strategy to address this question 
within the framework of the Cauchy problem in general relativity is to consider 
initial data sets (S ,h, K) which are, in some sense, close to the initial data for the 
exact solution. One can then try to show that the associated maximal globally 
hyperbolic development (M,g) has the desired global properties. If this is the 
case, one has obtained a statement about the stability of the solution and the 
genericity of the property one is interested in. The standard convention, to be 
used in this book, is to call (M, g) and (S ALK ), respectively, the background 
spacetime and the background initial data set and (M,g) and (S,h, K) the 
perturbed spacetime and perturbed initial data set, respectively. In prac- 
tice, the notion of closeness between initial data sets is dictated by the require- 
ments of the PDE theory used to prove the existence of solutions to the evolution 
equations. In the previous discussion it has been assumed that the 3-manifolds 
on which the background and perturbed initial data are prescribed are the same. 
The stability analysis allows one to conclude that the spacetime manifolds M 
and M are the same — they are, however, endowed with different metrics. 

In analysing the stability of the background solution (M, ĝ) one needs to show 
that the solutions to the evolution equations with perturbed initial data exist 
as long as the background solution. The expectation is that the assumption of 
having initial data close to data for an exact solution whose global structure is 
well understood will ease this task. In the following sections a strategy to exploit 
this assumption will be discussed. 


1.4 Conformal geometry and general relativity 


Special relativity provides a framework for the discussion of the notion of 
causality — that is, the relation between cause and effect — which is consistent 
with the principle of relativity. The causal structure of special relativity is 
determined by the light cones associated with the Minkowski metric 7. It allows 
the determination of whether a signal travelling not faster than the speed of light 
can be sent between two events — if this is the case, then the two events are said 
to be causally related. More generally, one can talk of Lorentzian causality: 
any Lorentzian metric g gives rise to a causal structure determined by the light 
cones associated to g. Thus, general relativity provides a natural generalisation 
of the notions of causality of special relativity — one in which the light cones 
vary from event to event in spacetime. Crucially, however, in general relativity 
the causal structure is a basic unknown of the theory. 

The theory of hyperbolic differential equations provides notions of causality 
which, in principle, are independent from the notions of Lorentzian causality. 
It is, nevertheless, a remarkable feature of general relativity that locally, the 
propagation of fields dictated by the Einstein field equations is governed by 
the structure of the light cones of the solutions — the so-called characteristic 
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surfaces of the evolution equations. Thus, the notions of Lorentzian and PDE 
causality coincide. This aspect of the Einstein field equations is further discussed 
in Chapter 14. 


1.4.1 Conformal transformations and conformal geometry 


Locally, a light cone can be described (away from its vertex) in terms of a 
condition of the form (x) = constant where ¢: M — R is such that 


g” On. POL = 0. (1.4) 


The structure of the light cones of a spacetime (M, g) is preserved by conformal 
rescalings, that is, transformations of the spacetime metric of the form 


GU g9g==9, E>0 (1.5) 


where © is a smooth function on M — the so-called conformal factor. 
Throughout this book, the metrics g and g will be called the physical metric 
and the unphysical metric, respectively. The rescaling (1.5) gives rise to 
a conformal transformation of (M,g) to (M,g). Precise definitions and 
further discussion of these notions are provided in Chapter 5. In elementary 
geometry, conformal transformations are usually described as transformations 
preserving the angle between vectors. In Lorentzian geometry, they preserve the 
light cones; from (1.4) it follows that g””0,,¢0,¢ = 0, so that the condition 
(a) = constant also describes the light cones of the metric g. 

One key aspect of conformal rescalings is that they allow one to introduce 
conformal extensions of the spacetime (M,g); see Figure 1.1. In a Riemannian 
setting, the most basic example of conformal extensions of manifolds is the so- 
called conformal completion of the Euclidean plane R? into the 2-sphere S? by 


Figure 1.1 Schematic representation of the conformal extension of a manifold. 
The physical manifold (M, g) has infinite extension, while the unphysical 
(extended) manifold (M,g) is compact with boundary 0M. The boundary 
OM corresponds to the points for which = = 0. Further details can be found 
in Chapter 5. Adapted from Penrose (1964). 
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Figure 1.2 Penrose diagrams of the three spacetimes of constant curvature: (a) 
the de Sitter spacetime; (b) the anti-de Sitter spacetime; (c) the Minkowski 
spacetime. Details of these constructions can be found in Chapter 6. 


means of stereographic coordinates. By suitably choosing the conformal factor =, 
the metric g given by the rescaling (1.5) may be well defined even at the points 
where = = 0. If this is the case, it can be verified that the set of points OM for 
which = = 0 corresponds to ideal points at infinity for the spacetime (M, g) and 
is called the conformal boundary. The pair (M,g) where M is the extended 
manifold obtained from attaching to M its conformal boundary is usually known 
as the unphysical spacetime. Of particular interest are the portions of the 
conformal boundary which are hypersurfaces of the manifold M — these sets 
are characterised by the additional requirement of d= Æ 0, so that they have a 
well-defined normal. This part of the conformal boundary is denoted by J. 

Explicit calculations show that the three spacetimes of constant curvature — 
the Minkowski, de Sitter and anti-de Sitter spacetimes — can be conformally 
extended. The details of these constructions are described in Chapter 6. These 
conformal extensions are conveniently represented in terms of Penrose diagrams; 
see Figure 1.2. A discussion of the construction of Penrose diagrams can also 
be found in Chapter 6. The insights provided by the conformal extensions of 
these solutions are, in great measure, the fundamental justification for the use 
of conformal methods in general relativity. 


1.4.2 Conformal geometry 


The study of properties which are invariant under conformal transformations of 
a manifold is known as conformal geometry. Associated to the metric g of 
the unphysical spacetime (M, g) one has its covariant derivative (connection) Va 
and its curvature tensors, say, Rsca, Rap, R. These objects can be related to the 
corresponding objects associated to the physical metric g (Va; Roca, Rap and R) 
and the conformal factor = and its derivatives. Their transformation laws show, 
in particular, that the Riemann tensor, the Ricci tensor and the Ricci scalar are 
not conformal invariants. There is, however, another part of the curvature which 
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is conformally invariant. It is described by the Weyl tensor, for which it holds that 
Chea = C bea; on M. 

In view of the above, one can regard the Weyl tensor as a property of the 
collection of metrics conformally related to g — the conformal class [g]. If the 
vacuum Einstein field Equations (1.3) hold, the Bianchi identities imply that 


Valbea = 0 (1.6) 


irrespectively of the value of the cosmological constant. 


1.4.3 Conformal invariance of equations of physics 


A number of equations in physics have nice conformal properties. The prototyp- 
ical example is given by the source-free Maxwell equations 


VF uw = 0, Valk bc) = 0, (1.7) 


where By denotes the Faraday tensor. One can introduce an unphysical 
Faraday tensor Fay by requiring it to coincide with Fy on M. Using the 
transformation properties relating the covariant derivatives V, and Vg, it follows 
that the Maxwell equations are conformally invariant; that is, one has that 


V°Fen =0,  — ViaF be = 0. 


The above equations are well defined everywhere on the unphysical spacetime 
manifold M, in particular at the conformal boundary. These equations allow 
the extension of the definition of the unphysical field Fab to the conformal 
boundary 0M. 

In contrast to the Maxwell equations, the vacuum Einstein field Equations 
(1.2) are not conformally invariant. The transformation law for the Ricci tensor 
under the rescaling (1.5) implies the equation 


= 


2 z g 1 at 3 eS 
Rab = —sVaVoe — Gabg g (av. = $vav) : (1.8) 


The above equation is, at least formally, singular at the points where = = 0. 
Thus, it does not provide a good equation for the analysis of the evolution of the 
unphysical metric g on M. Nevertheless, as pointed out by Penrose (1963) the 
Bianchi identity (1.6) has a nice conformal covariance property. More precisely, 
one has that 


Şa (E a) =Ü. 


The above equation suggests defining the rescaled Weyl tensor d'ra = 
2-104, 04. Under certain assumptions, the Weyl tensor can be shown to vanish at 
J so that the rescaled Weyl tensor is well defined at this portion of the conformal 
boundary — this important result is analysed in detail in Chapter 10. The rescaled 
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Wey] tensor is not a conformal invariant; it transforms in a homogeneous fashion 
under the rescaling (1.5). The above discussion leads to the equation 


Vad bea = 0, (1.9) 


the so-called Bianchi equation. In addition, in view of the symmetries of the 
Weyl tensor it can be shown that 


Ved plea = 0. (1.10) 


Note the similarity between Equations (1.9) and (1.10) and the Maxwell 
Equations (1.7). In particular, the equations are regular even at the conformal 
boundary. These equations are full of physical significance, as the Weyl tensor can 
be thought of as describing the free gravitational field, that is, a gravitational 
analogue of the Faraday tensor. Chapter 8 provides a detailed derivation and 
discussion of the equations presented in this section. 


1.4.4 Asymptotics of the gravitational field and asymptotic 
simplicity 


One of the basic predictions of general relativity is the existence of gravitational 
waves propagating at the speed of light across the fabric of spacetime. As 
a dynamical process governed by the Einstein field equations, gravitational 
radiation is closely related to the structure of the light cones of spacetime — 
thus, if one wants to analyse gravitational radiation one has to examine the 
propagation of the gravitational field along null directions. This analysis is 
complicated by the absence of a background geometry so that, a priori, it is not 
clear what the asymptotic behaviour of the gravitational field should be. This 
concern lies at the heart of the subject of the asymptotics of spacetime — that 
is, the study of the limit behaviour of fields at large distances and large times 
and the characterisation of spacetimes by data obtained by taking such limits. 
In theories which describe fields on a given background, one can discuss limits 
at infinity in a meaningful way in terms of the background geometry. The 
situation is radically different in general relativity, where the spacetime (M, ĝ) 
— with respect to which the limits of fields derived from g are to be formulated — 
is the central objects of study. Accordingly, making sense of limiting procedures 
in general relativity is a delicate process and requires a careful analysis of the 
geometry and the way it is determined by the Einstein field equations. An 
approach to this analysis is provided by Penrose’s suggestion that the close 
relation between the propagation of the gravitational field and the structure 
of null cones which holds locally is also preserved at large scales and that the 
asymptotic behaviour of the gravitational field can be conveniently analysed in 
terms of conformal extensions of the spacetime; see Penrose (1963, 1964) and 
Penrose (2011) for a reprint of the latter reference. With this idea in mind, 
Penrose introduced the notion of asymptotically simple spacetimes, namely, 
spacetimes admitting a smooth conformal extension which is similar to that 


1.4 Conformal geometry and general relativity 13 


of one of the three constant curvature spacetimes. Proceeding in this manner, 
one attempts to single out a class of sufficiently well-behaved spacetimes for 
which it is possible to relate the structure of the light cones in spacetime to the 
structure of the field equations and the large-scale behaviour of their solutions. 
For asymptotically simple spacetimes the causal character of J is determined 
by the sign of the cosmological constant; moreover, as already seen, the Weyl 
tensor vanishes on the conformal boundary — the latter is the basic observation 
in a collection of results known generically as peeling. 

Minkowski-like spacetimes, that is, those asymptotically simple spacetimes 
for which A = 0, are of particular relevance in the study of asymptotics with 
regard to their connection to the notion of isolated systems in general relativity; 
compare the discussion at the end of Section 1.1. For this type of spacetime 7 is 
a null hypersurface describing idealised observers at infinity. Penrose’s original 
insight was to use the notion of asymptotic simplicity as a way of characterising 
isolated systems in general relativity — this idea has been called Penrose’s 
proposal by Friedrich (2002). One of the appealing features of this approach to 
the study of isolated systems is that it provides a general framework in which 
notions of physical interest such as gravitational radiation and the associated 
mass/momentum-loss can be rigorously formulated and analysed. A substantial 
amount of work has been invested in pursuing these ideas, as attested by the 
sprawling literature on the subject. An exposition of the notion of asymptotic 
simplicity, some of its basic consequences and Penrose’s proposal is given in 
Chapters 7 and 10. 


1.4.5 The conformal Einstein field equations 


In view of Penrose’s ideas on the relation between general relativity and 
conformal geometry one can ask: to what extent is it possible to draw conclusions 
about the global structure of spacetimes from an analysis of the behaviour, under 
conformal rescalings, of the Einstein field equations? As will be seen in this book, 
by considering this question one is led to analyse the behaviour of solutions to 
the Einstein field equations under optimal regularity conditions. To address the 
above question one needs a suitable set of equations to work with. As already 
observed, the direct transcription of the Einstein field equations as an equation 
for the unphysical metric g does not provide a set of equations which are adequate 
from the point of view of PDE theory. 

An alternative set of field equations, the so-called conformal Einstein field 
equations, has been constructed in the seminal work by Friedrich (1981a,b, 
1983). The construction of this conformal representation of the equations begins 
with a revised reading of the singular Equation (1.8) not as an equation for the 
unphysical metric (or alternatively, its Ricci tensor) but for the derivatives of the 
conformal factor =. To complete this alternative point of view one upgrades the 
curvature tensors to the level of unknowns and, accordingly, provides equations 
for them. The required equations are supplied by the Bianchi identities in a way 
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which is consistent with the Einstein field equations satisfied by the physical 
metric g. The resulting system consists of equations for the conformal factor 
and its first- and second-order derivatives, the unphysical metric g (through the 
definition of its Ricci tensor), the unphysical Ricci tensor Ra» and the rescaled 
Weyl tensor d'ca — the equation for the latter field is Equation (1.9). The 
equations derived by Friedrich have two key properties: (i) they are formally 
regular even at the points where = = 0 and (ii) whenever = 4 0, they imply 
a solution to the Einstein field equations. The considerations leading to the 
conformal Einstein field equations will be discussed in Chapter 8. 

The equations described in the previous paragraph are usually known as 
the metric conformal field equations. One can extend the basic construction to 
incorporate more gauge freedom so as to obtain a more flexible set of equations. 
A natural first step in this direction consists of rewriting the field equations in 
a frame formalism. This leads, in turn, in an almost direct way to the spinorial 
version of the equations; see below. A more extreme generalisation consists of a 
reformulation of the field equations in terms of a covariant derivative Va which 
is not the Levi-Civita connection of a metric, but which nevertheless respects the 
structure of the conformal class [g], a so-called Weyl connection. The resulting 
equations are known as the extended conformal Einstein field equations. As will 
be seen below, this particular formulation of the equations allows the use of 
gauges with conformally privileged properties. 

Friedrich’s conformal Einstein equations are not the only possible type of 
conformal representation of the Einstein field equations; see, for example, Mason 
(1995) and Anderson (2005a). In any case, they are the ones which have been 
studied in a more systematic manner in the literature. 


1.4.6 Gauge conditions and conformal geodesics 


As already mentioned, the procedure of hyperbolic reduction requires the 
specification of a gauge in terms of which the evolution equations are to be 
expressed. Earlier in this chapter, the notion of a gauge choice had been restricted 
to a specification of coordinates. For the conformal field equations, the gauge 
specification involves three aspects: a coordinate, a frame and a conformal aspect. 
The precise choice of these three aspects of the gauge depends on the particulars 
of the problem at hand. A discussion of the gauge freedom contained in the 
conformal field equations is given in Chapter 13. 

The presence of a conformal gauge freedom — that is, the freedom to specify 
the representative in the conformal class one wants to work with — is one of the 
most attractive aspects of the conformal field equations. Given the bewildering 
freedom one has in this respect, the use of conformal gauges related to conformal 
invariants is a natural choice. Conformal geodesics are a good example of the type 
of invariants one can consider. These curves are defined through a set of equations 
which are invariant under conformal rescalings. In general, the conformal class 
[g] does not contain a metric for which the conformal geodesics can be recast 
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as standard (metric) geodesics. However, there is always a Weyl connection for 
which they are affine geodesics. Conformal geodesics can be used to construct 
conformal Gaussian gauge systems for which coordinates and an adapted frame 
are propagated off an initial hypersurface. Conformal geodesics allow one to 
specify a privileged unphysical metric g = ©7g where O is a conformal factor 
determined through the conformal geodesic equations. Crucially, for solutions 
to the vacuum field equations (1.2), the conformal factor © can be determined 
explicitly from the initial data for a congruence of these curves — it turns out to be 
a quadratic polynomial of a suitable parameter of the curves in the congruence. 
To fully exploit the advantages provided by conformal Gaussian systems, it is 
necessary to express the conformal field equations in terms of Weyl connections — 
these considerations lead to the already mentioned extended conformal field 
equations. Conformal geodesics and their properties are analysed in Chapter 5. 


1.4.7 Spinors 


This book adopts an approach to the extraction of information from the 
conformal Einstein field equations which makes systematic use of a formalism 
based on the so-called 2-spinors. The use of spinors to carry out this analysis is 
not essential to the purposes of the book, but it has the advantage of simplifying 
certain algebraic aspects of the discussion. 

Spinors are the most basic objects subject to Lorentz transformations. To 
every tensor and tensorial operation there exists a spinorial counterpart. More 
precisely, to every tensor of rank k there corresponds a spinor of rank 2k. In some 
particular cases — for example, null vectors or the Weyl tensor — by exploiting 
symmetries one can associate to the tensor a spinor of the same rank k. 

Spinors are well adapted to the discussion of the geometry of null hypersur- 
faces. Thus, it is not surprising that they are a valuable tool in the discussion of 
the Einstein field equations. In this book, spinorial representations of the confor- 
mal field equations are systematically used as a part of the hyperbolic reduction 
procedure. In particular, a 2-spinor formalism usually known as the space spinor 
formalism, which can be regarded as a spinorial analogue of the 1+3 formalism 
for tensors, provides an almost completely algorithmic approach to the decompo- 
sition of the field equations into (symmetric hyperbolic) evolution equations and 
constraint equations. The basic spinorial formalism used in this book is described 
in Chapter 3, while the space spinor formalism is dealt with in Chapter 4. 


1.5 Existence of asymptotically simple spacetimes 


The conformal field equations provide a powerful tool for the analysis and 
construction of asymptotically simple spacetimes. In broad terms, they allow 
the reformulation of problems involving unbounded domains in the physical 
spacetime (M, g) as problems on bounded domains of the unphysical spacetime 
(M,g). From the point of view of PDE theory, problems involving a finite 
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existence time are simpler to analyse than global existence questions. Under 
the appropriate conditions, the existence of solutions to hyperbolic differential 
equations on a fixed finite time interval can be shown by invoking the property 
of Cauchy stability; this and other basic notions of PDE theory are discussed 
in Chapter 12 where a brief account of basic existence results for symmetric 
hyperbolic systems is given. Prior to its use with the conformal Einstein field 
equations, the technique for the analysis of evolution equations based on a 
combination of conformal techniques and Cauchy stability had been used to show 
the existence of global solutions of the Yang-Mills equations on the Minkowski 
and de Sitter spacetimes; see Choquet-Bruhat and Christodoulou (1981). 

The remainder of this section provides a brief survey of some of the existence 
results for asymptotically simple spacetimes which have been obtained using the 
conformal Einstein equations. These results will be elaborated in Part IV of this 
book. 


1.5.1 Characteristic initial value problems 


Characteristic problems are a particular type of initial value problem where 
data are prescribed on null initial hypersurfaces. Typically, these data are 
prescribed on two intersecting null hypersurfaces .% and M3. The relevant PDE 
theory then allows one to conclude the existence and uniqueness of solutions on 
neighbourhoods of M4 NMa which are either to the future or to the past of their 
intersection. In a different type of characteristic problem one prescribes initial 
data on a null cone “M, including its vertex, and one endeavours to obtain a 
solution inside the cone — at least in a neighbourhood of the vertex. Conformal 
methods allow the formulation of characteristic problems for which initial data 
are prescribed on a null conformal boundary — in this case one talks of an 
asymptotic characteristic initial value problem; see Friedrich (1981a,b, 
1982, 1986c). An attractive feature of characteristic initial value problems is that 
the field equations, expressed in an adapted gauge, have structural properties 
which simplify their analysis. In particular, the constraint equations on the initial 
null hypersurfaces reduce to ordinary differential equations. 

Asymptotic characteristic problems allow the aspects of the theory of the 
asymptotics of isolated systems to be set on a rigorous footing. The basic 
theory of characteristic problems for hyperbolic equations is discussed in Chapter 
12. Applications of this theory to the conformal field equations are given in 
Chapter 18. 


1.5.2 De Sitter-like spacetimes 


The simplest type of standard (i.e. non-characteristic) initial value problem for 
the conformal Einstein field equations involves the construction of de Sitter-like 
spacetimes. In this case one considers compact initial hypersurfaces S which are 
diffeomorphic to the 3-sphere S3. One has the following concise statement first 
proved in Friedrich (1986b). 
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Theorem 1.3 (global existence and stability of de Sitter-like space- 
times) Solutions to the Einstein field Equations (1.2) with a de Sitter-like value 
of the cosmological constant arising from Cauchy initial data close to data for 
the de Sitter spacetime are asymptotically simple. 


The proof of this result relies on the fact that a conformal representation of the 
exact de Sitter spacetime can be recast as a solution of the conformal Einstein 
field equations which extends beyond the conformal boundary. It follows from 
the general theory of hyperbolic equations that the solution of the evolution 
equations for an initial data set which is close to initial data for the background 
solution will give rise, in its development, to a spacelike hypersurface on which 
the conformal factor vanishes. This hypersurface can then be interpreted as the 
conformal boundary of the perturbed spacetime. Thus, the resulting perturbed 
spacetime has the same global structure as the de Sitter spacetime, and one can 
say that, in this case, the notion of asymptotic simplicity is stable. Remarkably, 
a variation of Theorem 1.3 allows for the possibility of prescribing initial data 
on the conformal boundary. 

Theorem 1.3 can be extended to include the coupling of the gravitational field 
with various types of trace-free matter. A detailed discussion of the proof of 
Theorem 1.3 is given in Chapter 15. 


1.5.8 Anti-de Sitter-like spacetimes 


As already mentioned, the anti-de Sitter spacetime provides one of the basic 
examples of non-globally hyperbolic spacetimes. This peculiarity of the spacetime 
can be attributed to the timelike nature of its conformal boundary; this is further 
discussed in Chapter 14. As a consequence of the above, spacetimes with a global 
structure which is similar to that of the anti-de Sitter spacetime cannot be 
constructed using a standard initial value problem, and the initial data have 
to be supplemented by suitable boundary data on the hypothetic conformal 
boundary. This type of setting was first analysed in Friedrich (1995) and requires 
the identification of initial data which can be described as anti-de Sitter-like 
and appropriate boundary data for the conformal Einstein field equations on 
a timelike hypersurface representing the conformal boundary. It turns out that 
initial data sets (S „h,K ) for anti-de Sitter-like spacetimes are characterised by 
the fact that they admit a conformal extension (S, h, K) such that S has a 
boundary ðS with the topology of the 2-sphere S?. Based on the example of the 
exact anti-de Sitter spacetime one expects the conformal boundary to intersect S 
on OS and be of the form J. = (—c,c) x OS for some c > 0. A detailed analysis of 
the conformal evolution equations on .% reveals that suitable boundary data for 
the conformal field equations consists of a three-dimensional Lorentzian metric 
£. In order to ensure the smoothness of solutions, the underlying PDE theory 
requires certain compatibility conditions (corner conditions) between the initial 
and the boundary data which are implied by the conformal field equations. 
Taking into account the above observations one has the following. 
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Theorem 1.4 (local existence of anti-de Sitter-like spacetimes) Consider 
an anti-de Sitter-like initial data set (S, h, K) for the Einstein field equations and 
a Lorentzian three-dimensional metric L on J.. Assume that the above data sat- 
isfy suitable corner conditions. Then, there exists a solution to the Einstein field 
equations (M,g) with anti-de Sitter-like cosmological constant and an associated 
conformal extension (M,g) such that Š is a spacelike hypersurface of (M, g) and 
so that (h, K) coincides with the intrinsic metric and extrinsic curvature implied 
by (M,g) on Š. Furthermore, % is the conformal boundary of (M,g) and the 
intrinsic metric of Je implied by g belongs to the conformal class of £. 


The proof of the above theorem is described in Chapter 17. The above theorem 
ensures only local existence of anti-de Sitter-like spacetimes, that is, the existence 
of a solution close to S. It says nothing about the global existence or stability of 
solutions. Accordingly, it does not require assumptions on the smallness of the 
data. At the time of writing, the question of the stability (or lack thereof) is an 
open problem. 


1.5.4 Minkowski-like spacetimes 


The analysis of Minkowski-like spacetimes gives rise to some of the most 
challenging open problems in the application of conformal methods in general 
relativity. 

In principle, one would like to construct Minkowski-like spacetimes by 
prescribing suitable asymptotically Euclidean initial data on a three-dimensional 
manifold S which is a Cauchy hypersurface of the hypothetic spacetime. However, 
it turns out that a simpler problem consists of the specification of initial data 
on a 3-manifold H describing a hypersurface of M which in the conformal 
extension intersects .% —a so-called hyperboloid. Hyperboloidal initial data 
sets (H,h, K) admit conformal extensions (H, h, K) for which H is a manifold 
with boundary OH which has the topology of the 2-sphere S? — this boundary 
corresponds to the intersection of the hyperboloid with .%. Hyperboloidal initial 
data sets are similar in structure to anti-de Sitter-like initial data. There is, in 
fact, a correspondence between the two; this relation is explored in Chapter 11. 
An important feature of hyperboloids is that they are not Cauchy hypersurfaces; 
that is, they do not allow the reconstruction of a whole Minkowski-like spacetime. 
Despite this shortcoming, one has the following semi-global existence and 
stability result first proved in Friedrich (1986b). 


Theorem 1.5 (semi-global existence and stability of the hyperboloidal 
initial value problem) Solutions to the hyperboloidal initial value problem 
for the Einstein Equation (1.3) with initial data (H, h, K) which are suitable 
perturbations of Minkowski hyperboloidal data are asymptotically simple to the 
future ofh and have a conformal boundary with the same global structure as the 
conformal boundary of Minkowski spacetime. 
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A detailed account of this result is given in Chapter 16. Aside from some 
technical details, the key ideas of the proof of this result are similar to those of 
Theorem 1.3 for de Sitter-like spacetimes. Again, a conformal point of view allows 
one to provide a global existence result for the Einstein field equations in terms 
of a problem involving a finite existence time. A proof of the non-linear stability 
of the Minkowski spacetime making use of initial data prescribed on a Cauchy 
initial hypersurface has been given in the work by Christodoulou and Klainerman 
(1993). This proof relies on a detailed analysis of the decay of the gravitational 
field using carefully constructed estimates. Remarkably, the main result of this 
work does not provide enough regularity at infinity for us to conclude that the 
spacetime obtained is asymptotically simple. 


Time-independent solutions 


An important source of intuition on the behaviour of general Minkowski- 
like spacetimes is provided by the analysis of time-independent spacetimes, 
that is, spacetimes possessing a continuous symmetry which (at least) in the 
asymptotic region is timelike. If the Killing vector of a time-independent solution 
is hypersurface orthogonal, then one speaks of a static spacetime. Otherwise, 
one has a stationary solution. In the vacuum case, static and stationary 
solutions can be thought of as describing the exterior gravitational field of 
some compact matter configuration. In addition, the Schwarzschild and Kerr 
spacetimes describe time-independent black holes. From the point of view of 
conformal geometry, their relevance lies in that they allow a detailed analysis of 
spatial infinity, that is, the portion of the conformal boundary intersecting the 
conformal extension S of a Cauchy hypersurface S. Vacuum time-independent 
spacetimes can be shown to admit conformal extensions which are as smooth as 
one can expect. 

Time-independent spacetimes are described by equations which, in a suitable 
gauge, are elliptic. This feature of this class of solutions explains many of their 
rigidity and uniqueness properties — in particular, they are characterised through 
a sequence of multipole moments. The analysis of these expansions and other 
asymptotic properties of static and stationary solutions can be performed in 
a very convenient manner through conformal methods. In addition, and quite 
remarkably, static spacetimes can be shown to have a close relation to spacetimes 
constructed from an asymptotic characteristic initial value problem on a light 
cone. These and further aspects of static solutions are discussed in Chapter 19. 


Spatial infinity 


The asymptotic region of Cauchy hypersurfaces of Minkowski-like spacetimes 
can be conformally extended to include a further point — the point at infinity. In 
these conformal extensions, domains in the asymptotic region are transformed 
into suitable neighbourhoods of the point at infinity. This point compactification 
procedure is a generalisation of the compactification of R? into S?. From a 
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spacetime perspective, the point at infinity gives rise to spatial infinity iP. 
In this picture, i? can be thought of as the vertex of the light cone of J, 
and the Minkowski-like spacetime corresponds to the exterior of the cone; this 
construction is analysed in Chapters 19 and 20. 

The construction of Minkowski-like asymptotically simple spacetimes from 
Cauchy initial data requires a precise understanding of the behaviour of the 
gravitational field in a neighbourhood of spatial infinity. It was first observed 
by Penrose (1965) that for spacetimes with non-vanishing mass the conformal 
structure becomes singular at spatial infinity. As a consequence, the initial data 
implied by the Bianchi Equation (1.9) — which, as already discussed, is one of the 
key constituents of the conformal field equations — blows up at spatial infinity. 
The resulting singularity makes the analysis of solutions to the conformal field 
equations in this region of spacetime particularly challenging. This observation 
explains, to some extent, why the first results on the existence of Minkowski- 
like spacetimes were restricted to the developments of hyperboloidal initial data. 
Early attempts to analyse this situation — see, for example, Beig and Schmidt 
(1982), Beig (1984) and Friedrich (1988) — reached an impasse due to the lack 
of a suitable representation of spatial infinity. A breakthrough in this direction 
was given in Friedrich (1998c) where a representation of spatial infinity based on 
the properties of conformal geodesics, the so-called cylinder at spatial infinity, 
allows one to formulate a regular finite initial value problem for the conformal 
field equations at spatial infinity. In recent years, a considerable amount of 
work has been devoted to exploring the implications of this construction. 
The picture that has progressively emerged is that the conditions required to 
ensure the existence of asymptotically simple developments out of asymptotically 
Euclidean initial data are much more restrictive than what one would first 
expect. 

The analysis of the structure of spatial infinity has been informed by 
developments in the construction of solutions to the constraint equations of 
general relativity. The exterior asymptotic gluing constructions introduced in 
Corvino (2000) and Corvino and Schoen (2006) allow one to glue static and 
stationary asymptotic regions to otherwise completely general asymptotically 
Euclidean initial data sets, the basic ideas of the exterior asymptotic gluing 
construction are briefly discussed in Chapter 11. As already observed, time- 
independent solutions to the Einstein field equations are well behaved in a 
neighbourhood of spatial infinity. Chruściel and Delay (2002) have shown that 
it is possible to combine this observation with Theorem 1.5 to obtain complete 
Minkowski-like asymptotically simple spacetimes. The spacetimes obtained in 
this manner are very special, as they are exactly static, or, more generally, 
stationary in a neighbourhood of spatial infinity — nevertheless, radiation is 
registered at null infinity. It is natural to ask whether it is possible to relax 
this rigid behaviour so as to obtain more general types of asymptotically simple 
spacetimes. The analysis of the problem of spatial infinity remains a challenging 
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open area of research; an introductory discussion to the problem of spatial infinity 
is provided in Chapter 20. 


1.6 Perspectives 


At the time of writing, the use of conformal methods to analyse the global 
existence and stability of solutions to the Einstein field equations has been 
mainly restricted to asymptotically simple spacetimes. One of the motivations 
behind this book is to encourage researchers interested in the open problems 
of mathematical relativity to further extend the available conformal methods 
so as to make them suitable for the analysis of more complicated spacetimes 
— for example, black holes. From the author’s point of view, the realisation 
of this vision requires the development of not only analytic tools, but also a 
computational framework which allows one to perform numerical relativity using 
the conformal field equations. Some ideas in this direction are put forward in the 
concluding Chapter 21. 


1.7 Structure of this book 


This book is divided in four parts. Throughout, a combination of abstract index 
notation and index-free notation has been used. An index-free notation has 
been preferred whenever it simplifies the presentation and emphasises structural 
aspects of an equation, while abstract indices are used, mostly, in detailed 
calculations. The spinorial conventions follow those in the monograph of Penrose 
and Rindler (1984). In view of the systematic use of spinors, this book adopts a 
(+———) convention for the signature of Lorentzian metrics. As a consequence of 
this convention the sign of the cosmological constant in the de Sitter spacetime 
is negative, while for the anti-de Sitter spacetime it is positive. In order to 
avoid confusion — inasmuch as it is possible — with other sources, a negative 
cosmological constant will be described as being de Sitter-like and a positive 
one as being anti-de Sitter-like. Further details on conventions can be found in 
Chapters 2, 3 and 4. 

Throughout this book bold italics are systematically used to denote that a 
given concept is being defined, while italics are used to highlight an idea; the 
attentive reader will realise that sometimes the distinction between these two is 
blurry. 

The content of the four parts of this book can be briefly described as follows. 


Part I (Geometric tools) provides a self-contained discussion of the differential 
geometric and spinorial notions that will be used throughout the book. The 
presentation and selection of material is tailored to the needs of the discussion 
in Parts II and III and the applications in Part IV. Chapter 2 gives a brief 
account of the required notions of differential geometry. The purpose of the 
chapter is not only to serve as a quick reference in later parts of the book 
but also to elaborate certain ideas which are not readily available elsewhere 


22 Introduction 


in the literature. Chapter 3 provides an account of 2-spinors, while Chapter 4 
develops the so-called space spinor formalism. Chapter 5 provides an introduction 
to conformal geometry which covers not only the transformation formulae for 
the connection and curvature but also not so well-known topics such as Weyl 
connections and conformal geodesics — two key notions which will be further 
developed in Parts II and II. 


Part II (General relativity and conformal geometry) provides an introduction to 
the use of conformal methods in general relativity. It also develops a toolkit of 
other mathematical methods which will be used to extract information from the 
Einstein field equations. Chapter 6 provides a brief survey of the construction 
of conformal extensions of basic solutions to the Einstein field equations — the 
Minkowski, de Sitter, anti-de Sitter and Schwarzschild spacetimes — as well as 
a general framework for the construction of Penrose diagrams of spherically 
symmetric static spacetimes. Chapter 7 provides a discussion of one of the leading 
themes of this book, the concept of asymptotically simple spacetimes and a 
formulation of the so-called Penrose’s proposal. Chapter 8 gives a derivation 
and detailed discussion of the main tool of this book, the conformal Einstein 
field equations. Several versions of the equations are considered — metric, frame, 
spinorial and in terms of Weyl connections. Chapter 9 complements Chapter 
8 and describes matter models amenable to treatment by means of conformal 
methods. Several of the main results of this book for the vacuum case can 
be generalised by including these matter models. Chapter 10 provides a brief 
discussion of the formal theory of the asymptotics of spacetime — sometimes also 
called asymptopia. This is a vast topic with a sprawling literature. It is thus 
impossible to do full justice to the subject in a concise chapter. Accordingly, the 
decision has been made to restrict the material to aspects of the subject which 
motivate the later parts of the book. 


Part III (Methods of PDE theory) provides an account of PDE and spinorial 
methods that will be used systematically in Part IV to obtain statements about 
the existence of various types of solutions to the Einstein field equations. Chapter 
11 provides a discussion of the constraint equations implied by the conformal 
Einstein field equations on spacelike and timelike hypersurfaces — the so-called 
conformal constraint equations. The proper discussion of this material requires 
the introduction of certain notions of elliptic PDE theory. This is done at various 
places in the chapter. Chapter 12 provides a discussion of the methods of the 
theory of hyperbolic PDEs which will be used in the latter parts of the book. This 
chapter has been written with the applications in Part IV in mind and covers 
basic local existence and uniqueness results for initial value, boundary value 
and characteristic initial value problems. Chapter 13 discusses in detail various 
hyperbolic reduction procedures for the conformal Einstein field equations by 
means of spinorial methods. The analysis is not restricted to the evolution 
systems, but also considers the subsidiary evolution equations required to prove 
the propagation of the constraints. Part III of the book concludes with Chapter 
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14 where a brief discussion of Lorentzian causality and key aspects of the Cauchy 
problem in general relativity are given. 


Part IV (Applications) is concerned with applications of the conformal Ein- 
stein field equations to the analysis of the existence of asymptotically simple 
spacetimes. Chapter 15 analyses the global existence and stability of de Sitter- 
like spacetimes; see Theorem 1.3. Two different proofs are provided: the first 
one makes use of the standard conformal field equations and gauge source 
functions, and the second one relies on the extended conformal field equations 
and conformal Gaussian systems. Chapter 16 provides a proof of the semiglobal 
existence and stability result for hyperboloidal initial data for the Minkowski 
spacetime and a detailed analysis of the structure of the conformal boundary of 
the resulting spacetimes; see Theorem 1.5. Chapter 17 provides a discussion of 
the construction of anti-de Sitter-like spacetimes by means of an initial boundary 
value problem; see Theorem 1.5. Chapter 18 discusses a different setting for the 
construction of solutions to the conformal field equations, that of asymptotic 
characteristic initial value problems either on intersecting null hypersurfaces (one 
of them representing null infinity) or on a cone (representing past null infinity). 
Chapter 19 analyses the properties of static solutions by means of conformal 
methods. The main purpose of this chapter is to pave the way for the discussion 
of the problem of spatial infinity, which is analysed in Chapter 20. In particular, 
a discussion of the construction of the so-called cylinder at spatial infinity is 
provided. 


The book concludes with Chapter 21, which provides a subjective selection of 
open problems in mathematical general relativity where it is felt that the use of 
conformal methods can provide fresh insights. 


Further reading sections. Each chapter provides a brief literature survey. The 
purpose of this is to provide the interested reader a convenient point of entry into 
the literature in case more details or an alternative perspective on the subject 
are required. 


Part I 


Geometric tools 


2 


Differential geometry 


The language of general relativity is differential geometry. The present chapter 
provides a brief review of the ideas and notions of differential geometry that 
will be used in this book. It also serves the purpose of setting the notation and 
conventions. The chapter assumes a prior knowledge of the subject at the level, 
say, of the first chapter of Choquet-Bruhat (2008) or Stewart (1991), or chapters 
2 and 3 of Wald (1984). In view of the applications in later parts of this book, 
some topics which may not be regarded as belonging to the standard baggage 
of a relativist are discussed in some detail — for example, general (i.e. non-Levi- 
Civita) connections, the so-called 1+ 3 split of tensors — that is, a split based on 
a congruence of timelike curves, rather than on a foliation, as in the usual 3+ 1 
—and the analysis of the geometry of submanifolds using a frame formalism. 


2.1 Manifolds 


The basic objects of study in differential geometry are differentiable manifolds. 
Intuitively, a manifold is a space that, locally, looks like R” for some n € N. 
Despite this simplicity at a small scale, the global structure of a manifold can be 
much more complicated and leads to considerations of differential topology. 


2.1.1 On the definition of a manifold 


A differentiable function f between open sets U,V C R”, f: U > V, is 
called a diffeomorphism if it is bijective and if its inverse fT! : V > 
U is differentiable. If f and f~! are OF functions, then one has a C*- 
diffeomorphism. Furthermore, if f and f~! are C® functions, one speaks of 
a smooth diffeomorphism and one writes U ~ V. Throughout this book, the 
word smooth will be used as a synonym for C%°. The words function, map and 
mapping will be used as synonyms of each other. 

A topological space is a set with a well-defined notion of open and closed 
sets. Given some topological space M, a chart on M is a pair (U, p), with 
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U cM and ¢ a bijection from U to an open set y(U) C R” such that given 
peu 


plp) = (a’,..., £”). 


The entries z!,...,2” are called local coordinates of the point p € U. The set 
U is called the domain of the chart. Two charts (U1, 1) and (U2, p2) are said 
to be C*-related if the map 


p20 p7" : g1(U1 NU2) > Yo(Ur NU2) 


and its inverse are C*. The map 1 o yy" defines changes of local coordinates 
(xt) = (at,...,2") => (y4“) = (y',...,y”) in the intersection U1 N U2; see 
Figure 2.1. Thus, one can regard the coordinates (y“) as functions of the 
coordinates (x). All throughout this book the Greek letters u, v,... will be used 
to denote coordinate indices. The functions y” (xt, ..., £") are C? and, moreover, 
the Jacobian det(Oy"/Ox”) is different from zero. 

A Ck-atlas on M is a collection of charts whose domains cover the set M. 
The collection of all C*-related charts is called a maximal atlas. The pair 
consisting of the space M together with its maximal C*-atlas is called a C*- 
differentiable manifold. If the charts are C'°-related, one speaks of a smooth 
differentiable manifold. If for each ọ in the atlas, the map y : U — R” has 
the same n, then the manifold is said to have dimension n. In what follows, 
the discussion will be restricted to manifolds of dimension 3 and 4. 


Remark. In introductory discussions of differential geometry one generally 
considers smooth structures. However, as will be seen in later chapters, when 
one looks at general relativity from the perspective of conformal geometry, the 


R” 


R” 


Figure 2.1 Schematic representation of the change of coordinates between 
charts — see the main text for further details. The figure is adapted from 
Stewart (1991). 
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smoothness (or lack thereof) encodes important physical content. Accordingly, 
one is led to consider the more general class of C*-differentiable manifolds. 


The differentiable manifolds used in general relativity are generally assumed 
to be Hausdorff and paracompact. A differentiable manifold is Hausdorff if 
every two points in it admit non-intersecting open neighbourhoods. The reason 
for requiring the Hausdorff condition is to ensure that a convergent sequence of 
points cannot have more than one limit point. If M is paracompact, then there 
exists a countable basis of open sets. Paracompactness is used in several basic 
constructions in differential geometry. In particular, it is required to show that 
every Riemannian manifold admits a metric. In what follows, all differentiable 
manifolds to be considered will be assumed to be Hausdorff and paracompact. 
Accordingly, in the rest of the book Hausdorff, paracompact differentiable 
manifolds will be simply called manifolds. 


Orientability 


An open set of R” is naturally oriented by the order of the coordinates (a) = 
(x!,..., 2"). Hence, a chart (U, p) inherits an orientation from its image in R”. In 
an orientable manifold the orientation of these charts matches together properly. 
More precisely, a manifold is said to be orientable if its maximal atlas is such 
that the Jacobian of the coordinate transformation for each pair of overlapping 
charts is positive. 

An alternative description of the notion of orientability in terms of orthonormal 
frames will be given in Section 2.5.3. Orientability is a necessary and sufficient 
condition for the existence of a spinorial structure on M; see, for example, 
Chapter 3. 


2.1.2 Manifolds with boundary 


Manifolds with boundary arise naturally when discussing general relativity from 
the perspective of conformal geometry. In order to introduce this concept one 
requires the following subsets of R”: 


H” = f(g), «++ ,2”)e R” | x” > 0}, 
OH” = { (xt, ,2") € R” | z” = 0}. 


One says that M is a manifold with boundary if it can be covered with charts 
mapping open subsets of M either to open sets of R” or to open subsets of H”. 
The boundary of M, 0M, is the set of points p € M for which there is a chart 
(U,~) with p E€ U such that y(U) c H” and y(p) € OH”. The boundary 0M 
is an (n — 1)-dimensional differentiable manifold in its own right. Hence, it is a 
submanifold of M — see Section 2.7.1. 
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2.2 Vectors and tensors on a manifold 


In order to probe the geometric properties of a manifold one needs vectors 
and, more generally, tensors. This section provides a brief discussion of these 
fundamental notions. 


2.2.1 Some ancillary notions 
Derivations 


Denote by X(M) the set of scalar fields (i.e. functions) over M; that is, 
smooth functions f : M —> R. 


Definition 2.1 (derivations) A derivation is a map D : X(M) —> X(M) 
such that: 


(i) Action on constants. For all constant fields c, D(c) = 0. 
(ii) Linearity. For all f, g E X(M), D(f +9) =D(f)+D(9). 
(iii) Leibnitz rule. For all f, g € X(M), D( fg) =D(f)g + fD(g). 


The connection between derivations and covariant derivatives is discussed in 
Section 2.4.1. 


Curves 


The notion of a vector is intimately related to that of a curve. Given an open 
interval I = (a,b) C R where either or both of a, b can be infinite, a smooth 
curve on M is a map 7: J > M such that for any chart (U, y), the composition 
poy : I > R” is a smooth map. One often speaks of the curve q(s) with s € (a, b); 
s is called the parameter of the curve. If the domain (a,b) of a curve can be 
extended to, say, [a,b] while keeping y(s) smooth, one has an extendible curve. 
A curve which is not extendible is called inextendible. 

A tangent vector to a curve q(s) at a point p E€ M, to be denoted as +(p), 
is the map defined by 


>, Peay 
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Given a chart (U, p) with local coordinates (x), the components of +(p) with 
respect to the chart are given by 


In a slight abuse of notation the points of the curve y will often be denoted by 
x(s) € M and its tangent vector by &(s). 
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2.2.2 Tangent vectors and covectors 


To each point p E€ M, one can associate a vector space T|p(M), the tangent 
space at p consisting of all the tangent vectors at p. In what follows, the elements 
of this space will be simply known as vectors. All throughout, vectors will 
mostly be denoted with lowercase bold Latin letters: v, u, w,... Abstract index 
notation will also be used to denote vectors; see Section 2.2.6. The tangent space 
T|p(M) can be characterised either as the set of derivations at p of smooth 
functions on M or as the set of equivalence classes of curves through p under 
a suitable equivalence relation. With the first characterisation one considers the 
vectors as directional derivatives, while with the second one they are considered 
as velocities. If the dimension of the manifold M is n, then T|p(M) is a 
vector space of dimension n. Local coordinates (x”) in a neighbourhood of the 
point p give a basis of T|,(M) consisting of the partial derivative operators 
{0/0x"}; where no confusion arises about which coordinates are meant, one 
simply writes {ð„}. In particular, for the vector tangent to a curve one has 
that (s) = ¢"(s)0,. In this last expression and in what follows, Einstein’s 
summation convention has been adopted — that is, repeated up and down 
coordinate indices indicate summation for all values of the range of the index. 
That is, 


&(s)O, = X (8) Op. 


Covectors 


The dual space T*|,(M), the cotangent space at p, is the vector space of 
linear maps w : T|,(M) — R. Generic elements of T*|,(M) will be denoted 
by lowercase bold Greek letters: a, 6, w, .... Being dual to T|,(M), the space 
T*|p(M) has also dimension n, and its elements are called covectors. If w acts 
on v E T|,(M), then one writes (w, v) € R. 

Given f € X(M), for each v € T|p(M), one has that v(f) is a scalar. Hence, 
f defines a map, the differential of f, df : T|,(M) > R via 


df(v) = v(f). 


As a consequence of the linearity of v one has that df is linear, and thus df € 
T*|p(M). Given a chart (U, p) with coordinates (x), the coordinate differentials 
dz” form a basis for T*|,(M), the so-called dual basis. The dual basis satisfies 
(dz", ð) = 6,", where 6," is the so-called Kronecker’s delta. It follows that 
every covector w at p E€ M can be written as w = (w, 8 ) dz”. 


Bases 


The previous discussion is extended in a natural way to more general bases. Given 
any basis {ea} of T|p(M), its dual basis {w°} of T*|,(M) is defined by the 
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condition (w°, eq) = ôa?. In the rest of the book, lowercase bold indices such as 
a, b,... denote spacetime frame indices ranging 0,...,3. These will be used 
when working with four-dimensional manifolds. The lowercase bold Latin letters 
i, j, k,... will range, depending on the context, over either 0, 1, 2 or 1, 2, 3. 
For simplicity of presentation, and unless explicitly stated, a four-dimensional 
manifold will be assumed in the subsequent discussion. 

Given another pair of bases {ča} and {®°} of T|,(M) and T*|,(M), 
respectively, these are related to the bases {ea} and {w®} by non-singular 
matrices (Aa?) and (A%%) such that 


Ča = Agen, DI = A%w?, (2.1) 


satisfying A%,A®, = ôe? so that (Aa?) and (A%,) are inverses of each other. In 
these last expressions and in what follows, Einstein’s summation convention 
for repeated contravariant and covariant frame indices has been adopted so that 
a sum from b = 0 to b= 3 is implied. 

Condition (2.1) ensures that the new bases {ča} and {?} are dual to each 
other; that is, (©&®, ča) = 52°. Given v € T|p(M), a € T*|,(M), the above 
transformation rules for the bases imply 


Q = Aaw Õaw? (GqA%y)w?. 


The two bases are said to have the same orientation if det( Aa?) > 0. 


2.2.3 Higher rank tensors 


Higher rank tensors can be constructed using elements of T|,(M) and 
T*|,(M) as basic building blocks. A contravariant tensor of rank k at the 
point p is a multilinear map 
M :T*|,(M) x- x T*|,(M) — R, 
S Maaa 
k terms 
that is, a function taking k covectors as arguments. Similarly, a covariant 
tensor of rank l at the point p is a multilinear map 
N : T| (M) x- x T|p(M) — R, 
Nc aM 
l terms 
that is, a function taking l vectors as arguments. More generally, one can also 
have tensors of mized type: a (k,l) tensor at p is a multilinear map 
T :T*|,(M) x --- x T*|p(M) x Tlp(M) x +--+ x T|p(M) — R, 
ees o A 
k terms l terms 


so that T takes k covectors and l vectors as arguments. In particular, a (k, 0)- 
tensor corresponds to a contravariant tensor of rank k, while a (0,/)-tensor is 


2.2 Vectors and tensors on a manifold 33 


a covariant tensor of rank l. The space of (k,1)-tensors at the point p will 
be denoted by T*|,(M). In particular, one has the identifications T!|,(M) = 
T|p(M) and Ti|p(M) = T*|p(M). Formally, the space T¥|p(M) is obtained as 
the tensor product of k copies of T*|,(M) and l copies of T|p(M). That is, one 
has that 


Ti |p(M) = T|p(M) Qe @ T|p(M) @T*|p(M) Qe @ T*|p(M). 
— mmm N — 


k terms l terms 


The ordering given in the previous expression is known as the standard order. 
Notice, however, that an arbitrary tensor does not need not to have its arguments 
in standard order. 

As an example of the previous discussion consider v € T|,(M) and a € 
T*|p(M). Their tensor product v ® a is then defined by 


(v 8 a)(u, 8) = (B, v) (a,u), wEeTl(M), BET" |p(M). (2.2) 


One readily sees that v & a is a bilinear map and thus a (1, 1)-tensor at p E€ M. 
The action of the tensor product given in Equation (2.2) can be extended directly 
to an arbitrary (finite) number of tensors and covectors. If {ea} and {w®} denote, 
respectively, bases of T| (M) and T*|,(M), then a basis of T¥| (M) is given by 


{ep, ® ++: @ ep, @w™ @---Q@w™}. 


The collection of all the tensor spaces of the form T¥|p(M) is called the tensor 
algebra at p and will be denoted by T*|,(M). The tensor algebra is defined by 
means of a direct sum. 


Symmetries of tensors 


A covariant tensor of rank l, say, S, is said to be symmetric with respect to its 
ith and jth arguments if 


S(U1,..., Upei Urera U1) = S(U1,..., V5, 66.4 Vs, ++. UI). (2.3) 
Similarly, A it is said to be antisymmetric if 
A(01,...,04,...6,05,.6.,01) = —A(U1,. 26, 05,666, Vs. 6, V1). (2.4) 


If the properties (2.3) and (2.4) hold under interchange of any arbitrary pair 
of indices, one says that S is totally symmetric and A is totally antisym- 
metric, respectively. The above definitions can be extended to contravariant 
tensors of arbitrary rank. A totally antisymmetric covariant tensor of rank l is 
also called an l-form. Symmetry properties of tensors are best expressed in 
terms of abstract index notation. 


34 Differential geometry 


2.2.4 Tensor fields 


The discussion in the previous subsections concerned the notion of a tensor at 
a point p € M. The tensor bundle over M, Z° (M), is the disjoint union of 
the tensor algebras T*|,(M) for all p € M: 


T°(M) = [| Tp). 


pEM 


The disjoint union emphasises that although for p,q E€ M, p Æ q, the spaces 
T*|,(M) and T*|,(M) are isomorphic; they are regarded as different sets. 
Important subsets of the tensor bundles are the tangent bundle and the 
cotangent bundle given, respectively, by 


T(M)= [| TheM), Tm) = [| Th). 


pEM pEM 


A smooth tensor field over M is a prescription of a tensor T € T*|,(M) at 
each p E€ M such that when T is represented locally in a system of coordinates 
around p, the corresponding components are smooth functions on the local 
chart and, more generally, across the atlas. This idea can be naturally extended 
to consider tensor fields which are not smooth but just CF for some positive 
integer k. An important property of tensor fields is that they are multilinear 
over ¥( M). This property is often referred to as ¥-linearity. It can be used to 
characterise tensors. More precisely, one has the following lemma which will be 
used repeatedly (see Penrose and Rindler (1984) for a proof): 


Lemma 2.1 (characterisation of tensors) A map 
T:T*(M) x- x T*(M) x T(M) x -x T(M) > X(M) 
is induced by a (k,l)-tensor field if and only if it is multilinear over ¥(M). 
The discussion of tensor fields and the tensor bundle is naturally carried out 
using the language of fibre bundles; see, for example, Kobayashi and Nomizu 
(2009). This point of view will, however, not be used in this book. 
2.2.5 The commutator of vector fields 


Given u,v € T(M), their commutator [u,v] € T(M) is the vector field 
defined by 


lu, v]f = u(v(f)) — v(u(f)), 


for f € X(M). Given a basis {ea} one has that the components of the 
commutator with respect to this basis are given by 


ju, v]? = u(v®) — v(u?), u? = (wt, u), v? = (wv). 
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One can readily verify that 


[u, v] = —|v, u], 
[u + v, w] = [u, w] + [v, w], 


[[u, v], w] a [[v, w], u] + [[w, u], v] =0. 


The last identity is known as the Jacobi identity — not to be confused with 
the Jacobi identity for spinors, to be discussed in Chapter 3. 


2.2.6 Abstract index notation for tensors 


The presentation of tensors in this section has so far used an index-free 
notation. In the sequel, the so-called abstract index notation will also be 
used where convenient; see Penrose and Rindler (1984). To this end, lowercase 
Latin indices will be employed. Accordingly, a vector field v € T(M) will also be 
written as v*. Similarly, for a € T*(M) one writes &a. More generally, a (k,l)- 
tensor T will be denoted by T1""*),...p,. Tt is important to stress that the indices 
in these expressions do not represent components with respect to some coordinates 
or frame. These components are denoted, respectively, by Greek indices and bold 
lowercase Latin indices such as in v” and v. The role of the abstract indices is 
to specify in a simple way the nature of the object under consideration and to 
describe in a convenient fashion operations between tensors. In particular, the 
action (a@,v) of a 1-form on a vector is denoted in abstract index notation by 
av", while its tensor product a ® v is written as a,v’. Similarly, the operation 
defined in Equation (2.2) is expressed as aau? byv’. 

The idea behind the use of abstract indices is to have a notation for tensorial 
expressions that mirrors the expressions for their basis components (had a 
basis been introduced). Using the index notation one can write only tensorial 
expressions since no basis has been specified; see, for example, Wald (1984) for 
a further discussion on this subject. 

Each type of notation has its own advantages. In particular, the index-free 
notation is better to describe conceptual and structural aspects, while the 
abstract index notation is useful in explicit computations. In particular, the 
abstract index notation allows the expression, in a convenient way, of tensors 
whose arguments are not given in standard order as in Fay°q. 

An operation which has a particularly convenient description in terms of 
abstract indices is the contraction between a contravariant and a covariant 
index. For example, given Fy,°qg, the contraction between the contravariant 
index © and, say, the covariant index g is denoted by Fabĉce. Following the 
convention that repeated indices are dummy indices one has, for example, that 
Fafe = Fapta. Given a basis {ea} and a cobasis {w%}, their elements are 
denoted, using abstract index notation, as €a? and w%,, respectively. If Fao°a = 
Fup ala ep’w cea? denotes the components of Faq with respect to a basis {ea} 
and its associated cobasis {w°}, then the components of the contraction Fab®e 
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are given by Fabĉc. Following Einstein’s summation convention, a sum on the 
index c is understood. Although this definition is given in terms of components 
with respect to a basis, the contraction is a geometric (i.e. coordinate- and base- 
independent) operation transforming a tensor of rank (k,l) into a tensor of rank 
(k—1,l-1). 

Symmetries of tensors are expressed in a convenient fashion using abstract 
index notation. For example, if Sab and Aab denote, respectively, symmetric and 
antisymmetric covariant tensors of rank 2, then Sab = Sba and Aab = — Aba. More 
generally, given Mav, its symmetric and antisymmetric parts are defined, 
respectively, by the expressions 

Mav) = 5 (Mat + Moa), Miad) = 5 (Mat — Mba). 
The operations of symmetrisation and antisymmetrisation can be extended to 
higher rank tensors. In particular, it is noticed that for a rank 3 covariant tensor 
Tabe one has 


1 
Thabe} = z E be + Thea F Teab a Toc = Teba = Tige): 
If a tensor Sq,...a, is Symmetric with respect to the indices a1,...,a, then one 


writes Saza; = Shara): Similarly, if Ag,...a, is antisymmetric with respect to 


a1,-.-,@, one writes Ag,...a, = Aja;..-a,] aNd Aa,...a, is said to be an l-form. 


l 

Consistent with the abstract index notation for tensors, it is convenient to 
introduce a similar convention to denote the various tensor spaces. Accordingly 
the bundle T¥(M) will, in the following, be denoted by F°: 2r} ...b (M). In 
particular, in this notation the tangent bundle T(M) is denoted by T°(M), 
while the cotangent bundle T*(M) is given by T4(M). 

A further discussion of the abstract index notation with specific remarks in 
the treatment of spinors is given in Section 3.1.4. 


2.3 Maps between manifolds 


This section discusses maps between manifolds. In what follows let M and M 
denote two manifolds. These manifolds could be the same. 


2.3.1 Push-forwards and pull-backs 


A map y: N > M is said to be smooth (C™) if for every smooth function 
f € X(M), the composition y* f = foy:N —> R is also smooth. Given p E€ N, 
let T|p(V), Tle(p)(M) denote, respectively, the tangent spaces at p E€ N and 
y(p) € M. The map y: N > M induces a map p+ : T|p(N) > Typ) (M), the 
push-forward, through the formula 


(ysv)f(p) =v(foy)(p), v ETN). 


It can be readily verified that y, so defined is a X-linear map; that is, given 
v, u € T\,(N) and a function f € X(M) one has y,(fu + u) = fpxv + pxu. 
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Note that the above definition is made in a point-wise manner. Smooth vector 
fields do not, in general, push forward to smooth vector fields, except in the case 
of diffeomorphisms. For example, if y is not surjective, then there is no way 
of deciding which vector to assign to a point not on the image of y. If ¢ is 
not injective, then for some points of M, there may be several different vectors 
obtained as push-forwards of a vector on M. However, given y: N > Ma 
diffeomorphism, for every v € T(N) there exists a unique vector field on T(M) 
obtained as the pull-back of v; see Lee (2002). 

The push-forward y, : T(V) > T(M) can be used, in turn, to define a map 
yp* : T*(M) > T*(N), the pull-back, as 


(p*w,v) = (w, xv), w € T*(M), v ET(N). 


Again, it can be readily verified that y* so defined is X-linear: y*(fw + ¢) = 
fi pt wt y*¢ for w, ¢ € T*(M). The pull-back commutes with the differential 
d; that is, p*(df) = d(y* f). Contrary to the case of push-forwards, pull-backs of 
smooth covector fields always lead to smooth covector fields. There is no ambiguity 
in the construction. In the case that y : N —> M is a diffeomorphism, then the 
inverse pull-back (p*)~+ is well defined so that covectors can be pulled back from 
T*(N) to T*(M). 

The operations of push-forward and pull-back can be extended in a natural 
way, respectively, to arbitrary contravariant and covariant tensors. The case of 
most relevance for the subsequent discussion is that of a covariant tensor of rank 
2, g € Tə( M). Its pull-back y*g € T2(N) satisfies 


(p"g)(u, v) = G(Px¥, Px), u,v E T(N). 


2.3.2 Lie derivatives 


Smooth maps of the manifold into itself, y : M —> M, lead to the notion of the 
Lie derivative. Given a vector v, the Lie derivative £, measures the change 
of a tensor field along the integral curves of v. 

In what follows, let f € X(M) denote a smooth function and u, v € T(M), 
œ € T*(M). The action of £y on functions and vectors is given by 


Lyf =v(f), £u = |v, ul. 


The Lie derivative can be extended to act on covectors by requiring the Leibnitz 
rule 


£y(a,u) = (£va, u) + (a, £yu). 


A coordinate expression can be obtained from the latter. The action of £, can 
be extended to arbitrary tensor fields by means of the Leibnitz rule 


£,(S@T) = LS OT +S LT. 
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The reader interested in the derivation of the above expressions and their precise 
relation to the notions of push-forward and pull-back of tensor fields is referred 
to, for example, Stewart (1991) where a list of coordinate expressions for the 
computation of the derivatives is also provided. 


2.4 Connections, torsion and curvature 


This section discusses the further structure required on a manifold to describe 
the geometric notion of curvature — a key ingredient of the equations of general 
relativity. 


2.4.1 Covariant derivatives and connections 


The notion of linear connection allows one to relate tensors at different points 
of the manifold M. 


Definition 2.2 (linear connection) A linear connection (connection for 
short) is a map V : Z(M) x T1(M) > T!(M) sending the pair of vector fields 
(u,v) to a vector field Vyu satisfying: 


(i) Vu+vWw = Vuw + Vow 
(ii) Vu(u + w) = Vuv + Vuw 
(iii) V fuv = fVuv 
(iv) Vulfv) = ul fjv + fVuv 


for f € X(M). The vector Vav is called the covariant derivative of v with 
respect to u. 


Any manifold admits a connection. In four dimensions this can be shown 
through the specification of 4° functions on the spacetime manifold M; see, 
for example, Willmore (1993). The reason behind this result becomes more 
transparent once the so-called connection coefficients have been introduced; see 
Section 2.6. 

As a consequence of the requirement (iv) Vav is not X-linear in v; however, it 
is X-linear in u. Thus, using Lemma 2.1 for a fixed second argument it defines a 
mixed (1, 1)-tensor. Using abstract index notation the latter is denoted by Vav’, 
so that Vav? € Ta? (M). 

From the discussion in the previous paragraph it follows that one can regard 
the connection V as a map Va : T?(M) > Ta? (M). Moreover, a connection V 
induces a map Va : %4(M) > Tabl M) via 


(Vau»)v? = Va(wyv’) — w(Vav). 


This map is fixed if one requires the Leibnitz rule to hold between the product of 
a vector and a covector. To extend the covariant derivative to arbitrary tensors 
one uses again the Leibnitz rule. For example, from 
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Ve(Wal *beau?v'w*) = (Vewa)T* peau? v w? TAN TS beau? vows 


+ wT” Has u Pye w? LWT pát? (Vev? jw? 


+ waT” pequ?v (Vew ay: 
it follows that 


(VeT rca) Wauvrwt = Ve(WaT beau?vew*) — (Vewa)T beau?v w? 
= Pee as u b\y aT k beaut (Vev jw? 
= waT” pequ?v (Vew dy 

so that one obtains a X-linear map F'rbcal M) > Te“bea(M). 


The subsequent discussion will make use of the commutator of covariant 
derivatives. This is defined as 


[Va, Vo] = 2V a Va]. 
One has that 


[Vas Vo] (Ta + Sa) = [Va, Vo] Ta + [Va, Vi] SA, 
[Va, Vo] (Laks) = ([Va, Vo]TA)Rg + Ta([Va, Vol Re), 
where 4 and g denote an arbitrary string of (covariant and contravariant) indices. 
Covariant derivatives and derivations on a manifold are related in a natural 
way: given a derivation D and a connection V on M there exists a unique 
v E€ T(M) such that Df = v°Vaf for any f E€ ¥(M) ; see, for example, O’Neill 
(1983). 


2.4.2 Torsion of a connection 


The notion of torsion arises from the analysis of the action of the commutator of 
covariant derivatives on scalar fields. For convenience the abstract index notation 
is used. Consider x°? € &7(M) and f, g € X(M). One readily has that 


L (Va, Vol(f +9) = 2" (Va, Valf +2 [Va, Vola, 
£% [Va, Vol(f9) = (x (Va, Vol fg + f(a” [Va, Volg)- 


It follows from the latter that the operator 77°[V,, Vs] must be a derivation; see 
Definition 2.1. Thus, there exists u* € &*(M) such that 


Va, Vo] = UVa. (2.5) 


The map 77 +> u*V, defined by Equation (2.5) is X-linear. It defines a tensor 
x, the torsion tensor of the connection V, via uf = LDE p. Hence, 


VaVof = VoVal — Da bVel, f € X(M). (2.6) 
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One readily sees that 
Dab = Epas 


That is, the torsion is an antisymmetric tensor. If a connection V is such that 
Xa» = 0, then it is said to be torsion-free. 


Remark. Alternatively, one could have defined the torsion via the relation 


E(u, v) = Vuv — Vou — [u,v], u, v ET(M). (2.7) 


2.4.8 Curvature of a connection 


In order to discuss the notion of curvature of a connection it is convenient to 
define the modified commutator of covariant derivatives 


[Va Vo] = [Va Vo] = wa bVe- 
Clearly, one has that [Va, Vo] f = 0 for f € X(M) so that 
[Va, Vo] (TA) = f[Va, Vol Ta, 


for a denoting an arbitrary string of covariant or contravariant indices. In 
particular, one has that 


[Va, Vol (fut) = f[Va, Vou’, 
[Va, Vo] (uo + v°) = [Va, Velu: + [Va, Volos. 


From the previous expressions one concludes that the map uf +> [Va, Vo]? is 
X-linear. Thus, using Lemma 2.1 it defines a tensor field R¢ ap, the Riemann 
curvature tensor of the connection V. One writes 


[Va Valu? = ([Va, Vo] — Eas Ve) ut = Recap’. (2.8) 
Alternatively, one has that 
(VaVe — VaVa) u? = Recap’ + Ea bV cut. 


The antisymmetry of [Vq, Vs] on the indices a and , is inherited by the Riemann 
curvature tensor, so that 


d d 
R cab = =R cba- 


The action of the commutator of covariant derivatives can be extended to 
other tensors using the Leibnitz rule. For example, from 


[Va, Vo] wav") = ([Va, Vo]wa) v? + walVa, Vole’, 
one can conclude that 


(VaVo — VoVa) Wa = —R°dabwe + Xa bV wa: 
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Similarly, evaluating [Va, Ve] (S¢-rwauev!), one concludes that 


(VaVo = Vb Va) Ster = Re eS er ~ Reape a R° Se F Ea Vesle. 


Remark. The curvature can be defined in an alternative way via the relation 


Riem(u, v)w = Vu Vow — Vo Vuw — Vin, u, v, w E T(M), (2.9) 


b 


where the expression Riem(u,v)w corresponds to R%.,,w°u?v? in abstract 


index notation. 


Bianchi identities 


In order to investigate further symmetries of the curvature tensor, consider the 
triple derivative ViaVeVaf of f € X(M). A computation shows, on the one 
hand, that 


2V aVV gf = 2VaVyVaf = [Via Vo]V af 
= Lia eVial Vat = Re ig Vaf, 


and on the other hand that 


2V a VoV af = 2ViaVeVaf 
TS VialVo, Valf = Via (,7gVaf) 
= Vao Vaf + Dp ceVal Vas. 


Putting these two computations together and using the definition of the torsion 
tensor, Equation (2.6), one concludes that 


Vinee aval + R? cas] Vaf + Da bhg aver =0. 
As the scalar field f is arbitrary, one concludes that 
R? icat] + Vla Xoti + ia eae = 0. (2.10) 


This is the so-called first Bianchi identity. In the case of a torsion-free 
connection it takes the familiar form 


Re = 0. 


As a consequence of the antisymmetry in the last two indices, the latter can be 
written as 


R? cab + Ri + Ro 0a = 0. 
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Next, consider the action of Vj,V,V.q on a vector field vt. As in the case of 
the first Bianchi identity, one can compute this object in two different ways. On 
the one hand, one has that 

2V a VbV qV? = 2V fa V V qv? 
= [Vi; V] V gv? 
[Via VolV qu" + Ela bV je] V qv? 
7s R° eat) Vev? + R’ ojad V qos ale Eja bV lel VJs 


II 


and on the other hand that 


2V a VbV oV? = 2V aVV u? 
[ ] la V(b V cj} 
= 2V al Vo, Vajo? + Vja (Eog V ev?) 
= Vja R Jejbc] U? + R ebeV aV? + V aX Vev? + Ep eVa] Vev’. 


Equating the two expressions for 2V ja Vo V qv? and using the first Bianchi 
identity, Equation (2.10), to eliminate covariant derivatives of the torsion tensor 
one concludes that 


Vja R? elbe] + Eja oR eles = 0. (2.11) 


This is the so-called second Bianchi identity. For a torsion-free connection 
one obtains the well-known expression 


Vier lelbe] = 0. (2.12) 


2.4.4 Change of connection 


Consider two connections V and V on the manifold M. A natural question to 
be asked is whether there is any relation between these connections and their 
associated torsion and curvature tensors. By definition one has that 


(Va-Va)f =0, feExX(M). 
Moreover, one also has that 
(Va = Va)( fot) = (Ve = Valu" 


It follows that the map v? + (Va — Vaw? is X-linear, so that, invoking Lemma 
2.1, there exists a tensor field, the transition tensor Q,°., such that 


(Va — Va)u” = Qa ovt. (2.13) 
Now, from 

(Va — Va)(wov”) = 0, 
one readily concludes that 


(Va = Va) = Qa bwe. (2.14) 
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A different choice of covariant derivatives gives rise to a different choice of 
transition tensor. The set of connections over a manifold M is an affine space: 
given a connection V on the manifold, any other connection can be obtained by 
a suitable choice of transition tensor. If Q denotes the index-free version of the 
tensor Qato then the relation between the connection V and V will be denoted, 
in a schematic way, as 


V-V=q. 


In Chapter 5 specific forms for the transition tensor will be investigated. 


Transformation of the torsion and the curvature 


A direct computation using Equations (2.6) and (2.13) renders the following 


relation between the torsion tensors of the connections V and V: 


Mab = Da ai =20 a o]: (2.15) 


In particular, it follows that if Qaf» = 5X a°b, then %,° = 0. That is, it is always 
possible to construct a connection which is torsion-free. 

An analogous, albeit lengthier computation using Equations (2.6) and (2.8) 
renders the following relation between the respective curvature tensors: 


Raab — R°dab = 2V a Qo] d — Ea bQed + 2Q|a°|e|Qy “a (2.16) 


2.4.5 The geodesic and geodesic deviation equations 


Given a covariant derivative V, one can introduce the notion of parallel 
propagation. Given u, v € T(M), then u is said to be parallely propagated in 
the direction of v if it satisfies the equation V,u = 0. 

A geodesic y C M is a curve whose tangent vector is parallely propagated 
along itself. Following the convention of Section 2.2.1, let & denote the tangent 
vector to y. One has that 


Vek = 0. (2.17) 


A congruence of geodesics is the set of integral curves of a vector field 
«x satisfying Equation (2.17). Any vector z such that [%,z] = 0 is called a 
deviation vector of the congruence of geodesics. Assuming that the connection 
V is torsion-free so that Vz = Vz, a computation shows that z satisfies the 
geodesic deviation equation 


VaVaz = Riem(a, z)x. 


Remark. The set of geodesics emanating from a point p E€ M allows one to 
define a diffeomorphism between a neighbourhood of the origin of T|,(M) and a 
suitably small neighbourhood U of p, the so-called exponential map. A precise 
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definition of the exponential map is given in Section 11.6.2. Further properties 
and applications are given in Sections 14.2 and 18.4.1. 


2.5 Metric tensors 


A metric on the manifold M is a symmetric rank 2 covariant tensor field g 
— to be denoted by ga, in abstract index notation. The metric tensor g is said 
to be non-degenerate if g(u,v) = 0 for all u if and only if v = 0. In the 
sequel, and unless otherwise explicitly stated, it is assumed that all the metrics 
under consideration are non-degenerate. If g(u,v) = 0, then the vectors u and 
v are said to be orthogonal. Pointwise, the components gab = g(€a, €b) with 
respect to a basis {eq} define a symmetric (n x n)-matrix (gap). As this matrix 
is symmetric, it has n real eigenvalues. The signature of g is the difference 
between the number of positive and negative eigenvalues. If the signature is n or 
—n, then g is said to be a Riemannian metric. If the signature is +(n — 2), 
then g is a Lorentzian metric. 

From the non-degeneracy of g it follows that there exists a unique contravariant 
rank 2 tensor to be denoted by either gË or g® such that 


pane” Z ba°- 


In terms of components with respect to a basis this means that the matrices (gap) 
and (g®®) are inverses of each other. Accordingly, gË is also non-degenerate and 
one obtains an isomorphism between the vector spaces T|,(M) and T*|,(M). 
More precisely, given v € T|,(M), then v = g(v,:) € T*|p(M) as g(u,v) € 
R for any u € T|p(M). Similarly, given w € T*|,(M), one has that wt = 
gi(w,-) € T|p(M). In terms of abstract indices, the operations ’ (flat) and * 
(sharp) correspond to the operations of lowering and raising of indices by 
means of gap and g%: 


— b a — „ab 
Va = Jab , wW =9 Wb. 


The operations ’ and Ë are inverses of each other. They can be extended in a 
natural way to tensors of arbitrary rank. 

Given two manifolds M and M with metrics g and g, respectively, a 
diffeomorphism y : M —> M is called an isometry if y*g = g. If an isometry 
exists, then the pairs (M, g) and (M, g) are said to be isometric. If M = M 
and g = g, one speaks of an isometry of M. 


Remark. Most of the Lorentzian metrics to be considered in this book will 
be associated to four-dimensional manifolds. These Lorentzian metrics will 
be assumed to have signature —2. This convention leads one to consider 
three-dimensional negative-definite Riemannian metrics, that is, metrics with 
signature —3. In this book, only three-dimensional Riemannian manifolds will be 
considered. In the sequel, the symbol g will be used to denote a generic Lorentzian 
metric, while h will be used for a generic negative-definite Riemannian metric. 
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Specifics for Lorentzian metrics 


Following the standard terminology of general relativity, a pair (M, g) consisting 
of a four-dimensional manifold and a Lorentzian metric will be called a 
spacetime. The metric g can be used to classify vectors in a pointwise manner 
as timelike, null or spacelike depending on whether g(v,v) > 0, g(v,v) = 0 
or g(v,v) < 0, respectively. A basis {€a} is said to be orthonormal if 


g(€a, eb) = Nab, Nab = diag(1, —1, —1, —1). 
It follows that g can be written as 
9 = Naw D w”, (2.18) 


where {w°} denotes the coframe dual to {ea}. A change of basis, as given by 
Equation (2.1), preserving Equation (2.18), is called a Lorentz transforma- 
tion. A calculation readily shows that for a Lorentz transformation one has 
that 


NabAt cA’ a = Med. 


Further aspects of Lorentz transformations are discussed in Sections 3.1.9, 3.1.12 
and 5.1.1. 

The set of null vectors at a point p E€ M is called the null cone at p and will 
be denoted by C,. By definition timelike vectors lie inside the null cone, while 
spacelike ones lie outside it. The null cone is made of two half cones. If one of 
these half cones can be singled out and called the future half cone ce and 
the other the past half cone C; , then T|p(M) is said to be time oriented. 
A timelike vector inside Cr is said to be future directed; similarly a timelike 
vector inside C; is called past directed. If T(M) can be time oriented in a 
continuous manner for all p € M, then (M,g) is said to be a time-oriented 
spacetime. A curve y C M with a timelike, future-oriented tangent vector « is 
said to be parametrised by its proper time if g(x,x) = 1. 


Specifics for Riemannian metrics 


A Riemannian metric h endows the tangent spaces of the manifold with an inner 
product. Because of the signature conventions, this inner product is negative 
definite. A basic result of Riemannian geometry is that every differential manifold 
admits a Riemannian metric. The proof of this argument relies heavily on the 
paracompactness of the manifold; see, for example, Choquet-Bruhat et al. (1982). 

In the case of a Riemannian metric h, a basis {e;} is said to be orthonormal if 


h(e;,e;) = —ôij, big = diag(1, 1,1). 
Thus, using the associated coframe basis {w*} one can write 


h = -siju @ wi, 
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2.5.1 Metric connections and Levi-Civita connections 


Two further conditions which are usually required from a connection are metric 
compatibility and torsion-freeness. In this section the consequences of these 
assumptions are briefly reviewed. 


Metric connections 


A connection V on M is said to be metric with respect to g if Vg = 0 (i.e. 
Vagbc = 0). The Riemann curvature tensor of the connection V acquires, by 
virtue of the metricity condition, a further symmetry. This can be better seen 
by applying the modified commutator [V.a, Vo] to the metric gab. On the one 
hand, by the assumption of metricity one has [Va, Vo] gca = 0, while on the other 
hand 


[Va; VollGea =n — Re cabJed = R° dabIce = —Racab 1 Redab; 


where Racab = Jae Rf cay. Hence, one concludes that 


Redab = —Racab- (2.19) 


The Levi-Civita connection 


A connection V is said to be the Levi-Civita connection of the metric g 
if V is torsion-free and metric with respect to g. The Fundamental Theorem of 
Riemannian Geometry (also valid in the Lorentzian case) ensures that the Levi- 
Civita connection of a metric g is unique. The proof of this result is well known 
and readily available in most books on Riemannian geometry; see, for example, 
Choquet-Bruhat et al. (1982). The Levi-Civita connection V of the metric g is 
characterised by the so-called Koszul formula 


2g(Vvu, w) = v(g(u, w)) + u(g(w, v)) B w(g(v, u)) 
— g(v, [u, w]) + g(u, [w, v]) + g(w, [v, u]). (2.20) 


Of particular interest are the further symmetries that the Riemann tensor 
of a Levi-Civita connection possesses. First of all, because of the metricity, the 
curvature tensor has the symmetry given in Equation (2.19). Furthermore, as 
the connection is torsion-free, the first Bianchi identity implies Rejab] = 0. From 
the latter one readily has that 


2Redab = Redab + Racba 


Reabd Rebda Rabac Raacb 
Racdb Rocad Rodca Raabe 
Babed + Roade- 
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Hence, one recovers the well-known symmetry of interchange of pairs 


Redab = Habea: 


Characterisation of flatness 


An open subset U C M of a spacetime (M, g) is said to be flat if the metric g 
on U is isometric to the Minkowski metric 


N = Nu dr” Q dz”, (Nna) = diag(1, —1, —1, —1). 


In the case of a three-dimensional Riemannian manifold (S,h), flatness implies 
a local isometry with the three-dimensional Euclidean metric 


= —dypdx* Q drf, (6a8) = diag(1, 1,1). 


The Riemann tensor of a Levi-Civita connection provides a local characterisation 
of the flatness of a manifold. More precisely, a metric is flat on U if and only 
if its Riemann tensor vanishes on U. The if part of the result follows by direct 
evaluation of the Riemann tensor. The only if part is more complicated; see, for 
example, Choquet-Bruhat et al. (1982), page 310 for a proof. 


Traces 


A metric g on a manifold M allows one to introduce a further operation on 
tensors which reduces their rank by 2 — the trace with respect to g. Given 
T € %o(M), its trace, trgT, is the scalar described in abstract index notation by 
g™Tap. Observing that g%T,, = Tq, one sees that taking the trace of a tensor is 
a generalisation of the operation of contraction. The operation of taking the trace 
can be generalised to any pair of indices of the same type in an arbitrary tensor 
— for example, g@°Mapeq and g°°Mapeq denote the traces of Mayeq with respect 
to the first and third arguments and the second and third ones, respectively. 

Given a symmetric tensor on a four-dimensional manifold M, Tas = Tab) € 
Tab( M), its trace-free part T;,»} is given by 


Tras, = Tap — i T 
{ab} = tab g 909 cd: 


In the case of a three-dimensional manifold S with metric h, the above definition 
has to be modified to 


1 
Tii} = Tij — g high Thi 


for a symmetric tensor T;; € Ti; (S). The operation of taking the trace-free part 
of a tensor can be extended to tensors of arbitrary rank. Unfortunately, the 
expressions to compute them become increasingly cumbersome. A more efficient 
approach to describe this operation is in terms of spinors; see Chapters 3 and 4. 
A tensor Mg,...a, is said to be trace-free if Mo,...a, = Miara} 
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2.5.2 Decomposition of the Riemann tensor 


In what follows, consider a spacetime (M,g) and a connection V on M — not 
necessarily the Levi-Civita connection of the metric g. Let Rheq denote the 
Riemann curvature tensor of the connection V. A concomitant of R%heq is any 
tensorial object which can be constructed from the curvature tensor by means of 
the operations of covariant differentiation and contraction with gab and g%”. The 
basic concomitant of Req is the Ricci tensor Req defined by the contraction 


Roa = Road: 


When working in index-free notation the Ricci tensor will be denoted by Ric. 
Using the contravariant metric g* one can define a further concomitant, the 


Ricci scalar relative to the metric g, R, as 
R — g”! Roa: 
A concomitant of Rea which will appear recurrently in this book is the 


Schouten tensor relative to g, Lay. In four dimensions it is defined as 


z 1- 1 
Day= Ry 
Bg 8 9 


The definition of the Schouten tensor is dimension dependent. The definition for 


Rgav- 


three dimensions will be discussed in Section 2.7. When working in index-free 

notation the Schouten tensor will be denoted by Schouten. In the discussion of 

spinors in Chapter 3 a further concomitant arises in a natural way: the trace-free 

Ricci tensor ap. In four dimensions one has that 

Par = T 5 (Reon R Fow), 

where the overall factor of $ is conventional. It is important to observe that the 

tensors Ra» and La» are not symmetric unless V is a Levi-Civita connection. 
Finally, one can define the Weyl tensor of V relative to g, Cea, as the fully 

trace-free part of Req. When working in index-free notation the Weyl tensor 

will be denoted by Weyl. 


The case of a Levi-Civita connection 
If V is the Levi-Civita connection of the metric g, so that V = V, it can be 
shown that 
Rogar = C° dab + 2(5° la Loja — Jaja Loj? ), (2.21a) 
= C% dab + 2Saja® Loje, (2.21b) 
where 
Sav? = Ôa Ob? + Sa 0o — Garg. 


This tensor will play a special role in the context of conformal geometry; see 
Chapter 5. A spinorial derivation of this decomposition is provided in Chapter 3. 
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Remark. The decomposition given by Equations (2.21a) and (2.21b) is unique; 
that is, the Rieman tensor cannot be reconstructed from any other combination 
of the Schouten and Weyl tensors. Moreover, if C°gay = 0 and Lab = 0, then 
necessarily R°gap = 0. These remarks also hold for the generalisations of the 
decomposition to Weyl connections; see Section 5.3 and, in particular, Equation 
(5.28a). 


The Einstein tensor 


An important concomitant of the Riemann tensor of a Levi-Civita connection V 
is the Einstein tensor G defined in four dimensions by 


1 
Gab = Rab pes g PIab: 


Starting from the second Bianchi identity, Equation (2.12), contracting the 
indices 7 and , and then contracting the resulting expression with g%° yields 


1 
V° Rab = z Von, that is, V Gamh: 
That is, the Einstein tensor is divergence-free. 


2.5.3 Volume forms and Hodge duals 


The spacetime volume form of the metric g, €abca, is defined by the conditions 
Eabcd = €[abcd] > exe? = —24, 
and 


Gib Co! 4d. 
Eabcd€o €1 €2°€3° = 1, 


where {ea} is a g-orthonormal frame. A spacetime (M,g) has a non-vanishing 
volume element if and only if M is orientable; see, for example, O’Neill (1983); 
Willmore (1993). The following properties can be directly verified: 


Eabod PS = — 24645595." 5a°), (2.22a) 
Eabed Pt = —65q "6,76", (2.22b) 
Eabed P? = —46, 75,1, (2.22c) 
Cabet = — 6P; (2.22d) 


see, for example, Penrose and Rindler (1984). If V denotes the Levi-Civita 
covariant derivative of the metric g, one can then readily verify that Vaébede = 0. 
That is, the volume form is compatible with the Levi-Civita connection of the 
metric g. 
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The Hodge duals 


Given an antisymmetric tensor Fab = Figs), one can use the volume form to 
define its Hodge dual * Fa» as 


1 
$ = cd 
ab = ~ kab Fea: 


This definition can be naturally extended to any tensor with a pair of 
antisymmetric indices. Using the identity (2.22c) one readily finds that 


ek _ 
ab — ~ tab. 


Of special relevance are the Hodge duals of the Riemann and Weyl tensors. If 
Rabca denotes the Riemann curvature of the Levi-Civita connection V, then one 
can define a left dual and a right dual, respectively, by 


1 1 
* A * = 
Rabcd =— 5 Cab”? Rpacd, abcd = 7 5 Eca”? Rabpq . 


The Hodge dual can be used to recast the Bianchi identities in an alternative 
way. More precisely, one has that 


1 1 
Rajbcd] — Op? ôc10a] Rapar = ~ gested (eP Rangr) = 3 Esbca R" ape 
Thus, the first Bianchi identity Rajca) = 0 is equivalent to 
Rž, =0. (2.23) 


Furthermore, 


eg VaR elne -=V, (Sera) E -VR gt. 
Thus, one has that 
V° R” abca = 0. 
Finally, it is noticed that the duals of the Weyl tensor satisfy 


* * 
Cabed = Cobed: 


Sometimes it is convenient to make use of operations of dualisation on 
one or three indices. Given an arbitrary tensor J, and another tensor Kavc 
antisymmetric in abc one defines 


1 
Thies = Cabe Ja, 1K, = gee Koca (2.24) 
Using the properties of contractions of the volume form, it can be shown that 
HJa = Ja, H Kabe = Kae: 


Further details on the calculations required to obtain all of the properties 
discussed in this section can be found in Penrose and Rindler (1984). 
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2.6 Frame formalisms 


Frame formalisms have been used in many areas of relativity to analyse the 
properties of the Einstein field equations and their solutions; see, for example, 
Ellis and van Elst (1998); Ellis et al. (2012); Wald (1984). One of the advantages 
of frame formalisms is that they lead to consider scalar objects and equations, 
which are, in general, simpler to manipulate than their tensorial counterparts. A 
further advantage of frames is that they lead to a straight forward transcription 
of tensorial expressions into spinors; see Chapter 3. 

The purpose of this section is to develop and fix the conventions of a frame 
formalism used in Friedrich (2004). 


2.6.1 Basic definitions and conventions 


Given a spacetime (M, g), let {ea} denote a frame and let {w?} denote its dual 
coframe basis. For the time being, this frame is not assumed to be g-orthogonal. 
By definition one has that 


(w?, ea) _ On”: (2.25) 


In what follows, it will be assumed one has a connection V which, for the time 
being, is assumed to be general; that is, it is not necessarily metric or torsion- 
free. The connection coefficients of V with respect to the frame {ea}, to be 
denoted by Ta?c, are defined via 


Vals =la bec, (2.26) 


where Va = €a“Vq denotes the covariant directional derivative in the 
direction of eg. As Vae» is a vector, it follows that 


lwt, Vaeb) =o peg) = Taleo ea) = Tas: 


This expression could have been used, alternatively, as a definition of the 


connection coefficients. In order to carry out computations one also needs an 


expression for Vaw?. By analogy with Equation (2.26) one can write Vaw? = 


Ua?ewt. The coefficients Ug. can be expressed in terms of the connection 
coefficients laf» by differentiating Equation (2.25) with respect to Va. Noting 
that ôa? is a constant scalar one has, on the one hand, that 


Va((w”, €a)) = eal (w, €a)) = €a(Sa”) = 0, 
while, on the other hand, one has 
Val(w?, ea)) = (Vaw", €a) + (w®, Vaea) = (Uate + Pare) (w°, ea), 
so that Ugłe = -T ate. Consequently, one has 


Vaw? = -Tat ewt. (2.27) 
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It is observed that the specification of the 4° connection coefficients Ta?e fully 
determines the connection V; a generalisation of this argument shows that every 
manifold admits a connection; see, for example, Willmore (1993). 


Consider now v € T(M) and a € T*(M). Writing the above in terms of the 
frame and coframe, respectively, one has 


v = vea, v” = (wt, v), 


Q = Qaw?, Qa = (Q, ea). 
In order to further develop the frame formalism it will be convenient to define 
Vav? = (w?, Vav), Vat = (VaQ, eb). 
It follows from Equations (2.26) and (2.27) that 
Vat? = ea(v?) +1? ots, Va = ealab) — Ta bae. (2.28) 


The above expressions extend in the obvious way to higher rank components. 
Notice, in particular, that 


Vade? = -Latba — la db? = Ta o HTa = O. 


Metric connections 


Now assume that the connection V is g-compatible (i.e. Vg = 0) and that the 
frame {ea} is g-orthogonal; that is, g(€a, €b) = Nab. It follows then that 


Va (g(€b; €c)) = ea (1c) = 0 


and that 
Vag(eo, ec) = g(Vaeo, ec) t g(ev, Vaeec). 


Thus, using Equation (2.26) one concludes that 
Tato nde + ree Nbd = 0. (2.29) 


Finally, in the case of a Levi-Civita connection and with the choice of a coordi- 
nate basis {0,,}, the Koszul formula, Equation (2.20), shows that the connection 
coefficients reduce to the classical expression for the Christoffel symbols: 


Vv 1 Vv 
paS 39 ?(OnGpr + Or9up — OpJur): 
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2.6.2 Frame description of the torsion and curvature 
Following the spirit of the previous subsections, let 
Dab = Ea ept w Eao 


denote the components of the torsion tensor Xa®» with respect to {ea} and 
{w%}. Given f € ¥(M), a short computation shows that 


Da becl f) = Vael f) — Voealf) 
= (eaen(f) — Tabel f)) — (evea(f) — To aeclf)) 
= lea, eb] (f) = ( ab — Tofa) ec(f), 
where it has been used that Vaf = ea(f). Thus, one obtains that 
Da bec = lea; eb] = (Fas =; Tba) ec. (2.30) 
To obtain a frame description of the Riemann curvature tensor one makes use 
of Equation (2.8) with u° = eaf, and contracts with eg%ep’w°y. One then has that 


c Z a,b. doe c 
FR dab = Ea eb ea wt eR" dab- 


Furthermore, one can compute 


Ca ep W eVa Vela = Wte Val(Vpeat) — w°e(Vaen’)(Vaea’), 
= weVa(Vot aez’) = w°Val eV fea? 
= w€a(T ot alex + wT pf aVaes’ — Tafol gia 
= ea (Ibd) + Vol alaf — Val or ga. 


A similar computation can be carried out for eg%ep°wo.VpVaed® so that one 
obtains 


R°dab = ea (Tba) — eb (Tata) +r f alofa — Tao) 
+D ala f —Tatal eo’ — Ea ol fia. (2.31) 


Remark. Equations (2.30) and (2.31) are sometimes known as the (Cartan) 
structure equations. They can be conveniently expressed in the language of 
differential forms; see, for example, Frankel (2003); Wald (1984). 


2.7 Congruences and submanifolds 


The formulation of an initial value problem in general relativity requires the 
decomposition of tensorial objects in terms of temporal and spatial components. 
This decomposition requires, in turn, an understanding of the way geometric 
structures of the spacetime are inherited by suitable subsets thereof. For 
concreteness, in what follows a spacetime (M,g) is assumed. Hence M is a 
four-dimensional manifold and g denotes a Lorentzian metric. 
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2.7.1 Basic notions 
Submanifolds 


Intuitively, a submanifold of M is a set M C M which inherits a manifold 
structure from M. A more precise definition of submanifolds requires the concept 
of embedding. Given two smooth manifolds M and M, an embedding is a map 
p:N — M such that: 


(a) The push-forward p, : Tle > Tlp (M) is injective for every point 
peN. 
(b) The manifold M is diffeomorphic to the image y(V). 


In terms of the above, one defines a submanifold N of M as the image, 
(S) C M, of a k-dimensional manifold S (k < 4) by an embedding y : S > 
M. Often it is convenient to identify M with y(S) and denote, in an abuse of 
notation, both manifolds by M. A three-dimensional submanifold of M is called 
a hypersurface. In what follows, a generic hypersurface will be denoted by 
S. As a consequence of its manifold structure, one can associate to S tangent 
and cotangent bundles, T(S) and T*(S) and, more generally, a tensor bundle 
T*(S). 

A vector u (ut) on S can be associated to a vector of M by the push-forward 
pxu. A vector on v E€ T(M) is said to be normal to S if g(v,y.u) = 0 for 
all u € T(S). If e = g(v,v) = +1, one speaks of a unit normal vector — in 
this case the surface is said to be timelike if € = —1 and spacelike if « = 1. 
A hypersurface S of a Lorentzian manifold M is orientable if and only if there 
exists a unique smooth normal vector field on S; see, for example, O’Neill (1983). 

A natural way of specifying a hypersurface is as the level surface of some 
function f € X(M). In this case one has that the gradient df € T*(M) gives 
rise to a normal vector (df)? € T(M). The unit normal of S, v (vq), is then 
defined as a unit 1-form in the direction of df; that is, gi(v,v) = e. The normal 
of S is defined in the restriction to S of the cotangent bundle T*(M). In the 
case of a spacelike hypersurface, the normal constructed in this way is taken, 


conventionally, to be future pointing. 


Foliations 


A foliation of a spacetime (M, g) is a family, {St jer, of spacelike hypersurfaces 
Sı, such that 


USs=M, SNS, =O for t Ate. 


teR 


The hypersurfaces S; are called the leaves or slices of the foliation. The foliation 
{Si }er can be defined in terms of a scalar field f E€ ¥(M) such that the leaves 
of the foliation are level surfaces of f. That is, given p € S;, then f(p) = t. The 
scalar field f is said to be a time function. In what follows, it will be convenient 
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to identify f and t. The normal of a foliation is a normalised vector field v 
orthogonal to each leaf of a foliation. The gradient dt provides a further 1-form 
normal to the leaves. In general, one has that 


v = Ndt. 


The proportionality factor N is called the lapse of the foliation. 


Distributions 


A distribution II is an assignment at each p € M of a k-dimensional subspace 
II|, of the tangent space T|p( M). The vector spaces I], are called hyperplanes 
if their dimension is one less than that of M. A submanifold M of M such that 
I], = T|p(V) for all p € N is said to be an integrable manifold of II. If for 
every p € M there is an integrable manifold, then II is said to be integrable. 
One has the following result (see e.g. Choquet-Bruhat et al. (1982) for details): 


Theorem 2.1 (Frobenius theorem) A distribution II on M is integrable if 
and only if for u, v € II, one has [u,v] € II. 


The projector associated to the distribution II is a tensor field ha? 
satisfying ha’hp° = ôa such that for v* € T(M) one has that hav! € I. 


2.7.2 Geometry of congruences 
Integral curves 


A curve y: I > M is the integral curve of a vector v if the tangent vector 
of the curve y coincides with v. Standard theorems of the theory of ordinary 
differential equations — see, for example, Hartman (1987) — ensure that, given 
v € T(M), for all p E€ M there exists an interval J > 0 and a unique integral 
curve y: I > M of v such that 7(0) = p. If the domain of an integral curve is 
R, then the integral curve is said to be complete. 


Congruences 


The notion of a congruence of geodesics has been discussed in Section 2.4.5. More 
generally, a congruence of curves is the set of integral curves of a (nowhere 
vanishing) vector field v on M. In the remaining part of this section it will be 
assumed that the curves of a congruence are non-intersecting and timelike. This 
will be the case of most relevance in this book. In what follows, t will denote 
the vector field generating a timelike congruence. Without loss of generality it is 
assumed that g(t,t) = 1. 

As in previous sections let {€a} denote a g-orthonormal frame. The orthonor- 
mal frame can be adapted to the congruence defined by the vector field t by 
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setting €o = t. Given a point p E€ M, the tangent space T|,(M) is naturally 
split in a part tangential to t, to be denoted by (t)|, (the one-dimensional 
subspace spanned by t), and a part orthogonal to it which will be denoted 
by (t)+|p = (e:)|p (the three-dimensional subspace generated by {e;} with 
i = 1, 2, 3). The space (t)+|, is an example of a hyperplane. One writes then 


T|p(M) = (t)lp ® (t)~|p, (2.32) 


where © denotes the direct sum of vectorial spaces — that is, any vector in 
T|p(M) can be written in a unique way as the sum of an element in (t)|, and 
an element in (t)+|,,. Hence, one sees that the congruence generated by t gives 
rise to a three-dimensional distribution II. At every point p E€ M, the subspace 
II, C T|p(M) corresponds to (e;)|,; that is, {ez} is a basis of II. In the sequel, 
(t) and (t)+ will denote, respectively, the disjoint union of all the spaces (t)|, 
and (t)|5, p € M, and one has that I = (t)+. The Frobenius theorem, Theorem 
2.1, gives the necessary and sufficient conditions for the distribution defined by 
(t)i to be integrable; that is, for the vector t to be the unit normal of a foliation 
{S,} of the spacetime. 

Making use of g? one obtains an analogous decomposition for the cotangent 


space. Namely, one has that 
T*|p(M) = @)|p © (8) "|p, (2.33) 


with (t?)+|,, = (w,)|) . The decompositions (2.32) and (2.33) can be extended 
in a natural way to higher rank tensors by considering tensor products. Given 
a tensor Tab with components with respect to the frame {ea} given by Tab, 
one has that Tj; = e476; Tap and Too = tt’T,» correspond, respectively, to the 
components of Tabs transversal and longitudinal to t; finally, To; = t'ei? Tab 
and Tip = e;°t’T.» are mized transversal-longitudinal components. 


The covariant derivative of t 


To further discuss the geometry of the congruence generated by the timelike 
vector t it is convenient to introduce the Weingarten map x : (t) t —> (t)+ 
defined by 


One can readily verify that 


a(t, x(u)) = g(t, Vat) = } Yu (gt, t)) = 0, (2.34) 


so that indeed x(u) € (t)+. Hence, it is enough to consider the Weingarten map 
evaluated on a basis {e;} of (t)+. Accordingly, one defines 
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In the following, it will be more convenient to work with Xij = njexi®. The 
scalars Xij can be considered as the components of a rank 2 covariant tensor on 
x E (t)+ @ (t)+ — the Weingarten (or shape) tensor of the congruence. The 
symmetric part 0:3 = X(ij) and the antisymmetric part wij = Xij] are called the 
expansion and the twist of the congruence, respectively. From g(t, e;) = 0 it 
follows that g(V;t, ei) = —g(t, V jei). Hence, one can compute 


Xij = glei, Xj) = glei, Vjt) = —g(t, Vjei) 
= —g(t, Vie; — lei, e3]) = g(Vit, ej) + g(t, ei, e;]) 
= 9(xi, €j) + g(t, [e;, e5]) 
= xxi + g(t, [e;, e;]), 
where in the third line it has been used that Vie; — Vje; = [ei,e;] as V 
is torsion-free. Hence, by the Frobenius theorem, Theorem 2.1, the symmetry 
relation xij = Xji holds if and only if the distribution (¢)+ is integrable. The 


components Xij are related to the connection coefficients of V as can be seen 
from 


Xe? = (w, xi) = (wi, Vieo) = (wf, T060) = T310. 
Alternatively, one has that 
Xij = L4 onej = —Ti°jnco = —Ti°s, 


where the last two equalities follow from the metricity of the connection; see 
Equation (2.29). Now, from g(t,t) = 1, it readily follows that g(Vat,t) = 0. 
Consequently, one has that the acceleration of the congruence, a = Vot = 
Voeo, if non-vanishing, must be spatial; that is, g(a,t) = 0 so that a € (t)+. 
Using the definition of connection coefficients of the connection V it follows that 


a’ = (wt, a) = Toto. 


2.7.8 Geometry of hypersurfaces 


Given a spacetime (M,g) and a hypersurface thereof, S, the embedding ọ : 
S — M induces on S a rank 2 covariant tensor h, the intrinsic metric or 
first fundamental form of S via the pull-back of g to S: 


h=o"g. 


As a consequence of the definition of an embedding, the intrinsic metric h will 
be non-degenerate if the hypersurface S is timelike or spacelike. Its signature 
will be (+,—,—) in the former case and (—,—,-—) in the latter. The (unique) 
Levi-Civita connection of h will be denoted by D. Alternatively, one can define 
the pull-back connection 


y*V : T(S) x T(S) > T(S) 
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via 
yx ((Y*V) vt) = Vo.u(Yxt), u,v € T(S). (2.35) 


It can be verified that y* V as defined above is indeed a linear connection. Given 
a function f € X(M), the action of y*V on the pull-back y* f is defined by 


(PV) olf) = Y ovf) E TM). (2.36) 


In order to define the action of y* V on covectors, one requires the Leibnitz rule 


(Vow u) = (Vw) u) + (p"w, (Y"V) vu), 


for w € T*(M) and u, v € T(S). A calculation using this expression with the 
definitions (2.35) and (2.36) shows that for w € T*(M) one has 


(V) p“ w = yp" (Vosvw). 


In a natural way, the embedding y : S — M takes the connection V to the 
connection D. More precisely, one has the following result: 


Lemma 2.2 Given u, w € T(S) 
~«(Dwt) = Vow (pxu). (2.37) 
Proof Given a function f € ¥(M) one has that 


(PV Ju (PY F) = Vu (V evf) 
= p“ (Vo.uVy.vf) 
= 9" (Vy.vVy.uf) 
= (PV Jo (EV) ule" Ff)» 


where to pass from the second to the third line it has been used that the 
connection V is torsion-free. One thus concludes that the connection y*V is 
indeed torsion free. Finally, it can be readily verified that one has compatibility 
with the metric h. Indeed, 


(pV) uh = (¥"*V)uo(~" 9) = 9" (Vo.vg) = 9, 


where the last equality follows from the g-compatibility of the connection V. As 
y*V is torsion-free and h-compatible, it follows from the fundamental theorem 
of Riemannian geometry that it must coincide with the connection D. In other 
words, one has that y* V = D, as given in Equation (2.37). 
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A frame formalism on hypersurfaces 


The present discussion of the geometry of hypersurfaces is valid for both 
the spacelike and timelike case. To accommodate these two possibilities, all 
throughout, the following conventions concerning frame indices will be used: 
if the hypersurface is timelike so that € = 1, the frame indices t, j, k,... take 
the values 1, 2, 3; if the hypersurface is spacelike so that €e = —1, the indices 
i, j, k,... take the values 0, 1, 2. 

Following the conventions given in the previous paragraph, let {e;} C T(S) 
denote a triad of h-orthogonal vectors. If S is spacelike one has that h(e;,e;) = 
—04;, while in the timelike case h(e;,e;) = diag(1,—1,—1). Using the push- 
forward y. : T(S) — T(M) one obtains the vectors y.e; defined on the 
restriction of T(M) to S. The triad {e;} can be naturally extended to a tetrad 
{eq} on the restriction of T(M) to S by setting eo = v} in the spacelike case and 
e3 = v} in the timelike case. In order to discuss these two cases simultaneously, 
the notation e, will be used. Similarly, the notation w+ will be used to denote 
the normal element of the coframe, that is, w? or w3. Given v and a on the 
restriction of T(M) and T*(M) to S, their components along the normal will 
be denoted by vt and a_, respectively. 

To simplify the presentation, the notation e; will often be used to denote both 
the vectors of T(S) and their push-forward to T(M). The appropriate point of 
view should be clear from the context. In the cases where confusion may arise, 
it is convenient to make use of abstract index notation: given e; € T(S), we 
shall write e;"; its push-forward y,e; € T(M) will be denoted by e;%. Similarly, 
wt € T*(M) will be written as wta, while the pull-back y*w* € T*(S) will be 
denoted by w*;. Given u € T(S), one has that ut = (y*wt,u) = (wt, yu). 
Written in index notation u*w*, = u'w*,; that is, the (spatial) components of u 
and its push-forward y.u coincide. 

As a consequence of the existence of two covariant derivatives, one also has 
two sets of directional covariant derivatives. Firstly, acting on spacetime objects, 
Va = ea? Va, SO that in particular V; = e;?Vq. Secondly, acting on hypersurface- 
defined objects, one has D; = e;’D;. The connection coefficients of D with 
respect to {ei} are given by 73, = (wÍ, Diek). Now, given u € T(S) and 
a € T*(S) and defining 


Dw = lwi, Diu), Diaj — (Dia, ej), 
one has, by analogy to Equation (2.28), that 
D;uf = e;(u?) + yif ku”, Diaj = eilaj) — yif jak- 


To investigate relations between the directional covariant derivatives V; and 
D; one makes use of the formula (2.37) with w = e;, u = ej so that y.(Die;) = 
Vilpsej) = Vie; — the last equality given in a slight abuse of notation as, 
strictly speaking, V; acts on spacetime objects. From the definition of connection 
coefficients one has that 
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TiÍk = (wi, Vier) = (wi, px (Diex)) 
= ("wÍ , Dien) = ik. (2.38) 


Given a spatial vector u € T(M) (i.e. ut = nau! = 0) and recalling that 


Vau? = eaw? Vau?, using Equation (2.28) one has that 


Vau? = ea lu?) +ra’° ku". (2.39) 


Restricting the free frame indices in the above expression and using (2.38) one 
finds 


Viuf =e; (uJ) + TP pu 


= e;(u?) + yif pu" = Diut. 


The intrinsic curvature tensors on the hypersurface 


In order to describe the intrinsic curvature of the submanifold S, one considers 
the three-dimensional Riemann curvature tensor rig of the Levi-Civita 
connection D of the intrinsic metric h. Given v € T(S), and recalling that D is 
torsion-free, one has by analogy to Equation (2.8) that 


D,Djv" = D; Div" = regu! 


As rij is the Riemann tensor of a Levi-Civita connection one has the symmetries 


Tklij = T[kl]ij = kllij] = TRY [e9]> 
Tklij = ijkl Tkjtij] = 0. 
In what follows, let rj; = T tej and r = h rjj denote, respectively, the Ricci 
tensors and scalars of D. It is convenient to also consider the trace-free part 


of the three-dimensional Ricci tensor sij and the three-dimensional 
Schouten tensor l;i; given by 


1 
Sij = lig} = Tij — srhij, lij = Sij + Thij. 


3 12 
The three-dimensionality of the submanifold S leads to the decomposition 
Tklij = 2hrpel st + 2hijjlijk. (2.40) 


A computation using the above expressions shows that the second Bianchi 
identity Dļfjk]ım = 0 takes, in this case, the form 


; 1 
D’ sij = git 
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Given the h-orthogonal triad {e;} and its associated coframe basis {w*} one 


defines the components rey = eitejlw" per ruj. A computation similar to that 


leading to Equation (2.31) yields 


aad = eil") = ej (qii) + Ym ili =a tg) 
Hi m — Ni j" m- (2.41) 


Moreover, the definition of the torsion tensor implies: 


[ei,e3] = (mi; = 1j"s)en- (2.42) 


Remark. Equations (2.41) and (2.42) are the three-dimensional analogue of the 
(Cartan) structure Equations (2.30) and (2.31). 


Extrinsic curvature 


The discussion in Section 2.7.2 concerning the Weingarten map can be specialised 
to the case of the tangent space of a hypersurface. This leads to the notion of 
extrinsic curvature or second fundamental form of the hypersurface S. 
The latter is defined via the map K : T(S) x T(S) > R given by 


K(u,v) = (Vuv,v) = g(Vur",v). (2.43) 
From the discussion of the Weingarten map it follows that K as defined above is 
a symmetric three-dimensional tensor. In abstract index notation the latter will 
be written as K;;. 
Now, given an orthonormal frame {e;} on S and choosing v = e; and u = e; 
in formula (2.43) one finds that the components Kj; are given by 


Kij = Vivj = (Viv, ei) = (Vjwt, ei) (2.44) 


so that, comparing Equation (2.44) with the definition of the connection 
coefficients one finds that 


Kij = Ti" Laj 
= P55 NaL = — +3. (2.45) 


Now, looking again at Equation (2.39) and setting a +> i, b > L one obtains 


V;vt = eilvt) + T;b ku" 


=T; kU" = -eK,,v*, (2.46) 


as v € T(S) so that vt = 0. 
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The Gauss-Codazzi and Codazzi-Mainardi equations 


The curvature tensors of the connections V and D are related to each other by 
means of the Gauss-Codazzi equation 


Rijki = Tight + Kir Kj — Kuk jr, (2.47) 
and the Codazzi-Mainardi equation 
Ritjr = D;Kri = DK ji. (2.48) 


The proof of the Gauss-Codazzi equation follows by considering the commu- 
tator of V, Equation (2.8), acting on the frame vectors e: 


Va Voer? — Vo Vaci? = Reaver? = Rta. 
Contracting the previous equation with eitejtwăe, and using 
c b a È 
Veer = wl blea, 


together with formulae (2.38) and (2.46) and the expression for the components 
of the three-dimensional Riemann tensor in terms of the connection coefficients, 
Equation (2.41), yields (2.47). The proof of the Codazzi-Mainardi Equation 
(2.48) involves less computation. In this case one evaluates the commutator of 


b 


covariant derivatives on the covector v. Contracting with e;%e;’e,° one readily 


finds that 
ViV jun — ViVive = —Ro kij, 


where R+ 4; = Ro cabVaek eitez’. Now, using Equation (2.44) one finds that 
ViKjr — Vi Kin = -Rt kij. 


Formula (2.48) follows from the above expression by noticing that V;Kjk = 
D;Kjx as Kjk corresponds to the spatial components of a spatial tensor. 


A remark concerning foliations 


The discussion in the previous subsections was restricted to a single hypersurface 
S. However, it can be readily extended to a foliation {S;}. In this case the 
contravariant version of the normal vË and the unit vector t generating the 
congruence coincide. Moreover, one has a distribution which is integrable so 
that the Weingarten tensor x € ((t)+ @ (t)+)|p, for p € M can be identified 
with the second fundamental form K €E T|p(Si(p)) S T|p(Sp)) where t(p) € R 
is the only value of the time function such that p € S,p). In particular one has 


that Xij = X(ij)- 
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2.8 Further reading 


There is a vast choice of books on differential geometry ranging from introductory 
texts to comprehensive monographs. An introductory discussion geared towards 
applications in general relativity can be found in the first chapter of Stewart 
(1991) or the second and third chapters of Wald (1984). A more extensive 
introduction with broader applications in physics is Frankel (2003). A more 
advanced discussion, again aimed at applications in physics, is the classical 
textbook by Choquet-Bruhat et al. (1982). A systematic and coherent discussion 
of the theory from a modern mathematical point of view covering topological 
manifolds, smooth manifolds and differential geometry can be found in Lee 
(1997, 2000, 2002). A more concise alternative to the latter three books is given 
in Willmore (1993). A monograph on Lorentzian geometry with applications to 
general relativity is O’Neill (1983). Readers who like the style of this reference will 
also find the brief summary of differential geometry given in the first chapter of 
O’Neill (1995) useful. The present discussion of differential geometry has avoided 
the use of the language of fibre bundles. Readers interested in the latter are 
referred to Taubes (2011). 

Books on numerical relativity like Baumgarte and Shapiro (2010) and 
Alcubierre (2008) also provide introductions to the 3+1 decomposition of general 
relativity. In these references, the reader will encounter an approach to this topic 
based on the so-called projection formalism. A more detailed discussion, also 
aimed at numerical relativity, can be found in Gourgoulhon (2012). 
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Spacetime spinors 


The notion of spinors arises naturally in the construction of a relativistic first- 
order equation for a quantum wave function — the so-called Dirac equation. 
Spinors are the most basic objects to which one can apply a Lorentz transfor- 
mation. The seminal work in Penrose (1960) has shown that spinors constitute 
a powerful tool to analyse the structure of the Einstein field equations and their 
solutions. Most applications of spinors in general relativity make use not of the 
Dirac spinors but of the so-called 2-spinors. The latter are more elementary 
objects, and indeed, the whole theory of the Dirac equation can be reformulated 
in terms of 2-spinors. In the sequel, 2-spinors will be very often simply called 
spinors. 

The purpose of this chapter is to develop the basic formalism of spinors in a 
spacetime. Accordingly, one speaks of spacetime spinors, sometimes also called 
SL(2,C) spinors; see, for example, Ashtekar (1991). A discussion of spinors in the 
presence of a singled-out timelike direction, the so-called space spinor formalism, 
is given in Chapter 4. One of the motivations for the use of spinors in general 
relativity is that they provide a simple representation of null vectors and of 
several tensorial operations. Although spinors will be used systematically in this 
book, they are not essential for the analysis. All the key arguments could be 
carried out in a tensorial way at the expense of lengthier and less transparent 
computations. 

The presentation in this chapter differs sligthly in focus and content from 
that given in other texts; see, for example, Penrose and Rindler (1984); Stewart 
(1991); O’Donnell (2003). For reasons to be discussed in the main text, a 
systematic use of the so-called Newman-Penrose formalism will be avoided — 
although the basic notational conventions of Penrose and Rindler (1984), the 
authoritative work on the subject, are retained. 
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3.1 Algebra of 2-spinors 


In what follows let (M,g) be a spacetime. The present discussion begins by 
analysing spinorial structures at a given point p of the spacetime manifold M. 
The concept of a spinor is closely related to the representation theory of the 
group SL(2,C). This group has two inequivalent representations in terms of 
two-dimensional complex vector spaces which are complex conjugates of each 
other; for a discussion of this aspect of the theory, see, for example, Carmeli 
(1977); Sexl and Urbantke (2000). Thus, the discussion of this chapter starts 
with a brief discussion of complex vector spaces. 


3.1.1 Complex vector spaces 


By a complex vector space it will be understood a vector space over the field 
of the complex numbers, C. In what follows let G denote a complex vector space, 
and let G* denote its dual, that is, the complex vector space of all linear maps 
from 6 to C. As in the case of real vector spaces, given ç € G and ¢ € 6", the 
application of ¢ on ¢ will be denoted by (¢,¢). Notice, however, that in this case 
(¢,¢) EC. 

Given G, it is natural to define an operation of complex conjugation over G: 
given ¢ € G, its complex conjugate ¢ is defined via 

(6.5) =(5), CEs. 

The operation of complex conjugation from G to G* can be defined in an 
analogous way: given ¢ € 6*, its complex conjugate Ç satisfies 


(,s) = (Gs), SEG. 


Given €, Ç € G and z € C, the complex conjugate of the linear combination 
€4+2¢ is E+2¢. Thus, the operation of complex conjugation is not an isomorphism 
between G and itself, but an anti-isomorphism between G and the vector space 
G, the complex conjugate of ©. Similarly, the complex conjugation defines an 
anti-isomorphism between G* and the space, 6*, the complex conjugate of G*. 
If one considers the complex conjugate of the spaces G and G*, one recovers 
the spaces G and G*, respectively. Moreover, because of the way the complex 
conjugate operation has been defined, one has that 6* = 6*, so that G and G* 
are duals of each other. 

The vector spaces G, 6*, G and G* will be regarded as the elementary building 
blocks in the construction of a spinorial formalism. As in the case of real vector 
spaces one can construct higher rank objects by considering arbitrary tensor 
products of these vector spaces. This will be discussed later in the chapter once 
further structure and an abstract index notation for spinors has been introduced. 


3.1.2 Simplectic vector spaces 


Key to the notion of spinors is the definition of a symplectic vector space. 
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Definition 3.1 (simplectic vector space) A simplectic vector space 
consists of an even-dimensional vector space © endowed with a function |[-,-]] : 


6 x 6 —> C which is: 
(i) antisymmetric (skew); that is, given £, n € © 
(ii) bilinear; that is, 
[[é + 26, n]] = [6 ml] + 2[l¢. nm], E n + 2¢]] = IE nl] + 2118, c] 
(iii) non-degenerate; that is, if [[€,n]] = 0 for all n then € = 0. 


The antisymmetric product [[-,-]] defines in a canonical way an isomorphism 
between G and G*: to € € G one associates € = [[€,-]] € G*. A transfor- 
mation Q : © — 6 satisfying [[Qé,Qy]] = [[€,7]] is called a symplectic 
transformation. 


Remark. The rest of this book will be concerned only with the case where the 
dimension of G is 2. 


3.1.3 Spin bases 


From the definition of a symplectic vector space it follows directly that given 
non-zero €, 7 E€ © such that [[€,7]] = 0, there exists z € C, z Æ 0 such that 
E = zn. Alternatively, given €, 7 € ©, they are linearly independent if and only 
if [[§,]] 4 0. This observation leads to the idea of a spin basis. 


Definition 3.2 (spin basis) Given non-zero o, t € ©, the pair {0,41} is said 
to be a spin basis for © if [[o,e]] = 1. 


Now, given € € G, the components of € with respect to the basis {0,4} are 
defined by the equation 


€ = £°o + Ete, 
where 


£ = [l6], € = -Ilé oll. 


3.1.4 Abstract index notation for spinors 


The discussion of spinors in this book makes use of a combination of index-free 
and abstract index notations. Following the general discussion on abstract index 
notation given in Penrose and Rindler (1984), an element € € G will also be 
denoted by £4, where the abstract superindex “ provides information about the 
vector space to which the object belongs — in this case G. Similarly given 7 € 6*, 
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it will often be written as 74. This notation of abstract sub- and superindices will 
also be extended to the vector spaces themselves; thus, the symbols G4 and G 4 
will be used, respectively, instead of G and G*. Furthermore, given ¿^ € 64, 
then €4 will denote £, the dual of € under the antisymmetric product in 6. 
Following this notation, the product [[n, £l] = (n, €) will be written as 7&4. 
In order to extend the formalism, one introduces an infinite number of copies 
(realisations) of the spaces G and 6*: G4, G%,... and Gy, Gz, .... The 
different realisations are connected to each other by a sameness map such that 
¿^ and £P correspond to two different copies of the same object € belonging to 
different realisations of G, that is, G4 and GP. A peculiarity of the abstract 
index notation is that although €4 and ¿P describe the same object, expressions 
like £4 = ¿P are not allowed — the indices in an equation must be balanced. 
Objects like €4 and ng are called valence 1 spinors. Following the 
terminology used for tensors, €4 is said to be contravariant, while ņa is 
said to be covariant. Higher valence spinors can be introduced using the 
tensorial product ® of the basic vector spaces © and G*. The use of the abstract 
index notation simplifies the underlying discussion of these tensorial products. 
For example, a valence 3 spinor xas? is defined through a multilinear map 
x : G4 x GF x Ge > C. As a consequence of the G-linearity of this mapping, 
there exists a spinor XABÎ € Gap”. The space Gap is a vector space. This 
procedure extends in a natural way to higher valence spinors with arbitrary 
combinations of covariant and contravariant indices. The collection of all the 
spaces of the form G 4...cP F is called the spin algebra and is denoted by 6°. 
The spin algebra ensures that the multiplication of spinors renders a spinor. The 
operation of addition in G° is defined only between spinors of the same type, that 
is, the same rank and same combination of covariant and contravariant indices. 


3.1.5 The spinor cap 


As the antisymmetric 2-form |[-, -]] is a function from G @ G to C, it follows that 
there exists a valence 2 spinor cag € Ap such that 


([é, n] = cané*n?. 


The spinor €4, is called the e-spinor. Now, as [[€,]] = —[[n,€]], it follows 
that cag = —€p,; that is, cag is antisymmetric. It has already been shown that 
([€,n]] can be written as €474; thus, it follows that 


EB = cape = E*eap. (3.1) 


That is, cag can be regarded as an index lowering object. In other words, the 
spinor €4p provides a convenient way to express the duality between the spaces 
6 and G*. This duality is a bijection, so that it follows that there must exist a 
further spinor, (e~!)4? € 64%, by means of which one can raise back the index 
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of the spinor £4; that is, €4 = (e~!)°4€¢. In order to simplify the appearance 
of the above expressions it is convenient to define a further spinor «4? € 64? 
via 


AP = —(e1)4%, (3.2) 

so that one obtains 
GA = — AEG, (3.3) 
Combining Equations (3.1) and (3.3) one obtains £g = —eape?4€o, which 


AB 


together with the requirement that eag and (e~')4 represent inverse opera- 


tions, implies 


C CA 
Op = —€ABE ; 


AB 


with ôg? the two-dimensional Kronecker’s delta. The spinor «4? is also 


antisymmetric. This can be seen from 


IE, nl] = EBn? = ER60? n° = —Es(ence?”)n© 
= PP Ep (ecpn®) = PP EBnp. 


A similar computation shows that [[n,€]] = «PPnpësg. Finally, as [[€,7]] = 
—|[n, €]] one concludes that «4? = —e?4 as claimed. 

If e4¢ and €4© denote the spinors in G° obtained by raising the first and 
second index of €4,, respectively, it follows from the above calculations that 


ecô = =e = bc4, éager™ = ea^ = 2 


The above formulae lead to the so-called see-saw rule. Given a spinor y? Q4 
one has that 
PQA — AB PQ _ 


Q 


PQ BA ay PH QR eA 3.4a) 


PAR ne? a: (3.4b 


X 
X 


X 


Pp... 
—E€ABX 


X 
B y 


=X 


POR ena = -X 


PQ = 


Comparing the above expressions one concludes that 


P-Q A P..QA 
OAc PEGA. 


X X 


3.1.6 The Jacobi identity and decompositions 
in irreducible components 


As G is a vector space of dimension 2, it follows that any antisymmetrisation over 
a set of three or more spinorial indices must vanish. In particular, one obtains 
what is known as the Jacobi identity: 


€A[BECD] = €ABECD + €ACEDB + €ADEBC = O. (3.5) 


A direct consequence of the Jacobi identity is the following lemma: 
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Lemma 3.1 (irreducible decomposition of a pair of indices) Consider 
the spinor ¢...ap.... Then 


1 
¢...AB- = ¢...(AB). + EAB”. 


Proof Consider the Jacobi identity rewritten in the form 
c4 eB? — ep ea” = cape”, 
and multiply it by ¢...cp.... One readily obtains 
DC Aas Sapo n. 


Finally, combining the latter with the identity 


6. AB = ¢...(AB)- FC. LAB] 9 


one obtains the required result. 


The previous result can be used to interchange the order of two spinorial 
indices. In this case Lemma 3.1 directly yields 


ČBA- = CAB- — €ABCuP on (3.6) 
The above lemma leads to the following result: 
Proposition 3.1 (irreducible decomposition of spinors) Any spinor Ca...r 


can be decomposed as the sum of the spinor Ça...) and products of €-spinors with 
symmetrised contractions of Ca...F- 


Proof Assume ¢agc...p to have valence n. In the following argument, the 
symbol ~ between two spinors indicates that their difference is a linear 
combination of the outer product of €-spinors and spinors of lower valence. The 
key idea of the decomposition is to show that 


CABC..-EF ~ C(ABC.--EF)- 
To this end, one first notices that 
NC(ABC..-EF) = CA(BC---BF) + ¢B(AC..-EF) + GO(AB---EF) +°**+Cr(AB.--B)- (3.7) 


Now, one looks at the terms in the right-hand side of the above equation and 
considers the difference between the first and the second term, the first and the 
third term and so on. Using Lemma 3.1, these differences can be rewritten as 


Ca(BC.. EF) — 6B(AC--EF) = —6* (x0. EF)EAB> 


Ca(BC.. EF) — 6C(AB--EF) = —6* (XB. EF)EAC; 


Ca(BC-- EF) — CF(ABC--E) = -C| (XBC..-E)EAF- 
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The above expressions can be used in Equation (3.7) to eliminate the terms 
CB(AC-.-EF): CB(AC-.-EF): ve CF(ABC---E): 
One obtains 
lx lx 
Q(ABC--EF) = GA(BC..-EF) + zE (XC--EP)EAB tes + =$ (XBO---E)EAF. 
That is, 


Ç(A4BC.--EF) ~ ÇA(BC---EF)- 


The procedure described above can be repeated for each of the terms 


(F xenero ÇË aB) 


to obtain 


Q(ABC.--EF) ~ GA(BC..-EF) ~ GAB(C.-EF) ~ ‘+ ~ CABC...(EF) ~ CABC.--EF- 


Remark. If one has a spinor with a set of contravariant indices, these can be 
lowered so that Proposition 3.1 applies. 


The type of decompositions of spinors provided by Proposition 3.1 will be used 
systematically in the rest of the book. A particularly useful example is given by 


Q 


1 P l p l p 
XABCD = X(ABCD) + 5X(AB)P ECD + 5XP (CD)EAB + 1X? Q“ EABECD 


2 2 
1 1 


1 
+ 3EA(CXD)B + 3EB(CXD)A — 3EA(CED)BX, (3.8) 
with 


XAB = XQ(4B)Î, x= xpq?®. 


A decomposition like the one given in Equation (3.8) will be called a decom- 
position in irreducible components. The spinors x(4Bcp); X(AB)P’ > Baits 
are independent in the sense that y4pcp = 0 if and only if 


X(aBcp) =9, Xap? =0, «+ x=0. 


The latter fact will be used repeatedly in the following. Finally, it is observed 
that the number of independent components an arbitrary symmetric spinor can 
have is given by the following proposition; see Penrose and Rindler (1984). 


Proposition 3.2 (number of independent components) If Ca..¢ = (a..-c) 
is of valence p, then it has (p + 1) independent components. 


In conjunction with Proposition 3.1 the latter result can be used to count the 
total number of independent components of an arbitrary spinor. 


8.1 Algebra of 2-spinors 71 


3.1.7 Components with respect to a basis 


As in the case of tensors, it is often convenient to discuss spinors in terms of 
a specific basis. To express this idea, it is convenient to introduce bold indices 
A, B,-.. ranging over 0 and 1. Thus, ¿£ĉ and ņa represent the components of 
¿^ and ng with respect to a specific basis. This idea extends in a natural way 
to higher valence spinors. 

Given a spin basis {o0,e}, one often requires a notation to describe the basis 
in a more systematic manner. This will be done by means of the symbol €44 
where 


Similarly, the dual cobasis of ea^ will be denoted collectively by «44. By 
definition one has that 


cate? 4 = 648. 
It follows from Equation (3.9) and the previous condition that 
PA= tA; e4 = 04. 

Using this notation and given two spinors €4 and ng, one can write 

eS E éAea4, NB = nB” pB, 
where 

gA = Cras 1B = 1BEB” 
Hence 

lin, £l] = naé4 = (npeP a) (€%eQ*) = np? 


The components cap of the antisymmetric spinor cag with respect to the 


A 


basis €4“ are given by 


(cas) = (capea*ep”) z ( one oa ) = ( r ) : (3.10) 


Now, a direct computation shows that 
C.-L 
-1 0 OAL 0 j’ 
Hence, consistent with Equation (3.2) one has that 
1 
(AB) = (AP A,B 5) = ( F : ) l 


An alternative way of rewriting the previous discussion is 


A A- B AB A 


B B B 
ÔA” = €A" EA”, €AB = EABEA €B”, er = EA EB 
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From the latter it follows that 


AP = oat? — 140P, (3.11a) 
€AB = OALB — LAOB, (3.11b) 
EfB = oP 140P. (3.11c) 


3.1.8 Complex conjugation of spinors 


In order to relate spinors with tensors one has to consider the operation of 
complex conjugation discussed in Section 3.1.1. The convention to denote the 
operation of complex conjugation in the abstract index notation is to add a bar 
to the kernel symbol and a prime to each of the indices. For example, one has that 


(i= ee". 


The operation of complex conjugation is idempotent — given ¢ € ©, then ra =¢. 
Using abstract index notation one writes the latter as C4’ = ¢4. 


A 1 . . . . . 
EAP CSU D.. pwy) with, say, p unprimed contravariant indices, 


A spinor 
r primed contravariant indices, q unprimed covariant indices and s primed 
covariant indices describes the most general type of spinors. It is obtained from 


the G-linear map 


E: Ca XOX Gox Gg RL x Gy KS? x- REE REM KX SY SC 
env C C so a” 


p times r times q times s times 


The algebra ° is then extended to accommodate this more general type of 
spinors with unprimed and primed indices. 

An important consequence of the fact that the spaces G and G are not 
isomorphic is that it is not possible to single out 2-spinors which are intrinsically 
real or imaginary unless one assumes further structure on G°. From a notational 
point of view, as G and G are not isomorphic, the relative position of primed and 
unprimed indices is irrelevant. Thus, one can write expressions like C447 = Cava. 
Notice, in contrast, that the reordering of groups of primed indices or groups of 
unprimed indices is not allowed unless the spinor possesses special symmetries. 

The rules for the raising and lowering of indices of valence 1 spinors are 
extended to higher valence spinors in a natural way. Primed indices are raised and 
A'BY c GA'B’ and cap’ E€ Garp which are related, 
respectively, to e^? and €4g by complex conjugation. That is, 


lowered using the spinors € 


/ + ry 
€A’B’ = EAB, ete = AB, 


It is conventional to write €4’p’, e4'B" instead of Earp and ENB, 
Finally, note that the discussion of Section 3.1.6 concerning the decompo- 
sition of spinors in irreducible components, and in particular Lemma 3.1 and 


Proposition 3.1, can be directly extended to the case of spinors containing primed 
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indices or combinations of primed or unprimed indices. In particular, one has the 
following decomposition of a spinor with two unprimed and two primed indices: 


1 , 
NAA'BB' = N(AB)(A'B') + SIP! (A'B)EAB a 5 ABQ’? EA'B' 


1 A 
an JEABEA Bg? Q| : (3.12) 


A particular case of the above decomposition is when ÇAa’ Bp is the spinorial 
counterpart of an antisymmetric rank-2 tensor Cab = —Cpa- In this case one has 
that 


CAA'BB' = CABEA'BY + CA'B/EAB; (3.13) 


where CAB = Leap’, and one has that Cap = (AB): 


3.1.9 The relation between spinors and tensors 


Spinors provide a simple representation of several tensorial operations. Although 
every four-dimensional tensor (world tensor) can be represented in terms of 
spinors, the converse is not true. There are spinors which admit no discussion in 
terms of tensors. This observation is based on the fact that 2-spinors are related 
to representations of the group of (2 2) complex matrices with unit determinant, 
SL(2,C), while tensors are related to the Lorentz group. These groups are not 
isomorphic to each other. The group SL(2,C) covers the Lorentz group in a 
2 : 1 way; see, for example, Carmeli (1977); Sexl and Urbantke (2000) for further 
discussions on this issue. 


Hermitian spinors 


The key property to relate 2-spinors to world tensors is hermicity. A spinor 
£ € 6° is said to be Hermitian if and only if € = €, that is, if the spinor is 
equal to its complex conjugate. For this to be the case, € needs to have the same 
number of unprimed and primed indices. By raising and lowering the indices as 
necessary one can, without loss of generality, assume that the spinor has the same 
number of unprimed and primed contravariant indices and the same number of 
unprimed and primed covariant indices, for example, €44’...pp'”” "HH" Ty this 
case the hermicity condition reads 


EE’..--HH EE'..-HH' 


F = 
EAAl...DD! = EAA! DD! , 


where on the right-hand side it has been used that the position of primed and 
unprimed indices can be interchanged. 


Consider now gaa c 644" If {o,z} and {0,1} are, respectively, spin bases of 
© and G, one can write 


eee = aof0^ + WAT’ + colt" + di^”, (3.14) 
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for some a, b, c, d € C. In other words, a pair AA' of indices is associated to 
four complex components. If one assumes, in addition, gaa to be Hermitian, 
then it follows that a, b € R and c = d. Thus, the hermicity condition reduces 
the number of independent components to four real ones. Consequently, one can 
think of the Hermitian spinor gaa € 644" as describing a four-dimensional 
vector (world-vector) €°. 

The argument described in the previous paragraph can be extended in a 
natural fashion to higher valence Hermitian spinors, asx pp ee HE, so that 


one can regard each pair of unprimed-primed indices (i.e. 44’, E EB’... ) as 
associated to a tensorial index (i.e. a, °,---). 
In what follows let 
GAA'BB’ = €ABEA'B’- (3.15) 


A computation then shows that JAA’ BB’ = gAa'Bp’ and, in addition, that 


$ + 1 1 
AA'BB' _ (AB A‘B! 


g 
BB'CC' CO’ _. Cs ol 
GAA'BB’Y = gAar = A“ ÎN“ , 
AA'BB' 
JAA'BB'J = 4, 


JAA'BB' = JBB'AA'. 
Furthermore, given vasa € G4, it can be readily verified that 
vayg” PB" = ae v^ ga ape = UBB’: 
Hence, the spinor gaa’ gp’ has all the properties of a spinorial counterpart of the 
metric tensor. These ideas will now be put in more precise terms. 


The Infeld-van der Waerden symbols 


In order to describe explicitly the correspondence between spinors and tensors at 
a point p E€ M, consider a basis {ea} C T|,(M) and let gab = g(€a, €b) denote 
the components of the metric g with respect to this basis. Let also {w°} C 
T*|p(M) denote the dual basis to {ea} so that (w?, eq) = ĝa”. It is conventional 
to assume that the basis is g-orthogonal; that is, gab = Nab. Finally, let {ea} C G 
denote a spin basis, and let cap denote the components of the spinor eag with 
respect to the latter basis. The scalars gab and cap can be put in correspondence 
with each other via an equation of the form 


b 
€ABEA'B! = O° AA'O BB'Nab, (3.16) 


where o 4a’ are the so-called Infeld-van der Waerden symbols. These can 
be regarded as the entries of four (2 x 2) matrices (o% 4,4’), a = 0,...,3. 
Unprimed indices denote the rows and the primed indices the columns of the 


. 1 . . 
matrix. Given 0%, 4’, one defines the inverse symbol opPP via the relations 
AA’; y: 


+ T + 
Ta^ oł Aa = fat, a4 o BR = Op*bp . (3.17) 
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From these expressions it follows that the correspondence (3.16) can be inverted 
to yield 


AA’ BB’ 
Nab = Ta Ob EABEA'B’- (3.18) 


Using Equation (3.18) and observing that Nab = Tab, it follows that 


Taf = 0a ís. (3.19) 


Hence, (oa44’) and (o 4a) describe Hermitian matrices. An explicit compu- 
tation shows that the matrices 


m2 aed > 1/01 
aan t aan t 
GINE HE a Rin nE D 


, 1 0 i , il 1 0 
AA \— AA’) — 
E> e ne a= TE a) 


and 


satisfy the relations (3.16), (3.17), (3.18) and (3.19). The above matrices 
correspond, up to a normalisation factor, to the so-called Pauli matrices. 

Now, consider arbitrary v € T|p(M) and œ € T*|p(M). In terms of the bases 
{ea} and {w°}, v and æ can be written as 


v = vea, v® = (wf, v), 


Q = Qaw?, Qa = (Q, €a). 
The components v% and &a can be put in correspondence with Hermitian spinors 
using the Infeld-van der Waerden symbols via the rules 


AA’ = yag 44 (3.20a) 


= 


vr HU 
Qa |© QAA' = Ago” AA’: (3.20b) 


In terms of arrays of explicit components and matrices one has 


(v9, vt, 02,03) 6 1 ( vP +ou? vt + iv? 
PR, V2 vi-iv? -o /’ 
1 Qo +a3 a,—iag 
(ao, 21, @2, 43) a V2 ai a iaz ao — a3 . 


A quick computation shows that 


li 
(a, V) = Vaa = oA aga 
z + + F 
=u ago + 0%" aor +0 aro +01 agy 
0 1 2 3 


=v ao VU AL U a2 V Q3. 
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Thus, one has that the assignments defined in (3.20a) and (3.20b) are consistent 
with the inner product defined on T|,(M) by the metric g. 

The assignment given by (3.20a) and (3.20b) can be extended to tensors of 
arbitrary rank. For example, given the tensor T,,°, denote its components with 
respect to {ea} and {w?} by Tap°. One then has the assignment 


CC’ _ b cc’ 
Tab? +> Taa'BB' =0°% Aad BB'Oe ~ Tap’. 


The object TAA’ B Bee will be called the spinorial counterpart of the tensor 
components Tabt. 


3.1.10 The spinorial representation of null vectors 


As already mentioned in the introduction to this chapter, one of the key 
advantages of the use of spinors is the convenient representation of null vectors 
they provide. More precisely, one has the following result: 


Proposition 3.3 (spinorial counterpart of null vectors) The spinorial 
counterpart of a non-vanishing real null vector k° can be written as 


ZAM — 4,424’ 


(3.21) 


for some valence 1 spinor K4. 


Proof A direct computation shows that k44’ as given by Equation (3.21) is 
indeed the spinorial counterpart of a null vector. Conversely, a computation 
yields 

g(k, k) = capea p kA” kP? 
= 2(kO ki!" = k?” £10") = det (k44’). 


Thus, the requirement g(k, k) = 0 implies that k44" regarded as a (2x2) matrix, 
has rows/columns which are linearly dependent. Accordingly, there exist valence 
1 spinors k^ and XP such that kAA = KAA, As, k is non-zero, it follows that 
kA, Ap # 0. From the reality of k, it follows that its spinor counterpart Kaa’ 
must be Hermitian; that is, KAA’ = FAA", Hence, KALA = RADA, Contracting 
the latter with ką one has that k4A\4 = 0, so that «4 and A4 must be 
proportional to each other. The proportionality factor can be absorbed into k^ 
by means of a redefinition of the spinor. The sign in Equation (3.21) is that of 
the proportionality constant. 


Remark. A null vector constructed using the positive sign in Equation (3.21) 
will be said to be future pointing, while one using the negative sign will be 
called past pointing. 


From Proposition 3.3 it follows that every valence 1 spinor k^ defines a null 
vector k. However, this is not a one-to-one correspondence. More precisely, a 
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spinor differing from x^ by a complex phase, that is, e’’«4, with 0 € R will give 
rise to the same null vector. The phase change is said to be right-handed if 
V > 0. This phase does not affect the construction of the vector k. Nevertheless, 
it contains some geometric information. To see this, consider a further spinor 
u^ such that ka^ = 1 so that {4,4} constitute a spin basis. Now, one can 
readily verify that 

s44 = go'r” f WAR”), pad’ — 
are the spinorial counterparts of two unit spacelike vectors s and t and that they 
are both orthogonal to k. At each point p E€ M, s and t span a subspace of 
T|p(M) which is orthogonal to k. This subspace is called the flag of the spinor 
k^; the pole of the flag is the vector k. 
A is subject to a phase change such that 


1 
—(k — UR 
Ja! Bo -uu 


Now, suppose & 
pts eet (3.22) 


In order to retain the normalisation xau^ = 1, the transformation (3.22) implies 
the transformation u^ +> e~’ u^. Furthermore, one has that 


s =œ cos 20s + sin 2Vt, tr —sin 20s + cos 2t, 


so that a phase change of V in «4 implies a change of 20 in its flag; the flagpole, 
however, remains unchanged. 


3.1.11 Null tetrads 


Inspection of Equation (3.14) shows that every spin basis {0,4} gives rise to 
an associated vector basis consisting of null vectors. This null tetrad has 
the peculiarity of consisting of two real null vectors and two complex null 
vectors which are the complex conjugates of each other. In order to analyse 
this further, let 


Furthermore, let 1°, n*, m° and M° (or l, n, m, Mm) denote the tensorial 


counterparts of the above spinors. Using the above definitions one can verify 
that 


Ign® = —m,gm* = 1, (3.23) 


while all the other remaining contractions vanish. Using relations (3.11a)—(3.11c) 
it can be readily shown that 


Gab = 2l(any) — 2M aM), g™® = 210m») — Imm”, 
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An orthonormal tetrad {eg} can be readily obtained from the null tetrad 
{l, n, m, m}. Namely, let 


1 
€o = val +n), (3.24a) 
1 s 
e = an +m), (3.24b) 
e2 = a —m), (3.24c) 
e3 > (l-n). (3.24d) 


R 
Using the relations in (3.23) it can be verified that the latter vectors indeed 
constitute an orthonormal tetrad. Furthermore, it can be readily checked that 
eo is timelike while e1, e2 and eg are spacelike. The vector €o is said to be 
future pointing as both l and n are future pointing in the sense of Section 3.1.10. 
Moreover, a right-handed phase change (i.e. V > 0) in the spin basis of the form 


o4 + e%04, 1A eA leads to the right-handed rotations 


€1 > cos Qe, + sin ez, €2 > — sin 2ve1 + cos 2ve2, 


while at the same time leaving eg and e3 unchanged. Accordingly, the triad 
of spacelike vectors {e1, e2, e3} defined by (3.24b)—(3.24d) is said to be right- 
handed. The inverse relations to (3.24a)—(3.24d) are given by 


l = — (eo + e3), n = — (eo — e3), 
m= (e1 — ie2) m = ave: + ie2) 
= —- (e; — ieg), = — ie2). 
pem Qe 


The spinorial counterpart of the volume form 


The spinorial counterpart of the volume 4-form casca is given by 
€AA'BB'CC'DD! = i(€ABECDEA'C!EB'D! — €ACEBDEA'B!EC'D’)- (3.25) 


Using the Jacobi identity (3.5) it can be verified that the above expression is 
indeed totally antisymmetric under interchange of the pairs 44’, BB’, cc’ and 
pp’. Moreover, one has 


+ 1 / $ 
eaxBp'copp e PP OO DD — 24 


pi 


and 


AA’ BB’_CC’_ DD’ . 
00° 01 02” 03 E€AA'BB'CC'DD' = l; 


compare Section 2.5.3. The expression (3.25) can be deduced applying a 
decomposition in irreducible components to €44’BB/CC’Dp’ and exploiting its 
antisymmetry properties. 
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8.1.12 Changes of basis and SL(2,C) transformations 


Let {e44} and {€44} denote two spin bases for ©. The spinors of one basis can 
be expressed as linear combinations of the spinors of the other basis. This can 
be conveniently be written as 


Ea = AAT ep’, (3.26) 


where (AA?) denotes an invertible (2 x 2) matrix. The associated spinor cobases 
{e4,4} and {€4,4} are related in a similar way: 


EA a = MA pe A, (3.27) 
where (A^ p) is another invertible (2 x 2) matrix. Now, one has that 
ôa?” = Ege? p = (Ag ep?) (AB Q2 Q) = (A47 AP Q) epee? 
= A4” AP gdp? = AA” AP p. 


Hence, the matrices (A4?) and (A^ p) are inverses of each other. 


A 


Now, given a contravariant valence 1 spinor k4, one can expand it in terms of 


the bases {e44} and {č4^4} as 


K =R €A = Beat. 
As a consequence of the change of basis (3.26), the coefficients ka and &, are 


related to each other via 
kA = AA pk?. 


Similarly, from the transformation rule (3.27), the components ua and ña of a 
valence 1 covariant spinor pa with respect to the spin cobasis {e4 4} and {€44} 
can be found to be related via 


fia = Aa" up. 


The transformation rules given in the previous paragraph can be extended 
in a natural way to higher valence spinors and to spinors with primed indices. 
For example, if v44' and 744° denote the components of the spinor v4^ with 
respect to the two different sets of bases, one has that 


i t =A! 1 
gAA = A4 pA pine i 


A case of special importance is that of the antisymmetric spinor €4p for which 
the transformation rule between bases is given by 


ČAB = AaP Ap®epa. (3.28) 


Earlier in the chapter, the notion of simplectic transformations was intro- 
duced. The properties of these transformations can be investigated from 
Equation (3.28). As a consequence of the discussion of Section 3.1.7 the matrices 
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(eas) and (€4g) both have the form given by Equation (3.10). It follows from 
Equation (3.28) that 


det (an) = (det (Aa®))” det(eap). 


Furthermore as det (€apB) = det(€ag) = 1, one concludes that det (Aa?) =i. 
Hence, if one restricts attention to the transformations with positive determinant, 
one finds that the set of transformations that preserve the antisymmetric product 
[[-,-]] is given by the group SL(2,C). 


Relation to the Lorentz transformations 
Following the discussion of the previous paragraphs, the components g4 4’ BB’ Of 
the spinorial counterpart of the metric transform under a change of spin basis as 
jaa'pp’ = Capea = Aa? Aa? ABO Àp? epgera’ 
Using the Infeld-van der Waerden symbols, the latter can be rewritten as 
fjab he" Ne nea, 
with 
Aa = Cat” of pp AaPha? . 


The above expression provides the relation between SZ(2,C) and Lorentz 
transformations; see, for example, Sexl and Urbantke (2000) for more details. 


3.1.13 Soldering forms 


The connection between spinors and world tensors has been implemented in 

terms of the components with respect to some vector and spin bases. There is a 

different perspective of this translation in terms of so-called soldering forms. 
The metric tensor g can be written in terms of the orthonormal cobasis {w%} as 


g = Napw? D w”. 
This last expression can be rewritten, using the correspondence (3.18), as 


+ $ i + 
g= EABEA'B' Oa A oP P w’ Q w? = Cine” Q wBB 5 (3.29) 
+ $ 1 . 
where w^ = o,44 w*. The four covectors {w44} are called the soldering 


forms . In terms of abstract index notation one writes the soldering form as 
w44" |. A similar discussion can be made with the contravariant metric g}. From 


g? = neq Q ep, together with (3.16), one can write 
t _ -AB,A'B' 


g CAA’ & CBB’, (3.30) 
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where easa’ = 07% 4A’€q. In abstract index notation one would write egy’ 
instead of e4 4’. In view of the above, given a vector v € T|,(M) and a covector 
a € T*|,(M), one can write 


£ fA 
v = v^^ CAA’, a=araaw'* . 


As a final remark concerning the connection between spinors and world tensors, 
it is observed that eg = a?e. Thus, ĝa? can be interpreted as the components 
€a? of the frame vector ea with respect to the frame {ea}. Contracting ea? with 


+ 
ob PP one finds 


1 1 + 
D, = ea? ra PP = OaPP : 


3.2 Calculus of spacetime spinors 


The discussion of the previous section has been restricted to spinors at a given 
point of the spacetime manifold M. It is now assumed that a spinorial structure 
can be constructed in a consistent way on the whole of M — the conditions 
ensuring this are discussed in Section 3.3, and essentially amount to requiring 
the spacetime to be orientable. The spinorial structure over M (also called a 
spin bundle) will be denoted by G(M). Consistent with this notation, the 
spinorial structure at a point p E€ M will be denoted by G|,(M). 

As is the case with tensors, the idea of relating spinors defined at different 
points of the spacetime manifold requires the use of the notion of a connection 
and its associated covariant derivative. Thus, it is necessary to extend the 
notion of a connection in such a way that it applies to spinor fields. In what 
follows, by a spinor field it is understood a smooth assignment of a spinor, 
say, eio pe apre EREN, to each point of the spacetime manifold. The sets 
of spinorial fields over M will be denoted in a similar manner to the sets of 
spinors at a point, that is, G6*(M), G4(M), G4(M), Gaa: P” (M), and so on. 


3.2.1 The spinorial covariant derivative 
A spinor covariant derivative V 4,4: is a map 
Vaart: OBS ne (M) > 6B? ap...arer(M). 
Given an arbitrary spinor CBO" D---E', its spinorial covariant derivative will be 


denoted by Vaate O p.m. The mapping defined by V 4x is required to satisfy 
the following properties: 


(i) Linearity. Given (P~ C p...p, PUO p.p € GB" p.e (M), 


B.C’ B.C’ B-C" B.C! 
Vaa (C D-E +N D-E) = VAA Ç D-E + Vaan D-- El. 
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(ii) Leibnitz rule. Given fields CEO pap € GBC Da (M) and 
EPO gay € OFS yn (M), 


al al a B.C’ 
Vaa (C? C D--p' ÊF G H-I) EF G C 


HV AAG DB! 


B...C! FG 
+O pe Vad E gar. 


(iii) Hermicity. Given (8° p...p € GB p... a (M), 


CEES = 


=Bl-C 
V AA DB = VAA D'-E- 


(iv) Action on scalars. Given a scalar ¢, then Vaso is the spinorial 
counterpart of Vag. 

(v) Representation of derivations. Given a derivation D on spinor fields, 
there exists a spinor gaa such that 


Cl AA! B.C! 
Dee p.m = E^ Naa O pm, 


for all B0 p... € G°(M). 


Remark. The above list of properties is more general than the ones given in, say, 
Penrose and Rindler (1984) and Stewart (1991), as the present discussion does 
not assume that the spinor covariant derivative is compatible with the e-spinor; 
that is, Vax’ eBc = 0. 


For completeness, the following result proved in Penrose and Rindler (1984) 
is recalled: 


Theorem 3.1 (existence of the spinorial covariant derivative) Every 
covariant derivative V over M has a spinorial counterpart V 4a’. 


3.2.2 Spin connection coefficients 


In specific computations, given a spin basis {e44}, it is convenient to introduce 
the notion of the spin connection coefficients associated to a certain 
connection. The direct spinorial counterparts of the connection coefficients Tafe 
are given after suitable contraction with the Infeld-van der Waerden symbols by 
the spinor components 


BB' =) “BB! BB’ 
Yaa” cc! =~” BBVaaleco’ ” , (3.31) 
1 . . . . . 
where Vaa = eaa ^ Vaa denotes the directional covariant derivative 
in the direction of eaa. Now, using that 


+ + + + 
wPP pp = PBE p, ecol? =e" , 


it follows that 


¥: + $ 1 Py + 
Daa? co = P pE peo” Vasxeo” +P Be pec? Vaxta” 
re 


7 7. 
= pig? Vasco’ +E pbc? Vasto” 
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Hence, defining the spin connection coefficients 

Taa c = PBV awe”, (3.32) 
one obtains 

Laa”? co =Vaa®cic® +Paa® odo”. (3-33) 
Using dc? = ec®e® Q, the definition of Taa’ P c and requiring that 
Vaaioc® =0 

one also has that 

Daa eo = ec’ Vaasa. 


The spin connection coefficients provide a way of computing the covariant 


derivative of spinors without a tensorial counterpart. Given kA = KAeA* € 


6G 4(M) one has that 


V AA'KB = eB? VAN KO 
= eB? Vaa lkp g) 
E 


= €B eas (kp) gt+kpVaae’ Q) 


= eaa (kB) -TAA BKP. 
Similar computations show, for example, that 
Vaal? = eaa (6?) +Taa pG”, 
Vaaée O° =ena (Es? ) -Taa® pba" 


Hasal goig 2° + Caw gino? . 


The generalisation to spinors of arbitrary valence and number of primed indices 
can be readily obtained from the above examples. 


Metric and Levi-Civita spin connection coefficients 


So far, the discussion of the spin connection coefficients has been completely 
general. In the present section it is assumed that the connection is metric. 

The spinorial counterpart of the metric compatibility condition Vagpce = 0 is 
given by 


V aa (€BceB'C’) = Epc V AaeBc + €BCV Aa'épic’ = 0. 


Regarding the second equality as a (partial) decomposition in irreducible terms, 
one has that 


V AA'epo =Q, V AATEBIC! = 0. 
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In order to investigate the implications of a metric connection on its associated 
spin connection coefficients, it is convenient to compute 


Vaa'esc = eaa'(epc) -Taat Begoe —Taa'®ceBq 
= —-Twacsat+Taa'Bo = 9 
as eaa (csc) = 0; again, the components cgc are constants. Hence, one 


concludes that 


Tax Be =T aso): 


3.2.38 Spinorial curvature 


The spinorial counterpart of the curvature tensors can be introduced in a natural 
way by looking at the commutator of spinorial covariant derivatives. More 
precisely, one can write 


1 


[Vas VBB ]E T = ROO ppraapee?? (3.34) 
with 


_ PP’ 
[Vaa, Vee] = Vaa Veep — Vee Vasa — EAA BBV pp’, 


(ou 
BB’ represent- 


consistent with the notation of Section 2.4.3 and with 44° 
ing the spinorial counterpart of the torsion tensor of V. The spinor 
RoC DD'AA’BB’ is the spinorial counterpart of the Riemann curvature 
tensor R° aay. In the following discussion it is assumed that the connection V 
is completely general — in particular, it could have torsion and be non-metric, 
so that Vaarepc # 0. As a consequence, the curvature spinor has only the 


symmetry 


co' cc’ 
R” pp’ AA BB! =R” pp’ BB’ AA'- 


The curvature spinor in terms of the spin connection coefficients 


In order to obtain a simpler representation of the curvature spinor it is convenient 
to look first at its expression in terms of spin connection coefficients. To this 
end, one can consider the frame expression (2.31) for the Riemann tensor, and 
contract it with the Infeld-van der Waerden symbols. One readily obtains 


cc’ cc’ cc’ 
R~“ pp'aa'Be’ = eaa' (l BB ~ pp’) — eps (laa pp’) 
cc’ FF' cc’ FF’ 
+D pr ~~ ppl BB aa -LUFF pp laa” BB! 
+ 


FF' cc’ FF’ cc 
HBg ppl Asr rr —-Taa” ppl BB FF 


1 


FF' cc 
-XAA BB rr ~~ pp’. 
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Now, making use of the decomposition (3.32) for the spin connection coefficients, 
one obtains after a lengthy, but straightforward calculation that 


è 


(ere! Cc (ou mC’ Cc 
R” pp'aa'BB’ = R paa'BB op’ +R” paa'BB oD, (3.35) 


where 


R? paa'pp’ = eaa (Upp pd) — eps (Tax ID) 
Trp? pl aat B —-Ter © pl aa’ pe +l rao pl Bp a 
Harl pl pe a t+laaC rl pp p—Vep orl aa Dd 
—Laa? Bpl rr p. 


This last expression can be regarded as the spinorial counterpart of the first 
Cartan structure equation; see Equation (2.31). 


The commutator of covariant derivatives on arbitrary spinors 


The commutator expression (3.34) applies only to spinors arising from a tensorial 
counterpart. In this section this commutator expression is applied to arbitrary 
valence spinors. In order to do this, observe that Equation (3.35) also holds if 
expressed in terms of abstract spinorial indices. More precisely, one has that 


co' c OP RC! c 
RY” ppasxeBg = RY paaBp op + R“ praaBesop~, (3.36) 
where, in general RoDAA'BB' Æ R(CD)AA'BB' $ 


Applying the commutator (3.34) to the particular case when 
one obtains, after taking into account the split (3.36), that 


+ 1 
ECO! = eplep:? 


g g c ay 
ep’ [Vas Vapi len" + ep" [Vas Ves lev 
+ D = + 
=ep | R° paarppep” +ep RI pasrBe'en 


1 


From the latter one can conclude that 


[Vaa, Ves ed? = R gar BBeD?, 


[Vax Veep len] Q 


= RF Q'AA'BB'ED'* . 
Now, using that ep2 c = 6p®, and that [V Ax, Vee Jop® = 0, one finds that 


eP? [Vax VBen ec = -e2 oV aw, Vea jer? (3.37a) 
= —e? oR paar Ber. (3.37b) 


Multiplying the previous expression by e? p and using that e” pep = dp© one 
obtains 


ôD [Vax VBB] c = -L cR gaa Bp OD". 
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Finally, using that [V44’, Vep']op© = 0, one concludes that 
[Vas Vep Je? = —R° pay Bp? c. (3.38) 
A similar argument applied to primed basis spinors yields 


[Vax VBB] n = ZRO Hingis sie? wi (3.39) 


Now, using that [V4a4’,V se] applied to a scalar is zero, one has that 
Equations (3.37a), (3.37b), (3.38) and (3.39) render the following formulae for 
arbitrary valence 1 spinors: 


[Vaa, Vea ]u] = R gayr Bent, (3.40a) 
[Vas VBa )\o = Ro garep AS, (3.40b) 
[Vaa, Vsp ko = -R° cas BB' KQ, (3.40c) 
[Vas Vep] Po = -R casei. (3.40d) 


The extension to higher valence spinors follows from the Leibnitz rule. For 
example, one has that 


[Vaa,Veplécp” =—-R®caa pp tgo” — R@paapp ica” 
+R gaa Bp tcd® . 
3.2.4 Decomposition of a general curvature spinor 


Expression (3.36) is a convenient starting point to analyse the decomposition of 
the curvature spinor in terms of irreducible components. Lowering the index pair 
cc’ using the e-spinor one obtains: 


Roc pp'Aa'BB' = Repas BB Epo + ROD AA’ BB’ EDC 
= — Ropas BB' Eœ D — Rep AA'BB' ECD: (3.41) 


For the curvature spinor of a general connection one has that RopaaBe Æ 
Rcp)aa'Bp'. However, one still has that 


RopAA'BB' = —RopBB'Aa'- 


This antisymmetry can be exploited using the split (3.13) in such a way that the 
indices gp are not touched. Accordingly, one obtains 


RopAA'BB' = XCDABEA'B’ + YCDA'B'EAB; (3.42) 

where 
1 Q’ 
XcpaB = Xcp(aB) = z PODAQ'B ; 


1 
Yopa'B’ — Yop(a'B’) — 5 Repargn'®. 
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To complete the decomposition of the curvature spinor in irreducible components 
one can apply the decomposition formulae (3.8) and (3.12) for valence 4 spinors 
to XopaB and Ycpa p. This idea will not be pursued any further here. However, 
it will be convenient to single out certain components of the decomposition in 
irreducible terms of Xcpap. It is conventional to set 


PQ 


Wascp = X(aBcp); A= -Xpo 


1 
6 

Let Ccc'pp'aa'gg' denote the spinor obtained from the split (3.41) of the 
curvature spinor by setting XABCD = X (ABCD) and Yopa'p: = 0. One has that 


CCC pp’ AA'BB' = —VaBocpea'Béc'p' — VA B'E D'EABECD- (3.43) 


As a consequence of the total symmetry of UV 4gcp it can be readily verified that 
Coc'pp' AA’ BB’ is the spinorial counterpart of a trace-free tensor. Following the 
discussion in Section 2.5.2, it must be the spinorial counterpart of the Weyl 
tensor Cedab- 


Decomposition of the curvature spinor of a torsion-free connection 


The decomposition of the curvature spinor is now particularised to the case 
of a torsion-free connection. In this case, the Riemann curvature tensor has 
the cyclic symmetry of the Bianchi identity. The latter is best exploited using 
the alternative expression of the identity given by Equation (2.23) involving the 
right-dual of the Riemann tensor. Using the spinorial counterpart of the volume 
form given by Equation (3.25) one has that 


i + A id rd 
Es Fs owe E Fs Es E's F 
Rix BBICC'DD! = zc dp ðo” Op” —ôc êp bc" Op” )RAA'BB'EE'FF' 


= İRAABB'CD'DO', 
so that the spinorial counterpart of Equation (2.23) is given by 


Rocrggal ear = 0. 
A direct evaluation of the above condition using the splits (3.41) and (3.42) 
shows that 


Q Q 


: , z 
Xoga“ cosa — Xoga” eca + Yoacra — Yorarac =0, 


so that 


Xpo”? = Xpq?®, Yorarac = Yoacra'. 


Hence, one has that Xpo”? (i.e. A) is a real scalar, while YA g y’ p is a Hermitian 
tensor, and, thus, it is the spinorial counterpart of a rank 2 tensor. 


88 Spacetime spinors 


Decomposition on the curvature spinor of a metric connection 


As already seen, a connection which is compatible with a metric g satisfies 
Vaarecp = 0. It follows then that [Vaa',VeeJecp = 0. However, one also 
has that 


[Vaa, Vee lecp = —R°caaep eqn + R? DANBB'ECO, 


from which one concludes that 


Ropas’ BB = R(CD)AA'BB'- 


The latter can be reexpressed in terms of the following symmetries of the spinors 
Xascp and Yaga’ w: 


X ABCD = X(AB)CD; YABA B' = Y(AB)A'B'- 


Decomposition of the curvature spinor of a Levi-Civita connection 


Finally, one can collect the results of the previous subsections to obtain the well- 
known irreducible decomposition of the spinorial counterpart of the Riemann 
tensor of a Levi-Civita connection. As the Levi-Civita connection associated to 
the metric g is both torsion-free and metric, it follows then that 


Xascp = X(aBy(cD): Xcoa” =0. 
It follows from (3.8) that Xascp = Xcpaz and that 


= 1 PQ 
X ABCD = X(ABCD) — 3° A(CED) BX PQ 


= Wapcp + A(epBeca + €cBEDA).- 
Similarly, for YA ga'p. one has that 


YABA B’ = Y(AB)(A'B'); 


so that according to the general split (3.12) Yaga’ corresponds to a trace-free 
rank 2 tensor. 

To conclude the analysis, it is convenient to compute the Ricci tensor and 
scalar in terms of the spinors X4gcp and Yaga p. From Equations (3.41) and 
(3.42) it follows directly that 


Raa pe = —XQa® pear — Xoga? Bean + 2VaparBe 
R= —4Xpo”®, 


where Raa’ gpg denotes the spinorial counterpart of the Ricci tensor Ra» 


and it has been used that for a Levi-Civita connection Y4p4'R’ = Yap ap and 
Xpo”? = Xpo? L. In particular, one has that 


R = —244A. 
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As Yapa'pr is trace-free, it has to be related to Pas, the symmetric trace-free 
part of the Ricci tensor. Indeed, a calculation for its spinorial counterpart shows 
that 


1 
20 4B4'B = Raa Bp — {EABEA'B" 
= 2YABA' B’ 
It can be verified that P Agap satisfies the symmetries 
PABA B' = ®paaBe = Capea = BABA. (3.44) 
Putting together the discussion of this section, one finds that the spinor 


counterpart of the Riemann curvature tensor of a Levi-Civita connection can 
be decomposed as 


Raa BBicc'pp! = Ea B'E D (Vagon + 2Acac€p)B) 


—eaBecp(Warporp! + 2N€a(c€p)B’) 
+E B'ECDÊABO' D’ + €aBecp' ®cpa'B’. 
Working back from this expression one can recover the decomposition of 


the Riemann tensor in terms of the Weyl and Schouten tensor given in 
Equations (2.21a) and (2.21b). 


3.2.5 The U,p-operator 


In some applications it is convenient to have a more explicit expression for the 
commutator of spinorial covariant derivatives. In the remainder of this section it 
is assumed that V aa is the spinorial counterpart of a Levi-Civita connection. 

Exploiting the antisymmetry of Equation (3.40a) with respect to the pairs 4 4/ 
and gp one can rewrite it as 


(exp OAB + €aB are) wo = Ro gaa BBL, (3.45) 


where 


AB = VaaVey® ; AB = Vow V? Bn). 


It can be verified that both Oag and Ox p are linear and satisfy the Leibnitz 
rule — one has, for example, that 


AB(uUcX”) = (OasBuco)à? + uc(O4BAP). 


YPP 


Defining the D’Alembertian operator as = Vpp , one obtains the 


decomposition 


, 1 
Vag VB? = 5°4B +LUaAB. 
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Now, contracting indices suitably in Equation (3.45) one readily obtains 


ABHÎ = X° gaBe®, ABS = Yap pe”. 


Using the explicit expressions for the curvature spinors X4gcp and Y4pa-p: for 
a Levi-Civita connection, as given in Section 3.2.4 one concludes that 


ABlic = Wapopb”? — 2Ama€epyc, Apc = cpap pe. (3.46) 


The above expressions can be extended to higher order valence spinors by means 
of the Leibnitz rule. 

The expressions in (3.46) can be extended to the case of connections with 
torsion; see Penrose (1983) for the general theory and Gasperin and Valiente 
Kroon (2015) for explicit expressions and applications. 


3.3 Global considerations 


The discussion on null vectors and their flagpoles in Section 3.1.10 makes a 
natural connection with the notion of orientability and the assumptions needed 
to ensure the existence of spinorial structures on a region of spacetime. 

As seen in Proposition 3.3, every non-vanishing null vector is either future 
pointing or past pointing, in accordance with the choice of sign made in 
Equation (3.21). Thus, the existence of spinors on a region of spacetime provides 
a way to define a time orientation. In a similar way, the idea of a right-handed 
phase change of a triad of orthonormal vectors {e1, e2, e3}, as discussed in 
Section 3.1.10, can be used to define a notion of space orientation. Thus, at least 
at an intuitive level, the existence of a spinorial structure over a spacetime seems 
to imply that the spacetime is time orientable and space orientable. It turns out 
that the converse is also true: time and space orientability ensure the existence 
of a spinorial structure. More precisely, one has the following result proved in 
Geroch (1968): 


Theorem 3.2 (orientability and the existence of a spinor structure) A 
non-compact spacetime (M,g) has a spinor structure if and only if there exists 
on M a global system of orthonormal tetrads. 


Part IV of this book will be concerned with the construction of spacetimes from 
suitably posed initial value problems. Thus, it is convenient to have a criterion 
to encode the existence of a spinorial structure in an initial value problem. 
An example of this is the following result in Geroch (1970c): 


Proposition 3.4 (global hyperbolicity and the existence of a spinor 
structure) Every globally hyperbolic spacetime has a spinor structure. 


The notion of global hyperbolicity is discussed in Section 14.1. 
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An orientable spacetime may have several spinorial structures. One can ensure 
uniqueness of the spinorial structure if one restricts further the topology of the 
spacetime. More precisely, one has that (see Geroch (1968)): 


Proposition 3.5 (uniqueness of the spinorial structure) The spinorial 
structure of a spacetime is unique if and only if M is simply connected. 


3.4 Further reading 


Further details on the various topics covered in the present chapter can be 
found in Penrose and Rindler (1984), Stewart (1991) and O’Donnell (2003). The 
discussion in these references leads, in a natural way, to the Newman-Penrose 
formalism and applications like the Petrov algebraic classification of the Weyl 
tensor. Some discussion on the use of spinors in the construction and analysis 
of exact solutions to the Einstein field equations can be found in Stephani et al. 
(2003) and Griffiths and Podolsky (2009). The relation between Dirac spinors 
and 2-spinors is presented in Penrose and Rindler (1984) and Stewart (1991). 
A pure mathematics perspective can be found, for example, in Petersen (1991); 
see also Choquet-Bruhat et al. (1982). 

A more general perspective of the discussion of the present chapter can be 
obtained by making use of the notion of fibre bundles; see, for example, Ashtekar 
et al. (1982). In terms of this language, the spinorial structure arises as a principal 
fibre bundle over the spacetime manifold M with structure group SL(2,C). 
This point of view is convenient for computer algebra implementations; see, 
for example, Martin-Garcia (2014). The fibre bundles are useful in analyses that 
require the blowing up of particular points of spacetime — as in the analysis 
of caustics in Friedrich and Stewart (1983) or the so-called problem of spatial 
infinity of Friedrich (1998c). 


Appendix: the Newman-Penrose formalism 


The idea of a spinor-based null tetrad formalism was introduced in the seminal 
article by Newman and Penrose (1962); see also Newman and Penrose (1963). 
This so-called Newman-Penrose (NP) formalism was first used as a way 
of analysing the asymptotics of gravitational radiation. The potential of the 
formalism to obtain exact solutions to the Einstein field equations, in particular, 
ones having an algebraically special Weyl tensor, was quickly realised; see, 
for example, Stephani et al. (2003) for an entry point to the literature of 
exact solutions. Refinements of the formalism which are adapted to specific 
configurations or types of problems are available in the literature, most noticeably 
Geroch et al. (1973); see also Machado and Vickers (1995, 1996). 

The key aspects of a generic spinor-based null tetrad formalism have already 
been covered in this book. One of the peculiarities of the formalism, as introduced 
in Newman and Penrose (1962), is the use of specific symbols to denote 
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directional derivatives and the spin coefficients. This notation will not be used 
in this book as the Newman-Penrose (NP) formalism assumes, from the onset, a 
Levi-Civita connection. However, the discussion in this book will very often use 
more general connections. Hence, one has more independent spin coefficients. 
Moreover, the labelling of spin coefficients through indices lends itself better 
for a systematic analysis of the properties of the relevant equations. Additional 
difficulties with the NP formalism arise with the space spinor formalism; see the 
next chapter. 

The purpose of this appendix is to provide a guide to the translation, whenever 
possible, between NP objects and the ones used in this book. 


The directional derivatives 


Let {0,1} denote, as usual, a spin basis. Also, let {l,n,m,m} denote the null 
tetrad constructed from the spin basis, as described in Section 3.1.9. The NP 
convention for the directional derivatives along the directions given by the null 
tetrad is 


+ 

D=I°Vq = 0464 Vaa = Vov, 
£ 

A= nVa = ee V AA! = Vir, 
+ 

Ô = m"V a = 044 Vaw = Vor, 


£ 
mV, = 1404 Vaw = Vio. 


a 
Il 


The spin coefficients 


In what follows, it is assumed that the connection V is Levi-Civita so that 
V AA'eBc = 0. The NP convention for the spin coefficients of V is given by: 


E o _ AS 
€ = [lov o = -loo 1 = lo010, 
o 1 _ 
a = lio o = -lio 1 =F 1010; 
en o _ 1 _ 
8 = Tor" o = -Tor 1 = P0110, 
2 Oo. _ 1 _ 
y= Iiv" o = -lir 1 =F 11110, 
=e =k = Typ = Toei 
t = lov" 1 =T 00/11; k = —Io0'"0 = lovo0, 
Z o _ _ 1 _ 
à= Tiv 1 =F 1011; pP = -T10 0 = l'i000, 
par Steppe 
u= Tori = Tov, o = -Ilor o = loroo, 
=f aT se ai 
v = liva = Tiv, T= Vivo =T1v00- 


The above spin coefficients can be expressed entirely in terms of the directional 
derivatives D, A, ô, ô applied to the null frame vectors or, alternatively, applied to 
the spin basis {0,4}. See O’Donnell (2003) and Stewart (1991) for details on this. 
Explicit expressions of the spin coefficients in terms of curls (antisymmetrised 
derivatives) have been worked out in Cocke (1989). 
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The Ricci and Weyl tensors 


The NP conventions to denote the components of the Weyl spinor Vagcp with 
respect to {0,4} are: 
VW= Wapcoposo0® ow, Į = VaBopooP P, 


Į; = WapcporF CaP, W= YagcoptlP iG. 


Yo = Y aBapoto? oC oP, 


The conventions for the components of the trace-free Ricci spinor ® 4y’ Bp’ are: 


n A ei 1 Ta A 1 

Poo = Paa gB o oP 04 OF , ®o1 = O44 pp 040% 04 TP , 
_A’_p’ 

Poz = Oya pporo® TP, 


_A’_Rp!’ 
A, BoA 12 ; 


_Al_ Rl 
Pio = Oya pp 04? oA oF , 
A'R! 

yp = Oya pp or TE , 
E ; A + 

A BoA 7B" 


O11 = PAN Bpo 

#3 Fue. $ 

aor oP, Oo) = PAN BB'L 
+ + 
Ai gees 


P20 = Oya BBil 
O20 = Oya BBil 


Notice that in both lists of definitions the value of the index denotes the number 
of contractions with the spinor e. 


The NP formalism makes use of the symbol A to denote a multiple of the trace 
of the Ricci tensor. The relation to the Ricci scalar is 


R = —244A. 


The Newman-Penrose field equations 


Newman and Penrose (1962) provided explicit expressions of the Ricci and the 
Bianchi identities in terms of their notation for the spin connection coefficients 
and the components of Vagcp and ®,4,4/gp. These equations are collectively 
called the Newman-Penrose field equations. Explicit expressions are available 
in O’Donnell (2003), Penrose and Rindler (1986) and Stewart (1991). Besides 
the NP field equations, the formalism consists also of explicit expressions for the 
commutators of the directional derivatives D, A, 5, 6. Expressions for the source- 
free Maxwell equations are available in the literature as well; see, for example, 
the appendix in Stewart (1991). 


A 


Space spinors 


This chapter discusses a framework for spinors in which a further structure is 
introduced — a so-called Hermitian inner product. The resulting formalism will be 
referred to as space spinors or SU(2,C)-spinors. The space spinor formalism 
can be used to describe the geometry of three-dimensional Riemannian manifolds 
and, more generally, foliations of spacetime. Moreover, it can also be used to 
provide a description of the hyperplanes associated to a congruence of timelike 
curves. 

The notion of space spinors was first introduced in Sommers (1980); see also 
Sen (1981). It provides a systematic approach to the construction of evolution 
equations which can be regarded as a spinorial version of the 1 + 3 formalism 
for tensors. Space spinors are used in several other areas of relativity such 
as quantum gravity (see e.g. Ashtekar (1991)), the construction of quasi-local 
notions of energy (see e.g. Szabados (2009)) and global aspects of the geometry 
of 3-manifolds (see e.g. Backdahl and Valiente Kroon (2010a); Beig and Szabados 
(1997); Tod (1984)). 


4.1 Hermitian inner products and 2-spinors 


Let (M,g) denote a four-dimensional Lorentzian manifold. As in Chapter 3, it is 
assumed that at each point p € M one has a two-dimensional simplectic vector 
space 6|,(M) as given by Definition 3.1. One has the following definition: 


Definition 4.1 (Hermitian inner product) A Hermitian inner product 
on a simplectic two-dimensional vector space © is a function ((-,-)): Gx © > C 
which is: 


(i) Hermitian; that is, given £, n € © 


((€m)) = (n, £) 
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(ii) linear in the second entry; that is, given £, n, C€ ©, z€C 
(Em + 2€)) = ((&m)) + 2((€, ¢)) 
(iii) positive definite; that is, given € € © 
((€,€)) 2 0 


and ((€,€)) =0 if and only if € =0. 


From conditions (i) and (ii) it follows that a Hermitian inner product is 
antilinear in the first entry; that is, given £, n, ¢ € G, z € C, one has 


((€ + 2€,)) = ((€,0)) + Z(G, 0))- 


4.1.1 Hermitian conjugation 


In what follows, given a spacetime (M, g), assume that for each point p E€ M, the 
vector space 6|,(M) is endowed with a Hermitian inner product which changes 
smoothly from point to point. The Hermitian inner product can be expressed in 
terms of a Hermitian spinor waa € Gaa (M) such that 


(E, n) = wark" n’. (4.1) 


It can be verified that the right-hand side of the above expression satisfies condi- 
tions (i) and (ii) of Definition 4.1. Given a spinor basis {e44}, the components 
of waa’ with respect to the basis are given by waa’ = wasxca^ ta^. The 
components waa’ can be thought of as the entries of a (2 x 2) matrix (waa). 
The positivity condition (iii) of Definition 4.1 requires the above matrix to be 
diagonalisable and to have positive eigenvalues. Thus, it is natural to consider 
a (not necessarily normalised) basis {e4“} for which (waa) takes the diagonal 


form 
_ | Woo 0 
an T a) 


The scaling of the basis {e€ a^} can be fixed, without loss of generality, so that 
(waa) is the identity matrix. In the rest of the book, whenever a Hermitian 
inner product is discussed, it will be assumed that a spin basis {ea^} has been 
chosen so that 


(waa) = ( ; A ) ; (4.2) 


A direct consequence of the above normalisation condition is that one can 
write 


1 + 
WAA’ = OAOAr + LALA’ = etye Ar + Elier A’; (4.3a) 
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t if v 
wat =o0404 +t =el4Ey ^ — Laal ; (4.3b) 
$ F $ 
AA AgA' 4 47A A 


+ + 
=€0 aor + aa ; (4.3c) 


From these expressions it follows that 


1 


waarmee = oar” — 140? = eaa? et ee: 


Thus, 
waso" B = ban: (4.4) 
Notice, in particular, that waaws” =2. 
The spinor waa induces an operation of Hermitian conjugation + : 
G*(M) + G*(M). Given wa E€ G(M), we define its Hermitian conjugate u$ 
via 


wh = wa" Bw. (4.5) 


It follows then that one can write 


((€,n)) = Etani = net. 


Observe that as a consequence of the see-saw rule, Equations (3.4a) and (3.4b), 
Ay p”. The Hermitian conjugation is extended to higher 
valence spinors by requiring 


one has p+4 = =w 


(WA)? = ptrT 
for u, A € G°(M). It is a consequence of the normalisation condition (4.2) that 
Haya, = (1) tay-Ap- 


Furthermore, p+4y.4 = 0 if and only if 14 = 0, the latter as a result of condition 
(iii) of Definition 3.1. Using the representation of w4^ given by (4.3b) one finds 
that 


o} = tA, Uh = —0A, (4.6a) 
otA =^ iti = ot., (4.6b) 


? 


Hence, the normalisation leading to (4.3a)—(4.3c) is equivalent to the normalisa- 
tion condition 


for the spinor o. Notice also that, as a consequence of the previous discussion, a 
non-zero spinor and its Hermitian conjugate are linearly independent. Finally, a 
calculation using the expression of €4p in terms of o4 and va, yields 


+ = A’ B' 
€ AB = WA’ WB” EAB’ = EAB. 
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Remark. In the rest of the book, when working with spinor structures endowed 
with a Hermitian product, it will always be assumed that a spin basis satisfying 
relations (4.6a) and (4.6b) has been chosen. 


4.2 The space spinor formalism 


A consequence of the existence of an operation of Hermitian conjugation is that, 
given a spinor € € G*(M), its complex conjugate € and its Hermitian conjugate 
€* contain the same information. This observation allows the introduction of 
a spinorial formalism based entirely on spinors with unprimed indices by 
contracting all the primed indices in the spinors with wa”. Given ŠA Ap A1 Als 
we define its space spinor counterpart €4,...4,B,--Bq aS 
= Al Al 
SA1 ApBr B = WB, 1 ++ WB,” TEA ApA, Al (4.7) 
The above expression can be inverted by recalling the normalisation condition 
(4.4) to yield 
B B 
EAr ApA Aa, = (SII A 9 A, EA, Ap Ba Ba: 
Thus, the information contained in a spinor with primed indices and its space 
spinor counterpart is equivalent. 
4.2.1 The Hermitian product and three-dimensional vectors 


The operation of Hermitian conjugation gives rise to a notion of reality for 
spinors. More precisely, a spinor /14,B,...4,B, With an even number of indices 
will be said to be real if 


+ _ k 
MA, By-AgpBy = (TL) HAL Bi Ag Bro 
and imaginary if 
+ _ k+1 
MA, By--ApBr — (1) MA, By--AgBr- 


Consider now a symmetric valence-2 spinor v4? € G*(M). Given a space 
spinor basis {0,4} such that ¿ = o*, one can write 


v4 = aofoP + biA? + colAL®), (4.8) 


with a, b, c € C. The Hermitian conjugate of v4? is given by 


yt AB = GA? + bolo” — e408), 


If v4? is real, that is, vt+4? = —v4®, then b = —a and Z = c. Thus, the real 
spinor v^? has only three real components so that it describes a three-dimensional 
vector v'. This argument can be extended to higher valence real space spinors 
so that 


C1 Dic Cm D (C1 D1)---(CmDm) 
= 


EA: Bi Ag Br Oe ae €(Ay By)-(Ax Br) 
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if real, can be regarded as the space spinor counterpart of a three-dimensional 
tensor &j,...;,/14" — every pair of symmetric spinor indices is associated to a 
spatial tensor index. One can summarise the previous discussion in the following: 


Lemma 4.1 (the distribution associated to a Hermitian product) A 
Hermitian spinor waa on G°(M) induces a three-dimensional distribution II 


on M. 


Observation. The distribution II may not possess integrable manifolds. 


The consequences of Lemma 4.1 can be further elaborated by considering the 
spinorial counterpart of the projector ha? associated to the distribution II. To 
this end let 


+ + 1 + 
hax PP = 4P ôa P = a TAA y 
It can be readily verified that 


7. + + + 
hay”? hgg? = haa , haa?” wep = 0. 


Now, given vay E€ G*°(M) denote by vag its space spinor counterpart. A 
calculation then shows that 


Al co’ Al 
UAB) = WB haa ~ voo = WA” UB)A’- 


Thus, the spinor haa PP is the projector associated to the distribution induced 


. . A . . 1 1 
by waa’. The space spinor version of haa PP is given by haBcD = wg wp? 


haarcc’. It can be readily verified that hAgcp = h(aBycp)- Using the Jacobi 
identity (3.5) one can show that 


haBcp — —€A(CED)B- (4.9) 


It can also be verified that 


pPQcD CD, (C 


=hap ~~ =€a P) 


ABCD 
EB haBgcph =hp 


hABPQ Q”? =3. 


In addition, one has 


+ 
hapcp = hABCD, 


so that hagcp is a real space spinor. Moreover, given v4? = vB) and uap = 


ua) one has that 


uaphABeP = yCP 


AB AB 
v“? hABCD = VCD, ; uaghop ” =ucp. 


AB 


Finally, it is observed that if the spinor vê? is real, then using the decomposition 


of Equation (4.8) one readily finds that 


1 1 
hagcpv^ Pv? = vagv^” = 2ab a” = —2jb|? ao <0. 
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Thus, given p E€ M, the spinor hapcp gives rise to a negative definite inner 
product on II|, C T|p(M). Accordingly, the vectors in II are spatial with respect 
to the metric g. As II may not possess integrable submanifolds, hagpcp is not 
necessarily the spinorial counterpart of a (negative definite) three-dimensional 
Riemannian metric of a spacelike submanifold of M. 


4.2.2 Spatial Infeld-van der Waerden symbols 


The relation between space spinors and three-dimensional vectors can be 
formalised by means of suitable soldering objects. At each point p € M consider a 
g-orthonormal basis {e;} of I|, and let {w*} denote the associated cobasis. One 
has then that g(e;,e;) = —d;;. In addition, let {ea^} be a spin basis satisfying 
ej 4 = eo^; compare Equation (4.6b). Spatial Infeld-van der Waerden 
symbols can be defined from the spacetime Infeld-van der Waerden symbols 


, . 
a4 and ofaa through the relations 
AB _ A B)A’ pk = A'i 
oA? = -o gio, OAB =A OBA’. 
es 
hABCD = —0' ABO! cDdij, oi 07 AB = 047. (4.10) 


The explicit expressions for the spatial Infeld-van der Waerden symbols are 
given by 


pons he fk 0 oe: re en 0 5.48 1 (9 1 
É PASO aye A0 Zig 3 AZL 0)’ 


peade aa aa T gea Od 
PAP pe. ye TAa a AES la o 


Given the above, the components of a three-dimensional vector v and a three- 
dimensional covector can be put in correspondence with symmetric valence-2 
real spinors via the formulae 


ous? = vto; ,P, ĉi > EAB = Go's, 


or more explicitly 


(wt, v, v) = * ( sar ee A a i (4.11a) 
1 f =é + ié &3 
(£1, €2, £3) > Wo ( E A ) : (4.11b) 


It can be verified that 


(£, v) = &vt = Eapu4® = 8u! — fou? — égo’. 
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The above correspondence between space spinors and three-dimensional vectors 
can be readily extended to higher rank tensors. For example, given the 
components T, ie of a tensor Tk one has the correspondence 


k EF _ i EFp k 
Tij? > Tapco =0' aBolcpo, Tij”. 


Finally, it is observed that ot ap ando;“ can be used to define an alternative 


set of basis and cobasis {eap}, {w4?} for II|, through the relations 
€AB =0' ABE, (oP = oie a, (4.12) 


In terms of these definitions the symbols ot ap are the components of the frame 
{eas} with respect to itself. It can be verified that 


AB B 


(w4? ecp) = hep”, g(€aB,ecp) = hasop. 


4.2.8 Changes of basis and SU(2,C) transformations 


To characterise the class of transformations preserving the structure of the 
Hermitian inner product it is convenient to consider a change of spin basis 


~ A P. A ~A A P 
ča = OA ep’, eA, = OY pE a, 


where (O4?) and (O4p) are SL(2,C) matrices such that 
Oa? OP p = 84”. 


It follows that 


1 


Baa = WAA EA 


= + lá = 1 
= wasy (Oa? ep“) (Ow? Ep ^ ) = wpp' Oa Oa" . 


Hence, if one requires O4? to be such that both waa and &aa are the identity 
matrix — compare Equation (4.2) — then O4P and O,/P’ have to be inverses 
of each other; that is, the transformation described by the matrix (OAP) is 
an SU(2,C) transformation. This property explains the alternative name of 
SU(2,C) spinors used to describe spinorial structures endowed with a Hermitian 
product; see, for example, Ashtekar (1991). It is a direct consequence of the 
previous discussion that the notions of real and imaginary space spinors as 
discussed in Section 4.2.1 are invariant under SU(2,C) transformations. 

It can be readily verified that SU(2,C) transformations are related to 
three-dimensional rotations, that is, O(3) transformations. As SU(2,C) 
transformations are a special case of SL(2,C) transformations, it follows that 
€aB = O,©C OB” cop; that is, čAB = cap. From the latter one has that 


hascp = Oa" Op’ Oc? Op" hercu- 
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Contracting the above expression with spatial Infeld-van der Waerden symbols 
one obtains 


bi3 = O:" 0," Sea, 
where the matrix (O;*) with elements given by 
O;* = 0,47 o" prO" OB” 


is an O(3)-transformation, that is, a three-dimensional real matrix preserving 
the identity matrix. 


4.2.4 Spinors on three-dimensional manifolds 


In this section it is assumed that the distribution II associated to the Hermitian 
spinor waa has an integral manifold S. It follows that S is a spacelike 
hypersurface of the spacetime manifold M, and the restriction of II to S coincides 
with the tangent bundle T(S). Vectors and covectors in T(S) are associated to 
symmetric valence-2 real spinors. 

Under the assumptions of the previous paragraph, consistently with the 
discussion of Section 4.2.1, one has that the spinor hapcp = —€4(c€p)p is the 
spinorial counterpart of the three-dimensional (negative definite) Riemannian 
metric h induced on S by g. One can write 


h= —bijw" & wi = hagcpw^” ® weP 
with the coframe {w4} defined as in Equation (4.12). In a natural manner, the 
spinor waa can be identified with the normal to S. 


An alternative point of view 


The discussion of spinors on three-dimensional manifolds outlined in the previous 
paragraphs assumes that S is a spacelike hypersurface of a spacetime (M, g). 
A more intrinsic perspective can be obtained by postulating the existence of a 
spinorial structure over S, to be denoted by G(S), endowed with an operation 
of Hermitian conjugation + : G(S) + G(S) satisfying the properties discussed 
in Section 4.1.1. This point of view leads one to consider conditions ensuring 
the existence of this space spinor structure. An example of a sufficient 
condition is that the vacuum Einstein constraint equations (see Chapter 11) 
can be solved on S. If this is the case, the three-dimensional manifold can be 
regarded as a spacelike hypersurface of a spacetime (M, g); see Chapter 14. The 
spacetime (M,g) is globally hyperbolic and, thus, admits a spinor structure; 
see Proposition 3.4. The g-normal to S in M induces the required operation of 
Hermitian conjugation. 

In what follows, the notational conventions of Section 3.1.4 are adopted, and 
one writes 6*(S), G4(S), 64(S),... to denote the various bundles associated 
to G(S). 
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Totally symmetric spinors 


Spinors provide a simple representation of the operation of taking the symmetric 
trace-free part of a three-dimensional tensor. 


Proposition 4.1 (space spinor representation of trace-free three- 
dimensional tensors) Let TA, By-A,B, denote the spinorial counterpart of a 
three-dimensional real tensor T;,...;,. One has that 


TA, By--A,B, = TA, Bi ApBp) if and only if Tiuri = Digi 


Proof Any possible contraction of T(4, p,...a,B,) With hA8CP must vanish so 
that Tj,...;, must be trace free. Conversely, if Tj,...i, = Tiiri then one has 
that 


P 


A1B1A2B P 
h^1P:42B> T4 B, A2B2--ApBp = T”? pay = 0. 


Using the decomposition (3.8) together with the symmetries of T4, B, A. B2- ApBp 
in the indices A, B, 4,B, one concludes that 


LA, By Ag Bo ApBy = T (A1 Bı A2 B2) -Ap Bp" 


Now, considering the contraction of the pair A,B, with pairs outside the sym- 
metrisation bracket and repeating the previous argument as many times as nec- 
essary one concludes that TA, B, A2B2---ApBp Must be completely symmetric. 


4.2.5 Timelike congruences and Hermitian products 


Assume now that the spacetime (M,g) has some privileged future directed 
1 The vector 7 does not need to be 
hypersurface orthogonal. Let 744" denote the spinorial counterpart of 7 and 


timelike vector T with parameter T. 


consider the normalisation g(7,7) = 2. As discussed in Section 2.7.1, 7 defines 
a distribution on M. Let S, denote the hyperplanes generated by 7; as T is 
not hypersurface orthogonal, the hyperplanes are not, in general, the tangent 
bundles to the leaves of a foliation of M. The timelike spinor 74,4 induces a 
Hermitian product ((€,7)) = Ta4/€4'174 for €4, n^ € G(S). Indeed, as 744" is 
the spinorial counterpart of a spacetime vector, it is a Hermitian spinor, so that 


Saye , 
TAA EM nA = TAa EA, 


Furthermore, given that 744" is timelike future directed and EAE’ describes a 
future-directed null vector, it follows that 744/€4E4 > 0. Thus, formula (4.1) 


1 It is possible to construct a “space spinor” formalism adapted to spacelike congruences with 


tangent vector pad’, see e.g. Szabados (1994). This requires adapting some of the formulae 
given in the preceding sections. In particular, the associated Hermitian product needs to be 


BA’ 


negative definite. Moreover, the analogue of Equation (4.13) is given by p4 4/9 = eP 4 so 


that paarpf = —2. 
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and the various subsequent expressions in Section 4.1 can be used for the choice 
WAA’ STAA- 

From the discussion in Section 4.1.1 it follows that there exists a spin basis 
{ea^} such that 


/ + 1 
r^^ = eg eg deen 


In particular, one has that 


Taar = eit (4.13) 


Space spinor split of general spacetime spinors 


The tensorial counterpart of a spinor HA, 4/...A, Ay can be expanded in terms of 
the spatial frame {e,4p} if and only if it is spatial with respect to T, that is, if 
the & conditions 


1 


A Al, = 
EHALA Apa, = 0 


Al A 
BELA Ae Ane = O, TEF 


hold. In this case, its space spinor counterpart is given by 


$ 


= A A; = 
HA1B1AkBk = TB, t° TBe "HAA, -Ak AL = H(A B1) (Ak Br): 


To deal with the spinorial counterparts of tensors which are not spatial in the 
sense described above, one makes use of the projector 


p 1 BB’ 


fd 
APP ay = e4” ea” — TAAT, 


which takes a spinor EAA, A, At onto the spatial spinor 


1 


AA! ArA 
EAA, Aara h B p e h t E p,p. 


The space spinor version of the above spatial spinor is obtained by contracting 
the primed indices with Ta^ as in formula (4.7). In particular, this procedure 
applied to the projector h44’pp yields hapcp. The non-spatial components of 
EALA, Ay Ay can be obtained by a full contraction of a primed-unprimed pair of 
indices with 744’, 

An alternative way of looking at the projection procedure described in the 
previous paragraphs is the following: given the spinorial counterpart 4, A; -A1 A}, 
of a (in principle non-spatial) tensor, define 


Ai. 


— Aj 
A, Bi AgBy = TB1 tt TBR EAL AL AL AL: 


Then €(4,B,)---(A,B,) Cucodes the spatial part Of EA, At AA} while Ep, -- + Py Pk 


corresponds to its pure time component. Mixed time-spatial components have 
the form Ep? (Ay B2)-- (Ap Bp)? and so on. 
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As a particular example of the previous discussion one has that for a Hermitian 
spinor vaa E€ G6°(M) it holds that 


1 Q 
VAA’ = 5TAA'V — TŽ A'V(QA) 


PP’ 


A . 
where v = Vpp'T and vag = Tg“ vaa. Observing that v = vo? one can 


write, alternatively, that 


1 
VAB = 3 fABY + V(AB): 


The 1 +3 split of frame and the metric 
Given a g-orthonormal frame {e44} and its coframe {w^^"}, the discussion of 
the previous paragraphs implies that they can be written as 
1 B 
CAA! = gTAw'Ee— T A'EAB, 


r 1 1 1 
was — 57^ w+ Tof we, 


where the various vectors and covectors in the decomposition are given by 


_ _PP’ __ P’ 
€=T CPP’, CAB=T(A EB)P'; 
+ 1 
w = pple ; wB = -r piwP)P . 
. 1, 1 . 
Now, recalling that (w44 epp’) = ep4eg/“ , one obtains that 
(w,e) = 2, (w,eap) = 0, 
AB AB AB 
(w ,€) = 0, (w ,€cD) =h CD: 


Using the above pairings together with expression (3.29) one obtains the 
following 1 + 3 split of g: 


1 
g= z2 Ow +haBcnw’? 8 wOP. (4.14) 


In particular, one has that 
haBcpD = g(€aB,ecD) = —€A(CED)B- 


If + is hypersurface orthogonal, then the vectors {eas} and the covectors 
{w4F} are intrinsic to the hypersurfaces S+ orthogonal to 7; thus, they can be 
regarded as belonging to T(S;) and T*(S+), respectively. In addition, 


h = hapcpw4? @woP 


corresponds to the (negative definite, Riemannian) metric induced by g on S+. 
Let €,;, denote the volume form of the three-dimensional metric h, and let 
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€ABCDEF be its spinorial counterpart. Using the antisymmetry properties of 
€ABCDEF it can be expressed in terms of €4p as 
i 
€ABCDEF = Jy CAC BEeDE + €BDEAFECE): (4.15) 


Furthermore, it can be checked that 


eEABCDEFE POPEF = —6. 
Alternatively, Equation (4.15) can be obtained from Equation (3.25), by suitable 
contactions with 744”. More precisely, one has that 


1 1 f + f 
AA C E G 
ECDEFGH = A TD TF TH €AA'CC'EE'GG'’- 


4.3 Calculus of space spinors 


This section discusses the notion of covariant derivative in the context of the 
space spinor formalism. For simplicity of the presentation, it is assumed that 
one has a situation as described in Section 4.2.5 where the spinor waas is given 
by the spinorial counterpart 74,4’ of the tangent vector T to a timelike congruence 
in (M,g). Moreover, it is also assumed that V4,’ is the spinorial counterpart 
of the Levi-Civita connection of the metric g. 


4.8.1 The Sen connection 


AA’ 


The spinor T can be used to obtain a space spinor version of the spacetime 


spinorial covariant derivative V 44’. More precisely, one can define 
VAB = TB^ VAN. 
The latter, in turn, can be written in terms of its irreducible components as 
VAB = LeanP + Dap, (4.16) 
where 
Pee Vaw, Dap = BI Vayar- 


The operator P is the directional derivative of the connection V in the 
direction of 7. The differential operator DAs is the so-called Sen connection 
of V relative to the vector field 7. In view of these definitions one can also write 


1 
V AA = gTa P — TA CDAQ. 


The timelike vector T is completely arbitrary; in particular, it is not assumed 
to be hypersurface orthogonal. This has several consequences; most notably, the 
Sen connection has, in general, a non-vanishing torsion which can be expressed in 
terms of the covariant derivative of 74^". Furthermore, even in the case when 7 is 
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hypersurface orthogonal, Dag does not coincide with the Levi-Civita connection 
D of the intrinsic 3-metric of the hypersurfaces S, orthogonal to 7. Finally, 
it is pointed out that Dasg is not a real differential operator in the sense that 
Dip #—Das. 


The derivative of rás 


For future use, it is convenient to define 
E E, 
XABCD = P VABTCC’. (4.17) 
Using the split (4.16) one obtains the decomposition 


1 
XABCD = 5€ABXCD + X(AB)CD 


where 


1 1 1 p 
XAB = Fae PTAA’, X(AB)CD = FR Daptcc'. 


It can be verified that the above spinors satisfy the following symmetry and 
reality properties: 


XAB = X(AB) = —V ip: X(AB)CD = X(AB)(CD) = X(apyop: 


The spinor xag corresponds to the acceleration vector of T, while x(aB)cp 
is related to the Weingarten tensor of the distribution defined by 7. It can be 
checked that the distribution is integrable if and only if x? Bc)Q = 0. In this case 
T is hypersurface orthogonal, and y4gcp corresponds to the extrinsic curvature 
of the orthogonal hypersurfaces S+. 


The hypersurface orthogonal case 


If T is hypersurface orthogonal, given a spinor uc, the covariant derivative DAB 
defined by 


1 
Dapuc = Dasuc + FaXcanye He (4.18) 


can be verified to be torsion-free. As Dapecp = 0 and using that XABCD = 
XAB(CD), one concludes that Dapecp = 0. Thus, Dag is metric and must coin- 
cide with the (spinorial counterpart of the) Levi-Civita connection of the leaves 
of the foliation defined by T. It can be further verified from Equation (4.18) that 


+ 
(Dasuc) =—Dasué, 
so that Dp is a real differential operator in the sense of Section 4.2.1. 


Remark. The derivative DAs as defined in Equation (4.18) provides an explicit 
example of the notion of space spinor covariant derivative to be introduced in 
Section 4.3.3. 
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4.8.2 Space spinor split of the spacetime connection coefficients 


Following the notation of Section 3.2.2, let TAĮa’cp denote the spin connection 
coefficients of a Levi-Civita connection Vaa with respect to some spin basis 
{ea^}. Its space spinor counterpart 4gcp is defined by 


_ A 
Tascop =TB’ laa‘cp.- 


The spin coefficients [4spcp satisfy no specific reality conditions. However, 
sometimes it is convenient to have a split of [4scep into real and imaginary 
parts. One has that 


A’ Cc’ 1 


A’ rou 
Vaate TD? =-rTB Taa® 


A’ 
cTgo'TD© -TB T aa? 


' C 
TB C'TCQ’TD 


1 


= A’. Q'_ EL F__ Gpt c 
=—-lapcp +TB^ Tc? Ta” Tto" to T hAreTD 


Es Fs Gpt 
=—-Tlascp -ôB 5c’ 6p Vhare 


=—T'ascp —Vgacp: 
where it has been used that eaa (Teco) = 0, the identity 


F ELF Gp+ 
Pa asic! = TA TB To T EAFG 


and the identity (4.13). Hence, it follows that xaBcp corresponds, essentially, 
to the real part of T ABcp; that is, 


The reality of the above expression follows from M Rop = T,asocp. The 
imaginary part of T aBcnp is given by 


1 
EABCD = yal apep = risco) 
Inverting the definitions of xaBcp and €4gBcp it follows then that 


1 
TasBop = yy saBep — XABCD); 


1 1 
yy spon — X(AB)CD) — ag ABXCD: 


Observe the symmetry conditions 


XABCD = XAB(CD); ABCD = £(AB)(CD): 
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4.8.3 Intrinsic derivatives 


When working with a three-dimensional Riemannian (S,h) it is convenient 
to make use of an intrinsic notion of covariant derivative, a so-called space 
spinor covariant derivative Dag, compatible with operation of Hermitian 
conjugation, which is the spinorial counterpart of the Levi-Civita connection D 
of the metric h. One regards Dag as a map 


Dap: 6° g...7(S) > GO"? ape...r(S). 


The properties of the operator D,4p have to be consistent with those of the 
operator defined in Equation (4.18). It is required to satisfy: 


(i) Symmetry. Given ÇO? p...p € G*(S) one has 
DaB? p.p = Dian? BF. 
(ii) Linearity. Given (0? p...p, 1°? p...p € G° (S) one has 
DaB(Ç P pp +OP pp) = DaB? gp + Daen? pp. 
(iii) Leibnitz rule. Given (0°? p...p, ECH p... € G° (S) one has 


DaB( P pp T p.o) = ECT p..oDaBt ee 


+ (0°? p.p DaB” p.o. 
(iv) Reality. Given ÇO"? p...p € ©°(S) one has 
A + a 
(DaB P p.r) =—Dap6tO? p.p 


(v) Action on scalars. Given a scalar ¢ € X(S), then Dago is the spinorial 
counterpart of D;¢. 


(vi) Representation of derivations. Given a derivation D, there exists a 
spinor £48 € G*(S) such that 


DOE aE TDG Cnr 


COP 60D 


for all EFE E-F. 
(vii) Compatibility with the e-spinor. The operator Dap satisfies 
Dapécp = 0 so that, in addition, Daphcper = 0. 


(viii) No torsion. For ¢ € X(S) one has that Dag Dcp = DopnDaBo. 
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The space spinor spin coefficients 


Let {e;} and {w*} denote, respectively, an h-orthonormal basis and cobasis on S. 
One defines the spatial connection coefficients ifj via the equation 
Dye; = yif jek. (4.19) 

In what follows, it will be assumed that the connection D has spinorial 
counterpart Dp satisfying conditions (i)-(viii) of the previous section. Let 
{eag} and {w4} denote, respectively, the vector basis and cobasis obtained 
from {e;} and {w*} through the correspondences in (4.12) and let Dap denote 
the associated covariant directional derivative. 

The spinorial counterpart of the spatial connection coefficients yaBCP EF 
can be obtained by contraction of 7;*; with the spatial Infeld-van der Waerden 
symbols so that the reality condition 


YAR EF = -74B ” EF (4.20) 


holds. Now, defining the space spinor directional covariant derivative 
Dap = ot aB D;, the spinorial counterpart of (4.19) can be written as 


CD 
DaBeCEF = YAB EF€CD. 


Hence, one has 


CD CD 
yaB ~” EF = (w~ ,DABEEF), 


so that yaBC? EF has the symmetries 
JABI? EF = aB) OP ap). 
Now, as Daphcper = 0, it follows then from 


Q 


Dashoper = eaBlhcper) — YAB C CDhPQEF — YAB C EFhCDPQ, 


that 
YABCDEF = —YABEFCD.: 
This antisymmetry can be exploited to obtain the decomposition 


1 1 
YABI?” EF = 374B”? Pron” + z74B" mpd’ 


= AB’ FôEÎ +7aB° BOF”, 
where the space spinor spin coefficients, yap? F = AB)’ F, have been 


defined by 


1 
YAB” r= 3748” pr- (4.21) 
Observing the reality condition (4.20) and that «4, = €,p, it follows that 


+ CO _ Go: 
YAB D=—YAB_ D; 
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that is, the space spinor connection coefficients are imaginary. A computation 
similar to the one performed in Section 3.2.2 to express the spacetime spin 
coefficients in terms of derivatives of the spin basis shows that 


Cc 


yaBÎ p = € QDaBed®? = 


—ep?DaBe ag. 


From these expressions, it can be shown that given spinors x4 and u^ with 
components «4 and u^ with respect to the space spinor basis {e44}, one has 


Dapkc = €aB(Kc) — YAB® so 
Dagu? = eaB(u) +yaB Qu? 


where DaBkco = eo? DaBka and Dapulc =€ Seale 


The three-dimensional curvature spinors 


As D is being assumed to be the Levi-Civita connection of a three-dimensional 
negative definite metric h, it follows that the spinorial counterpart rABCDEFGH 
of the Riemann tensor rijk, of D satisfies the antisymmetry property 


TABCDEFGH = —TCDABEFGH.:- 


Hence, one has the decomposition 


TABCDEFGH = —TACEFGHEBD — TBDEFGHEAC; (4.22) 
with 
TACEFGH = 3"AQC “ BFGH, TACEFGH =T(AC)EFGH- 
Now, as rABCDEF = —TABEFCD one has further that 
TABCDEF =TABCE€DF + TABDFECE; 
with 
1 Q 
TABCE = 51 ABCQE > TABCE = AB(CE): 


As a consequence of the symmetry rapcDEFGH = TEFGHABCD; the spinor 
rapcp inherits the symmetry ragcp = repas. Taking into account all 
these symmetries in the general decomposition for a general valence-4 spinor, 
Equation (3.8), one concludes that 


1 
TABCD =T(ABCD) + 37PQ) hagon. 


In what follows let s4gcp and r denote, respectively, the spinorial coun- 
terpart of the trace-free Ricci tensor and the Ricci scalar of the 
connection D. One has that 


P 
SABCD =T(ABCD); r = —4rpo"®. 
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Hence, one finds that ragcpegr can be written as 


1 1 h = 1 1 h 
r — —Ss ark € = = R € y 
(4.23) 


Using an argument similar to the one employed in Section 3.2.3 one finds that 
the commutator of the covariant derivative Dp satisfies 


(DasDep — DepDas)p” =r” paBcpl’ - 


Finally, for completeness it is noticed that the three-dimensional second Bianchi 
identity takes, in the present context, the form 
DPQ 


1 
SPQAB = gPaBr. 


This last expression can be obtained from multiplying by etf the tensorial 
Bianchi identity 


Dif jkim + Djfkilm + Derijim = 0, 


and considering its spinorial counterpart using Equations (4.22) and (4.23). 


4.4 Further reading 


The notions of space spinor and space spinor splits were originally introduced in 
Sommers (1980); see also Sen (1981). A monograph on space spinors is Torres 
del Castillo (2003). An alternative discussion, having applications in quantum 
gravity in mind, is given in an appendix of Ashtekar (1991). The space spinor 
formalism was first used in Friedrich (1988, 1991) to analyse the conformal field 
equations. Further developments can be found in Friedrich (1995, 1998c), and a 
slightly different perspective on these ideas is given in Frauendiener (1998a). 
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Conformal geometry 


Conformal geometry is concerned with the properties of angle-preserving geomet- 
ric transformations. Conformal geometry, as a branch of differential geometry, 
has a long story going back to the work of Cotton, Schouten and Weyl; see, 
for example, Cotton (1899), Schouten (1921) and Weyl (1918, 1968). It remains 
an active area of research; compare the monograph by Fefferman and Graham 
(2012). 

The approach to the use of conformal methods in general relativity followed 
in this book goes back to the seminal work by R. Penrose in the 1960s; see 
Penrose (1963, 1964). Penrose’s ideas allowed to reformulate, in a geometric 
manner, the study of the asymptotic behaviour of the gravitational field. Since 
then, conformal methods have provided a valuable tool for the analysis of global 
aspects of the Einstein field equations and their solutions. Conformal methods 
have also been useful in the construction of exact solutions to the Einstein field 
equations; see Stephani et al. (2003). 

This chapter provides an introduction to the notions of conformal geometry 
to be used in the later parts of this book. The organisation of this chapter is 
geared towards applications. 


5.1 Basic concepts of conformal geometry 


This section discusses the basic notions of conformal geometry that will be used 
throughout this book. 


5.1.1 Conformal rescalings and transformations 


The key notion in conformal geometry is that of a conformal rescaling. In 
what follows, let g and g denote two metrics on a manifold M. The metrics 
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g and g are said to be conformally related (or simply conformal) to each 


other if there exists a positive = € X(M) such that 


[i] 


g==°9. (5.1) 
The scalar & is called the conformal factor. Throughout this book, the symbol 
= will be used to denote a generic conformal factor on a four-dimensional 
manifold. 

The conformal rescaling in Equation (5.1) gives rise to an equivalence relation 
among the set of metrics over M. The conformal class of a metric g, to be 
denoted by [g], is the collection of metrics conformally related to g. A conformal 
class is also called a conformal structure. From Equation (5.1) it follows that 
the contravariant metrics g* and gË are related by 


that is, g? = =~2g%, so as to ensure that Jab? = faf and gapg”” = 5a°. 

Closely related to the notion of conformally related metrics is the concept 
of conformal transformations. To discuss this idea, let M and M denote two 
manifolds with metrics g and g, respectively. A conformal transformation 
(also called conformorphism) is a diffeomorphism ¢ : M — M such that the 
pull-back of g is conformal to g. That is, one has that 


* 


g g= 


[1] 


2g. (5:2) 


Notice that as ọ is a diffeomorphism, then (y*)~+ is well defined and the last 
expression could have been written, alternatively, as g = (y*)~! (E79). 

A special case of the previous discussion occurs when g is a flat metric — in the 
Lorentzian four-dimensional case the Minkowski metric 7 and in the Riemannian 
three-dimensional case the Euclidean metric 6. In these cases one then says that 
g is conformally flat. Determining whether a given conformal class contains 
the flat metric is a classical problem in conformal geometry; see Section 5.2.3. 


The conformal group 


As before, let [g] denote the conformal class of a Lorentzian metric g on a 
manifold M. Consider a frame {ča} which is orthonormal with respect to g. If 
{w@*} denotes the associated coframe, one has that 


J =N D, thatis, g(€a,éa) = Nab- 


In order to investigate the type of transformations of {@_} which lead to another 
metric g € [g], write 


Oot = Ke oe, 
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with (K%.) denoting some transformation matrix and {wa } another orthonormal 
frame. The condition on the matrix (K%.) so that it leads to another member 
of the conformal class, say, g = =7g, is then given by 


9 = Nap kK eK awf @ wt = BS eaw: Q wt 
The latter expression suggests writing 
K% =2°1A%, 
where (A%,) is a Lorentz transformation; that is, At Ae anad = Nea. The 


group of (four-dimensional) Lorentz transformations will be denoted 
by O(1,3). It follows that at a point p € M the group of transformations 
taking a g-orthonormal frame to a frame which is orthonormal with respect 
to another metric in the conformal class [g], the so-called conformal group 
CO(1,3), is given by CO(1,3) = R* x O(1,3). The previous discussion can 
be adapted to the case of three-dimensional Riemannian metrics. In that case, 
the conformal group, denoted by CO(3), is given by CO(3) = Rt x O(3), where 
O(3) denotes the group of three-dimensional orthogonal transformations 
(rotations). 


5.1.2 Conformal extensions and conformal compactifications 


If a smooth mapping y : M — M satisfying condition (5.2) is injective 
but not surjective (i.e. g(M) © M), then one says that M is a conformal 
extension of M. An important type of conformal extensions are the so-called 
conformal compactifications. A conformal compactification of a manifold M 
with metric g is a conformal transformation y : M — U where U is a relatively 
compact (i.e. the closure of U is compact), connected, open set of a manifold M 


such that 
g=( (Eg) in U, 
with a conformal factor = such that: 


>Omdu. 
= 0 on OU, the boundary of the open set U. The set OU is called the 
conformal boundary of M. 


( (1 


(ii) 
Examples of conformal extensions will be discussed in Chapter 6. 


5.2 Conformal transformation formulae 


The discussion of Section 2.4.4 can be applied to obtain the transformation 
formulae relating the curvature tensors of the Levi-Civita connections V and V 
of two metrics g and g related to each other by Equation (5.1). 
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5.2.1 Transformation formulae for the connection 


As a first step, one needs to find the specific form of the transition tensor Qa“, 
- see Equation (2.13). The first observation is that as the connections V and 
V are torsion free, it follows from Equation (2.15) that the transition tensor is 
symmetric; that is, one has that 


Qab = Qla o): 
Using formula (2.14) one has that 


Vagbe T V agbe = =O) nga a Qa’ cGoa- 


From Vagoe = 0 and Vage = Val=2Gbe) = 2EV az Ge (as Vagve = 0) one finds 
that 
28 V4) ane = Qa sGac + On? sone: 


Two further companion equations can be obtained from the latter by permuting 
cyclically the indices abc. Adding two of them and subtracting the third one, one 
can solve for Q,°%, to find 


Qab = = (Vabds® + VeEba° — VaEg™ gab). 
This last expression can be rewritten in a more concise form as 
On = Si HE Yaa), (5.3) 


where 


Sap! = sa On! Sale. garg. 


To simplify the presentation of the various transformation formulae, let 
FeS Vas, Ta e= S Ta: 
Hence, one can write schematically that 
V-V=S(Y), (5.4) 


and Equation (5.3) yields Qabe = Ya‘». The tensor S appeared in Section 
2.5.2 in the decomposition of the Riemann tensor; see Equation (2.21b). Using 
Equation (5.1) one finds that 


sa On! + Sals = Jang“! = Sa On! 4 Sats = Geng 


Hence, the tensor S is independent of the representative of the conformal class; 
that is, it is an invariant of [g]. 
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5.2.2 Transformation formulae for the curvature 


Combining the results of Section 2.4.4 with the expression for the transition 
tensor of Equation (5.3) one obtains a transformation rule for the Riemann 


tensor: 
Ro gab — R°dab = 2(V fa Tij a + Via“ jej Yo a). (5.5) 
Some of the transformation formulae for the various concomitants of the 
Riemann tensor are dimension dependent; thus, they are analysed separately. 
The 4-dimensional case 


In the four-dimensional case one has that the Ricci and Schouten tensors and 
Ricci scalar of the connections V and V are related to each other, respectively, 
by the expressions 


2 1 3 
Rap = Rap —sVaVoe = Jang’ Gaz aVEV.2) ; (5 6a) 
~ 1 _ 1 
Lab — Lab = Zg VaVoE + 952 Vea VSE Gab; (5 6b) 
Te. Cota, Da 


Using the tensor S,,°¢, one can rewrite the transformation formula for the 
Schouten tensor, Equation (5.6b), in the alternative form 


2 1 
Lab — Lab = Va Ye + 5500 YeTa. (5.7) 


By letting V = = ', the transformation rule for the Ricci tensor can be 


rewritten as 
6V,.V70 — RY = R8’. 


Using the irreducible decomposition of the Riemann tensor, Equation (2.21b), as 
a definition for the Weyl tensor, together with Equations (5.5) and (5.6b), one 
finds that 


C“ dab = C“aab- 


In other words, the Weyl tensor is an invariant of the conformal class |g]. Using 
this invariance and the transformation law for the connection, a calculation leads 
to the important identity 


Val= Cea) = BV aC bea- (5.8) 


A further tensor which will play a role in the present treatment of conformal 
geometry is the so-called Cotton tensor of V. This tensor is defined as 


abe = Valtc 5 Vila: 
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Notice that by construction Yabe = Viatie: The Cotton tensor is closely related 
to the Weyl tensor. To see this, consider the second Bianchi identity 

Vick lca) = 0, (5.9) 


satisfied by the Riemann tensor of the metric g; see Section 2.4.3. Now, as seen 
in Section 2.5.2, for a Levi-Civita connection, the Riemann tensor R%,,.q can be 
decomposed in terms of the Weyl tensor C'%y.q and the Schouten tensor Las as 


R yea = Obed + 2(9° (Layo — õojeLa®). (5.10) 
Substituting the latter into Equation (5.9) one obtains 
(GeV eLa? — 9° eV eLa) = VjeC*djeqq- 
Contracting the indices * and e one obtains 
Vela — Valen = Via@? tow: (5.11) 
That is, 
Vode = Vo C iea: (5.12) 


In particular, one sees that if C%y,.g = 0, then Yeap = 0. Moreover, as a consequence 
of the first Bianchi identity for the Weyl tensor, Viens =0. The Riemann tensor 
Rea of the connection V satisfies equations analogous to (5.9) and (5.10). It 
follows by the same computation described above that 


Vela — VaLeb = Vac bed: (5.13) 


Alternatively, defining the Cotton tensor of V, Yeap = VeLay — Valich, one can 
write 


Yedb = VaC“ bea- (5.14) 


Combining Equations (5.8), (5.12) and (5.14) one finds that the transformation 
rule for the Cotton tensor is given es 


Yea — Yeab = TaC oca- (5.15) 


The three-dimensional case 


In the case of a three-dimensional manifold, let h = Oh — throughout, the 
symbol 2 will be used to denote a generic conformal factor on a manifold of 
dimension three. One has that 


a l! 1 2 

Tij — Tij = -gP = hijh*! (Grip — D,D), (5.16a) 
~ 1 

lij = lj = -gP! iD; Q ++ sau DIOD" Q hij, (5.16b) 
1. 4 6 

Presa nm od Mone: (5.16c) 


Q? Q Q? 
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where D; denotes the Levi-Civita covariant derivative of the metric h, and 
rij, lij, r correspond to its Ricci and Schouten tensors and its Ricci scalar, 
respectively. The transformation law of the Schouten tensor is of particular 
interest. Comparing Equations (5.6b) and (5.16b) one sees that although the 
definition of the Schouten tensor is dimension dependent, its transformation 
formula is not. 

Letting 0 = 0-1/2, the transformation law for the Ricci scalar can be recast as 


8D:D 9 — rb = —F9°. (5.17) 


This expression plays an important role in the discussion of the Einstein 
constraint equations; see Chapter 11. 


Given the three-dimensional Schouten tensor l;;j, its associated Cotton tensor 


Jijk is given by 
disk = Dilie — Djlir. (5.18) 
Using the transformation rule (5.16b), a computation shows that 
Yijk = Üijk- 
That is, in three dimensions the Cotton tensor is conformally invariant. 


Sometimes it is more convenient to work with its Hodge dual, the so-called 
Cotton- York tensor, given by 


7 7 kl 
Yij = T 5 Yel y 


It can be readily verified that 
Yij = Yjis yi =0, D'yij =0. 
Moreover, the Cotton-York tensor satisfies the transformation rule 


Yij = 2 Giz. (5.19) 


5.2.3 Characterising conformal flatness 


Given a conformal class [g] on a manifold M, an important question is whether 
the flat metric belongs to it, so that g is conformally flat. Conformally flat metrics 
are a source of geometric intuition in general relativity as they have a simpler 
curvature tensor depending on the Schouten tensor only. Conformal flatness is 
characterised by the following classical result: 


Theorem 5.1 ( Weyl-Schouten theorem) 


(i) Let (M,g) be a manifold with metric of dimension n > 3. The metric g is 
conformally flat if and only if the Cotton tensor of g vanishes. 

(ii) Let (M,g) be a manifold with metric of dimension n > 4. The metric g is 
conformally flat if and only if the Weyl tensor of g vanishes. 
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Proof A direct computation shows that if a metric is conformally flat, then 
both its Cotton and Weyl tensors vanish; this proves the if part. 

In order to prove the only if part, one uses the fact that if the Weyl tensor 
vanishes then, for dimensions n > 4, the Cotton tensor vanishes; compare 
Equation (5.14). In view of Equation (5.15) one concludes that the vanishing 
of the Cotton tensor holds for any metric in the conformal class. From this point 
onwards, the proofs for the various dimensions are similar. For simplicity, only 
the four-dimensional case is considered. 

Given a metric g in the conformal class, one needs to find a conformal factor 
= such that g = =?n where 7 is the flat Minkowski metric. Motivated by 
the transformation law for the Schouten tensor, Equation (5.6b), consider the 
equation 


1 
Vat + Qaa — gc Gab = — Lab. (5.20) 


The latter can be read as an overdetermined partial differential equation for the 
covector Qa. Given a solution to Equation (5.20), an antisymmetrisation yields 
that V[aav} = 0 so that aq is a closed covector. Thus, locally aq is exact and 
can be written as ag = Va(n=) = = 'V.= for some function =. Comparing 
Equation (5.20) with (5.6b) one concludes that the Schouten tensor of the metric 
g = = 2g must vanish. As Cea = 0, the whole Riemann tensor of g must 
vanish. Consequently, one concludes that g = 7. 

Hence, to conclude the proof one needs to show that Equation (5.20) admits 
a solution under the assumption that C%p.q = 0 and Yabe = 0. Applying Ve 
to Equation (5.20), antisymmetrising on ca and finally using the commutator of 
covariant derivatives, one finds the integrability condition 


Ro rcaQa + 2afaV Ob + 2aeV [ca gajb = 0. (5.21) 
Now, as Cĉ|bca = 0 one has that 
R yea = 2(0% Lap — Go[eLa\")- 
Using the latter expression for the Riemann tensor together with Equation (5.20), 
one finds that the integrability condition (5.21) is automatically satisfied. 
A general version of the Frobenius theorem ensures the existence of a solution 


a» to Equation (5.20); see, for example, Choquet-Bruhat et al. (1982) or Spivak 
(1970). 


5.3 Weyl connections 


As in the previous sections, let V denote the Levi-Civita connection of a metric 
g on M. Some of the applications of conformal geometry to be considered in this 
book give rise to connections which are not necessarily the Levi-Civita connection 
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of a metric but, nevertheless, respect the conformal class. A Weyl connection 
is a torsion-free connection V such that 


Vadbe = -2 faõtc» (5.22) 


for some arbitrary covector Ta 

The transition tensor Q,°» relating the connections V and V can be obtained 
using an argument similar to the one employed in Section 5.2.1 to compute the 
transition tensor of a conformal rescaling. One finds that 


Qay oa fa: 
Schematically one writes 
V-V=S(f). 
If the covector f is exact, so that on suitable open sets it can be written in the 
form f = —=~'d= with some smooth function = > 0, then the Weyl connection 
V is, in fact, the Levi-Civita connection of the metric g = =7g. 
The condition Vað = 0 satisfied by a generic connection together with 


the relation 64° = paĝ% and the defining property of a Weyl connection, 
Equation (5.22), show that 


Vag =2 fg. 
Using the above expressions one readily obtains that 
VeSapt = Veba ib? + Eo ba — Gab9°) 
= —Ve (Gard) = —VedarG — GasV eG" = 0. 


In what follows, let Rhea denote the Riemann tensor of the Weyl connection 
V. This tensor possesses the basic symmetry Rca = — R? pde. As the connection 
V has vanishing torsion, it follows that Rye satisfies the first and second 
Bianchi identities in the form: 


R” ibea] = 0, (5.23a) 
Vie bea) = 0. (5.23b) 


5.3.1 Weyl propagation 


To investigate the relation between Weyl connections and the conformal class [g], 
consider a curve y with parameter s € J C R on (M, ĝ) with tangent & € T(M). 
A vector u € T(M) is said to be Weyl propagated along y if it is parallely 
propagated along y with respect to a Weyl connection V; that is, u satisfies the 


equation 


Venu = 0. 
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Writing the latter in terms of the Levi-Civita connection V one has that 


Vau? = —2° Sac u" fe, 


= Jeau it fe = uc fea? = i fout. 


In index-free notation one has that 


Vau = glu, t) F — (fue — (F, è)u. 


Let {ea} denote an arbitrary frame which is Weyl propagated along y so that 
Vuela =0. Letting Jab = Jlea, €b), a computation then shows that 


tab = Va(gl(ea, eb)) = —2( f , £) Gan: (5.24) 


< 


Consequently, one obtains Vz(In Jab) = —2(f, a). The latter equation can be 
solved to give 


Gav(n) = Jab (N) exp (-2 [aa 


along the curve x(s). Thus, one finds that Weyl connections respect the conformal 
class in the sense that parallel propagation of a metric using a Weyl connection 
leads to a metric in the same conformal class. Notice also that Equation (5.24) 
allows one to conclude that if the frame is orthogonal at some point along the 
curve, then it is orthogonal elsewhere on y — the normalisation, however, is lost. 


5.3.2 Transformation formulae for the curvature 


The transformation formulae between the curvature tensors of the Levi-Civita 
connection V and the Weyl connection V follow directly from the general 
discussion of Section 2.4.4. 

In what follows let faso = S.,°% fa. If R%,q denotes the Riemann tensor of Ẹ, 
then one has that 


RY yea — RB yea = 2(V jefa] + fe" fefal’s)s (5.25a) 
= 2157 Vay fo + Vict Gap — 5° 0V jefa] 
—0" efa fo + Goicfaf® + 5° (cGapfef®). (5.25b) 


Note that the above transformation law involves both the symmetric and 
antisymmetric parts of the covariant derivative Va fo: 

A transformation formula for the Ricci tensor Ria = R had can be obtained 
directly from Equation (5.25b): 


Rea — Rea = -3Vafe + ofa +2 fofa — Gea (Vef +2 fF). (6.26) 
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Now, as there is no canonical metric to lower or raise indices in expressions 
involving a Weyl connection, it is conventional to choose a representative of the 
conformal class, say, g, and use it to compute traces. In this spirit one defines 
the Ricci scalar of the Weyl connection via Ê = g*’ Ra». It can then be directly 
computed that 


R=R=—6V,f°=6f,F%: (5.27) 


Combining the transformation formula for the Riemann tensor, Equa- 
tion (5.25a), with the irreducible decomposition of the Riemann tensor Req 
given by Equation (2.21b), one can find an analogous decomposition for the 


Riemann tensor R%p.q of V: 


Ro dab = C° dad + 28 ata” Lie, 


= C| dab + 2(9°[aLoja — 5° aL jab] = ajala"), (5.28a) 


where 


is the Schouten tensor of the Weyl connection V. This definition is 
independent of the choice of the representative of the conformal class. Making 
use of the transformation laws for the Ricci tensor and scalar, Equations (5.26) 
and (5.27), one finds that 


: : ee ee a emer 
Lav — Lav = Vafo — fafo + zif fes (5.29a) 
7 f 1 cdf f 
= a - 5Sa0 fofa, (5.29b) 
ets 1 a 
= Va b+ 5 Sab fofa (5.29c) 


Finally, it is observed that letting Rises = GaeR® bea, it follows from the 
discussion in the previous paragraphs that 


Ratea = Riabjed F 2GabV lefa] (5.30a) 
= Rarjea — 2GavL tea}: (5.30b) 


These formulae show in an explicit way how the usual symmetries of the 
curvature tensor are obstructed by the covector defining a Weyl connection. 


5.4 Spinorial expressions 


This section discusses the spinorial counterparts of the tensorial expressions 
obtained in the previous sections of this chapter. 
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5.4.1 Conformal rescalings 


As in previous sections, let g and g denote two metrics on M related to each 
other by the conformal rescaling (5.1). Following the discussion of Chapter 3, 
the spinorial counterparts of g and g are given by 


JAA'BB' = €ABEA'B’, JAA' BB! = EABEA'B’; 


compare Equation (3.15). Hence, it is natural to consider the transformation 
laws 


€AB = =€aB, e? = ae, 
pr AIRI 
e^ B' L -1A B'. 


= 
= 


€a'B! = BE AB’, 


Let {64,¢4} and {04,4} denote two spin bases satisfying, respectively, the 
conditions 


EAB = OALB — LAOB, €AB = OALB — LAOB. 


There are several possible transformation rules between the two spin bases which 
are consistent with the above equations and with the rescaling (5.1). Namely, 
one has: 


54, Asi, (5.31a) 
_o- Z — xz — o-1-A 

OA= 304, LAS A Of =O", SET (5.31b) 

oa = E764, ta = EIA, of = E7254, (A= E71274, (5.31c) 

The choice of the most convenient transformation rule depends on the nature of 


the application at hand; see, for example, Chapter 10. 


Transformation rules for the connection and curvature 


In what follows let Yaa = 271V 4x E denote the spinorial counterpart of the 
covector Ya. Let also Yap = Sabl Ta. Its spinorial counterpart is given by 


Taal T pp = 0a ón. Vee tsp 5p Taw — tapea Te . 
By rewriting 
SA Snl Tee +ôB Bl Yax = 54 exl eB? Tep +ôB egl ex? Tam, 
and using the Jacobi identity (3.5), one finds that 
Taare pp = Yaxt pop’ + Yaa? BôBS, 
where 


Gs aet 
Yax“ B= ĝa Tga. 
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The reduced coefficient Y44/© pg can be used to obtain the transformation laws 
relating the covariant derivatives of spinors. In particular, one has for arbitrary 
spinors KA, la’, €4 and na that 
Vaake = Vaarke +TBA'KA, 
Vaa'pp = Vaarep + Vapi pa’, 
Vase? = Vaal? — ba? Toris, 
Vaan? =Vaan® — ôa” Tacn® . 


These expressions can be extended, in a direct way, to higher valence spinors. 
For the curvature spinors, it can be verified that 


Wascp = YABCD, 


2 AA a 
Paa BB' = Oaape +E Vaca Ve Be. 


5.4.2 Weyl connections 


In what follows, let Y 447 denote the spinorial counterpart of the Weyl connection 


V defined by Equation (5.22). To determine expressions for Va4a/€sc and 


Vaa EPO one notices that the spinorial version of Equation (5.22) is 


Vaai(Epcépicr) = —2 faarescesic’, 
so that 
čp V Aa čBo + EpcV aaepic: = —2 farescesicr. 
The latter is satisfied if one sets 
Vaarésc = —faaresc. 


From this expression and using that Vv AAop® = 0, one can readily compute 
Vaate. One finds that 


Viger? = faxes. 


Decomposition of the spin connection coefficients of a Weyl connection 


Let {č4^} denote a spin basis with respect to č4g. Following the general discus- 
sion on spin connection coefficients of Section 3.2.2 — compare Equation (3.33) 
— the spinorial counterparts of the connection coefficients Dot and o admit 
the decompositions 


r BB' ~ B Bot B’ B 
Taa co’ =Vaa coc +Taa cbc”, 


e BB' S B Bf B' B 
Taa cæ =VTaa cio" +Hraax” coc”. 


5.4 Spinorial expressions 


The spinorial counterpart of the equation 
Date Pea ba fete fa — Naef” 
is given by 
Daa? co: =VaarP® co + 6a7 ba foo 
+c” ðo P faa — cacera JPP. 


Now, by rewriting 


Bs BF B. Bl. De By BF B. B 
ða Oa” foo =a ea" eoa” foo’, ĝo” 60” faa =0c ec 


and using the Jacobi identity (3.5), one finds that 


1 


5AP SAP foo + ôo” doP fax —eacearc’ fP? 
= 842o P foa +8ceP aP fao. 
Hence, 
Daa? co = (Pax c + a8 foaie” 
Haa o +6a P fac)ic®, 
so that 
aao =D aa o tia” foa. 
In particular, as ĎAA'BC = DP aa(Bo); it follows that 


Q 


Daa o> faa 
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+ D’ ~~ 
ea’ fap’ 


(5.32) 


The discussion of the decomposition of the spinorial counterpart of a general 
Riemann tensor given in Section 3.2.3 can be applied to the case of a Weyl 
connection. In particular, if Ra“ BB'cc'pp: denotes the spinorial counterpart 
of the Riemann tensor of a Weyl connection V, one has that Equation (3.35) 


gives, in the present context, the decomposition 
Raa seco'pp' = Ew B' RABCE DD + €aBRaBicc'Dp'; 


where 


i R 1 A 7 E n 
Ragcoæpv = RasBconpp + x€AB(Voo fop — Vop' fco), 


2 


= Riasyco'pp' — 3 ©4B(Lcc'pp’ —Lppice’), 


126 Conformal geometry 


and L AA’BB’ denotes the spinorial counterpart of the Schouten tensor of Vv. 
A more detailed expression is given by 


Rasoc'pp' = —Vasopec'p' + Leo’ pp'€ac — Lppcc'€aD- (5.33) 


The spinorial counterpart Laapp of the Schouten tensor admits, in turn, the 
decomposition 


i 1 2 
LAA BB = PAA BB — 5g PABEN + PABEa B + OAB'EAB 


where ® 4a’ gp represents the trace-free part of 1 Riab), while 4p describes the 
antisymmetric tensor Ras}: 


5.5 Conformal geodesics 


This section discusses a class of invariants of the conformal structure of a 
spacetime (M,g). To motivate the discussion let x(s), s € I C R, denote a 
curve on M with tangent given by 2 = dx/ds. The curve 2(s) is a geodesic 
if it satisfies the equation Va’ = 0. The transformation rule of the covariant 


derivative V under the conformal rescaling (5.1) implies, in turn, the equation 
Vax! =2(Y,a'\a! — g(a’, £) Y’. (5.34) 


Let T = r(s) denote a new parameter. Writing « = da/dr and T’ = dr/ds, the 
chain rule yields x’ = r'x, so that Equation (5.34) implies 


TeV eb = (UY, t)r? — 7") — 7? g(a, a) Y’. 


This last expression suggests choosing the parameter 7 so that it satisfies the 
condition 


T” = UYT, tyr’. 
As Y is known along the curve, this equation can be read as a second-order 
ordinary differential equation for 7. Thus, it can always be solved locally so that 


T?V at = —7'*g(a’, x’')¥?. 


It follows that only when the curve x(s) is null (i.e. g(x’, x’) = 0) is it possible 
to reparametrise so that x(s) is a geodesic. Hence, timelike or spacelike geodesics 
are not, in general, conformal invariants. 
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5.5.1 Basic definitions 


A conformal geodesic on a spacetime (M, ĝ) is a pair (x(T), B(T)) consisting 
of a curve z(T) on M, 7 € I CR, with tangent (T) and a covector B(T) along 
x(T) satisfying the equations 


Vat = —2(8,&)& + g(a, x) 8", (5.35a) 
~ ; 1. : Sah 
Vab = (B, t) B- 5'6. B) + L(e,-), (5.35b) 
where L denotes the Schouten tensor of the Levi-Civita connection V. Associ- 


ated to a conformal geodesic, it is convenient to consider a frame {eq} which is 
Weyl propagated along x(T) so that 


Vila = —(B,€a)& — (B, jea + G(ea, £)G". (5.36) 


Initial data for the conformal geodesic Equations (5.35a) and (5.35b) consist 
of an initial position, an initial direction for the curve and an initial value for 
the covector: 


r, €M, #& €Tle,(M), B, €T*|z,(M). (5.37) 


Piccard’s theorem — see, for example, Hartman (1987) — ensures the existence of 
a unique conformal geodesic (2(7), G(T)) near x, satisfying for given 7, € R 


ay) =H La, El) E Ex, BT) = By. 


A direct computation using Equations (5.35a) and (5.35b) yields the relations 


Va(B,4) = (8,4)? + Z(t, +)" (8,6) + E(@,4),  (5.38b) 
Va (gt (B, B)) = (B, g" (6, B) + 2L(a, B). (5.38c) 


In particular, from Equation (5.38a) it follows that if ġ(£, £) = 0 at some point 
along the conformal geodesic, one has that g(#,x) = 0 everywhere else. This 
null conformal geodesic can, in turn, be reparametrised so that it coincides with 
a null geodesic of g. 


Expressions in abstract index notation 


For later use, it is observed that the conformal geodesic equations can be written 
in abstract index notation using the tensor S,, as 


ON Sa Sarr el Bas 
a 1 = 
EV eba = 5 Sea! Bepi + Leak’, 


Roh wy a a dc 
EV cea? = — Sea ea t Be. 
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5.5.2 Conformal geodesics and changes of connection 


The motivation behind the notion of conformal geodesics is not directly apparent 
from the defining Equations (5.35a) and (5.35b). Their relevance becomes 
apparent only once one considers their transformation rules under conformal 
rescalings and transitions to Weyl connections. 

As in the previous section, let (x(T), G(7)) denote a solution to the conformal 
geodesic Equations (5.35a) and (5.35b) on a spacetime (M, ĝ). Given f € T*(M) 
one can define a Weyl connection V via the relation 


V=V+S(f). (5.39) 


A computation using Equations (5.35a) and (5.35b) shows that («(r), 8(r)) with 


B(T) = B(r) — f(r) (5.40) 
is a solution to the V-conformal geodesic equations: 


Tat = 2B, t) + glè, &) 3", 


Vab = (b, £) — 


where L denotes the Schouten tensor of the Weyl connection V. The latter is 
given by 

g ze vv 1 cdž x 

Lab = Lab = Valo 5 ab Tefa: 
Thus, one concludes that conformal geodesics are invariants of |ġ]. Notice, in 
particular, that one could have chosen f = —=~!d& for some positive = € ¥(M) 
so that the change of connections given by Equation (5.39) corresponds, in fact, 
to a conformal rescaling of g. 

Now, choosing f(T) = B(T) one has that (r) = 0, so that the V-conformal 

geodesic equations reduce to: 


Vet=0, L(e,-)=0. (5.41) 
Moreover, the frame propagation Equation (5.36) yields 
ViCa =0. 


Hence, given a congruence of conformal geodesics on (M, g), there exists a Weyl 
connection V on [g] with respect to which the curves x(r) are (affine) geodesics 
and the frame {ea} is parallely propagated. This observation justifies the name 
conformal geodesics given to a solution to Equations (5.35a) and (5.35b). Thus, 
conformal geodesics not only are an invariant of the conformal structure, but 
also single out a particular Weyl connection on the conformal class |g]. 
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5.5.3 Reparametrisations 


Given two solutions to the conformal geodesic Equations (5.35a) and (5.35b), 
(a(r), B(T)) and (z(7), B(7)), it is natural to ask under which conditions x(7) 
and Z(7) coincide locally (as sets of points) so that r = 7(7) and a(7(7)) = £(7). 
Let £ = da/dr and z = dz/d7 denote the corresponding tangent vectors and 
assume that g(x, £) #40 and g(x’, x’) # 0. By definition, the tangent vector a’ 
satisfies 


Vek! = -2(B,2'\z' + 9(2',2')B', (5.42a) 
Var b = (6, 2')3 — Ta, Bz” + L(z",-) (5.42b) 


Now, letting T’ = dr/d7 one has that 


pe = 7k, Vek! Sell j T? pt. 


Substituting the latter into Equation (5.42a) and using (5.35a) to eliminate Va 
one obtains 


T'i + 2r? (B — B,&)% +7G(a, x)(B" — B’) =0. (5.43) 


It follows from this last equation that the difference Bi — B’ has components 
only along x. Hence, one can write 


B—B=az’, (5.44) 


for some scalar a. Substituting into Equation (5.43) one obtains the differential 
equation 
T” + ar’? glx, x)= 0. (5.45) 


Combining Equations (5.35a), (5.35b), (5.42b) and (5.44) one obtains 
; do fae eo 
à = 2(8,z)a + zit ta ; (5.46) 


Equations (5.44), (5.45) and (5.46) encode the requirement that the curves x(T) 
and Z(T) coincide as sets. Using Equation (5.38a) together with Equation (5.46) 
one finds that 


Ve (aG(#, @)) = 
This last equation can be solved to give 


O 209E, Ls) 
~ 1-a,9(@,,2,)(7 T) 


ag(x, x) 
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where a, = a(t), & = (T4) and 7, denotes some fiducial value of the 
parameter 7. Using Equations (5.44) and (5.45) one finally finds that: 


4x 


a 1+ 2x0,gG(@,.,04)(T — a (5.47a) 
are 2049(&., Ls) 3 

Pre (1 — agin ir ng , (5.47b) 
pera dx (7 — T.) l PP 


1+ 2xağglt, E)(T — T.) 


with x a non-zero real constant. One can summarise the previous discussion in 
the following lemma: 


Lemma 5.1 (admissible reparametrisations of conformal geodesics) 
The admissible reparametrisations taking (non-null) conformal geodesics into 
(non-null) conformal geodesics are given by fractional transformations of the 
form 


ar +b 
(d 


ee a) 


with a, b,c, dE R. 


If a, = 0, then Equation (5.47c) shows that the reparametrisation reduces to 
an affine parameter transformation. Notice also, that with a suitable choice of 
constants, it is always possible to choose a parametrisation such that T > oo for 
a given value of 7. This property of conformal geodesics is in stark contrast to 
the behaviour of standard geodesics. 

A final remark concerning the reparametrisation of conformal curves follows 
from evaluating Equations (5.47a) and (5.47b) at 74. One finds that %1 = 4a, 
and B, = B, + ai. Consequently, the transformations of initial data given by 


i, 4x, B, = B, +a,%°, (5.49) 


preserve the set of points covered by the conformal geodesics. From the discussion 
in the previous paragraphs it follows that the transformation of initial data (5.49) 
implies a reparametrisation of the resulting curves. 


5.5.4 Geodesics as conformal geodesics 


It is of natural interest to investigate the relation between conformal geodesics 
and metric geodesics. For a null conformal geodesic this relation can be readily 
established. If (z(7), B(7)) denotes a null conformal geodesic, it follows readily 
from Equation (5.42a) that 
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Thus, using an argument similar to the one discussed at the beginning of Section 
5.5, one finds that null conformal geodesics are, up to a reparametrisation, null 
geodesics. 

The situation for non-null conformal geodesics is more complicated and 
requires restrictions of the Schouten tensor of the spacetime. One has the 
following result (see Friedrich and Schmidt (1987)): 


Lemma 5.2 (standard geodesics as conformal geodesics) Any non-null 


g-geodesic in an Einstein spacetime (M,g@) is, up to a reparametrisation, a non- 
null conformal geodesic. 


Proof Let x(r) denote a solution to the metric geodesic equation Va = 0. 
Consider a reparametrisation of the curve of the form 7 = 7(7). The analysis 
in Section 5.5.3 suggests completing «(7) to a conformal geodesic using an 
ansatz of the form B = a(t)’. Writing, as in the previous section, Z’ = T£, 
Equation (5.42a) readily leads to the condition 


T” + ar’ glt, £) =0, 


where it is noticed that ġ(£, £) is constant along the curve as it is a g-geodesic. 
To obtain an equation for a one substitutes the ansatz for Ø into (5.42b) and 
notices that V3 = a’«” so that 


1 á 
a'a = 507 Ga, i)i +r L(a, ). 


The solvability of this equation depends on the available information about L. 
1 


In the case of an Einstein space one has that L(#,-) = LAD so that one obtains 


1 1 
1 E a y / 
al = -ar glr, r) + -AT 
2 g( , ) 6 , 


which can always be solved — at least locally. 


A partial converse of Lemma 5.2 is given by: 


Lemma 5.3 (conformal geodesics as metric geodesics) Let (M,g) be a 
Einstein spacetime and let g = =7g be a further metric on M. A conformal 
geodesic (Z(7), B(T)) with respect to the metric g is, up to a reparametrisation, 
a g-geodesic if there exists a function a(7) such that 


B=—-YT +02”. 


Proof The geodesic equation V4 = 0 implies, under the conformal rescaling 
g = =’g, the equation 


Vex = UY, tyi — g(x, x). (5.50) 
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It follows from the analysis of Section 5.5.3 that, to reparametrise the conformal 
geodesic equations for the metric g to yield Equation (5.50), one needs to have 
a parameter a such that 8 = -Y + az”. 


5.5.5 Conformal factors associated to congruences 
of conformal geodesics 


In what follows, for simplicity it will be assumed that the spacetime (M, ĝ) 
can be covered by a non-intersecting congruence of conformal geodesics. The 
congruence of conformal geodesics can be used to single out a metric g € [g] by 
means of a conformal factor © such that 


g(x, x) = 1, g = 07g. (5.51) 


That is, the tangent vector field of the congruence of conformal geodesics is g- 
normalised — accordingly, the parameter T of the geodesics corresponds to the 
g-proper time. It follows by applying Vz to the first equation in (5.51) and using 
the conformal geodesic Equation (5.35a) that 


Ò = (B, «)0, (5.52) 


where Ò = V40. Thus, by prescribing ©, = O(7,) at some fiduciary value T, € R 
along the conformal geodesic one finds that the value of © is fully determined 
by Equation (5.52). If the initial value ©, is chosen to vary smoothly along the 
curves on the congruence, one readily obtains a conformal factor for the whole of 
the spacetime. It is important to remark that this conformal factor depends on 
the particular congruence of conformal geodesics; a different choice of congruence 
would lead to a different © and, hence, to a different conformal metric g. Thus, if 
the congruence of conformal geodesics is specified by a prescription of initial data 
of the form given in (5.37) on an initial hypersurface S, then g is determined in 
an implicit way by the initial data for the congruence and by O,,.. In the remainder 
of this section it will be shown that for metrics g satisfying the vacuum Einstein 
equations this correspondence can be made explicit. 
A direct consequence of Equations (5.38a) and (5.52) is that 


Ve (g(#,)) = 0. 


Hence, one sees that a conformal geodesic that is, respectively, timelike, null 
or spacelike at a given point in M preserves its causal character through- 
out the whole curve. Further computations using the conformal geodesic 
Equations (5.35a) and (5.35b) and the relations (5.38a)—(5.38c) and (5.52) show 
that 


5004. gl (68) OL: è), (5.53a) 


oe 
Ò = (Va(L(e, £)) + Lle, poli, £) + (B,@)L(&,%))O. (5.53b) 
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Moreover, if {ea} denotes a g-orthonormal frame, that is, g(€a,é€b) = Nab; 
propagated according to Equation (5.36) with eo = £, one readily finds that 


V2(O(8,€a)) = O(t, ea) + 50G(B.B)Gt.¢a). (5.54) 


Notice that for the frame {ea} one has, in addition, that Va(g(ea, €b)) = 0. The 
expressions discussed in the previous paragraph lead to the following result first 
proven in Friedrich (1995): 


Proposition 5.1 (the canonical conformal factor associated to a 
conformal geodesic) Let (M, g) denote an Einstein spacetime. Suppose that 
(x(T), B(T)) is a solution to the conformal geodesic equations (5.35a) and (5.35b) 
and that {ea} is a g-orthonormal frame propagated along the curve according to 
Equation (5.36). If g = 97g is such that g(x,x) =1, then the conformal factor 
O satisfies 


E Lö as (5.55) 


where the coefficients ©, = O(T.), Ò, = Ò(T,) and Ö, = Ö(T,) are constant 
along the conformal geodesic and are subject to the constraints 


: z 1 1 
O. = (B.,t)Os, O40, = ZIBB) + A (5.56) 
Furthermore, along each conformal geodesic 
Obo = È, Obi = O, bix, (5.57) 


where Ba = (B, €a). 


Proof For an Einstein spacetime the Schouten tensor is given by L = EAJ. 
Substituting this expression into Equation (5.53b), one finds that © = 0 so that 
Equation (5.55) follows. The constraints (5.56) follow from Equations (5.52) and 
(5.53a). Finally, the relations in (5.57) follow from (5.52) and (5.54). 


5.5.6 The g-adapted equations 


As a consequence of the normalisation condition (5.51), the parameter 7 is the 
g-proper time of the curve x(r). In some computations it is more convenient to 
consider a parametrisation in terms of a g-proper time 7. To this end, consider 
the parameter transformation 7 = 7(7T) given by 

dr 7 ds 

— =0, so that T =T, + —, 5.58 

dř * Ja Os) P28) 
with inverse T = 7(7). In what follows, write (7) = x(r(T)). It can then be 
verified that 


dz drdzx 
xt TE š 
es TT Ox, (5.59) 
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so that g(x’, @’) = 1. Hence, 7 is, indeed, the g-proper time of the curve z. Now, 
consider, consistent with Equation (5.47b), the split 


B=B+ we’, a= 


(5.60) 


where the covector B satisfies 
(8,%) =0, — g*(B, B) = (B, +)? + 9*(B, 8). (5.61) 

It can be readily verified that 
G(«,@) = O~?, (B, x) = 9-10, w = 0Ò. (5.62) 


Using the split (5.60) in Equations (5.35a) and (5.35b) and taking into account 
the relations in (5.59), (5.61) and (5.62), one obtains the following g-adapted 
equations for the conformal geodesics: 


= p", (5.63a) 
Vab = PI + L(z’,-) Lz, aa”, (5.63b) 


with 8? = —g'(B, B) — observe that as a consequence of (5.61) the covector B 
is spacelike, and, thus, the definition of 8? makes sense. The Weyl propagation 
Equation (5.36) can also be cast in a g-adapted form. A calculation shows that 


Va (Oea) = — (B, Oea)". 


Equation (5.63a) provides a clear-cut interpretation of the covector B -it 
corresponds to the physical acceleration of the conformal curve. Recalling that 
g = 907g and using (5.61) together with Equation (5.57) of Proposition 5.1 one 
finds that 


B? = —g"(B, B) = —O7g4(B, B) = 0759 Bib; = O25 B:, Bjs. (5.64) 


That is, 6? is a constant along the conformal geodesic. Using Equation (5.63a) to 
eliminate 8 in Equation (5.63b), one obtains a third-order differential equation 
for the curve <(7): 


Gaat = 622! +E,- iaaa. (5.65) 
A computation making use of the expressions derived in this section shows that 
Consequently, unless (M, 9g) is an Einstein spacetime the acceleration of the 
curve cannot be constant. This is related to an open question concerning the 
behaviour of conformal geodesics discussed in Tod (2012): if a conformal geodesic 
y enters every neighbourhood of a point p, does y necessarily pass through 


p with a finite limiting velocity and acceleration? This potential pathological 
behaviour is known as spiralling; see Figure 5.1. This does not happen for 


5.5 Conformal geodesics 135 


Figure 5.1 Spiralling of conformal geodesics: (left) a standard geodesic y 
entering a geodesically convex ball UY must leave it in finite proper time; (right) 
by contrast, a conformal geodesic 7’ may not leave U and spiral towards a 
point. 


standard geodesics, for if a geodesic enters a geodesically convex ball, then it 
must leave it too; see Section 11.6.2 for a discussion of the notion of geodesically 
convex ball. Using Piccard’s existence theorem for ordinary differential equations 
— see, for example, Hartman (1987) — on Equation (5.65), it follows that spiralling 
can occur only if either 3 or &' diverge. 


5.5.7 The conformal geodesic deviation equations 


An important issue arising in applications involving congruences of conformal 
geodesics is that of deciding whether the congruence develops caustics, that 
is, points where it becomes singular. To address this one needs to consider the 
conformal geodesic deviation equations for the congruence. The deviation of these 
equations is analogous to the one leading to the geodesic deviation equation for 
standard geodesics; see Section 2.4.5. 

In what follows let 


(2(7); By (7)) = (@(7, 0), Br, n)) 


denote a family of conformal geodesics depending smoothly on a parameter 7 € 
R. Following the notation used in previous sections for fixed 7, let & denote 
the tangent vector to the curves of the congruence. The deviation vector and 
deviation covector are defined, respectively, by 


z = One, CSG. (5.66) 


A short computation shows that 


|£, z] = Vez —-Vzae = 0, (5.67) 


so that z is a well-defined deviation vector; compare Section 2.4.5. Moreover, 
making use of the definition of the Riemann tensor given by Equation (2.9), one 
has that 
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Riem|g](«, z)@ = VV zt —VzVeX. (5.68) 
Hence, 
VaVez _ VaVer = ViVar + Riem|(g|(«, z), 
as a consequence of Equations (5.67) and (5.68). Now, using the conformal 
geodesic equation (5.35a) in the form Vat = —S(8; x, £), where S(8; t,£) 
corresponds to S,,°¢4%%"8, in abstract index notation, one finds that 
VeVez = —Vz(S(G;%,x)) + Riem|g](«, z) 
= —S(V p; t, £) —2S(8;V 2%, @) + Riem|g|(«, z)&. (5.69) 
A similar computation shows that 
Vie = VeV z8 = VzViB aaa B ` Riem|g|(&, z) 
— 1 y 
2 


z(B: S(B; t, :)) + V.(L(&,-)) — B: Riem|[g](#, z) 


= -6 - Riem|gl(é,z) + VeE(é,-) + L(V 28.) + 3928 SBi, ) 
+56- S(V.B:%,.) + 58-9(8;Va2,) (5.70) 
where, in the third line, Equation (5.35b) in the form 
TaB = Z6: S(t, ) + Le.) 


has been used. Finally, taking into account the definitions in (5.66) in 
Equations (5.69) and (5.70), one obtains the conformal geodesic deviation 
equations: 


ViVez = Riem|§|(«, z) — S(¢; £, x) — 2S(8;£,V +2), (5.71a) 
Vat = -p Riem|g|(@,z) + aLe, ) + L(V .4,-) + 56- Sli) 
+B SGi) +58 S(O: Vaz), (5.71b) 
where 


S(G; u,v) = (B,u)v + (B, v)u — G(u, 0) 5%, 
a: S(G; u, ‘) = (a, u)B + (B,u)o = g" (a, B)u’, 


for u,v € T(M) anda € T*(M). In standard abstract index notation S (8; u, v) 
corresponds to the expression Sap tu v? be, while a - S(B;u,-), to Sab tut beaa. 

A caustic in a conformal geodesic is a point along the curve for which z = 0. 
Caustics of conformal geodesics are more complicated than caustics of metric 
geodesics since, for a given tangent vector, there exists a three-parameter family 
of conformal geodesics with the same tangent vector. Moreover, the analysis 
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of Equation (5.7la) requires the simultaneous consideration of the evolution 
equation of the deviation covector ¢, Equation (5.71b). This feature can be 
useful in applications: Equation (5.7la) has two extra terms, — S (Ç; £, £) and 
—28(3;%,V2z), not appearing in the standard geodesic deviation equation; 
under suitable circumstances these terms may be used to counteract the natural 
tendency of the curvature to develop caustics. 


The g-adapted conformal geodesic deviation equations 


Following the strategy discussed in Section 5.5.6, one can rewrite the conformal 
geodesic deviation equations in a way adapted to the metric g. To this end define 
the g-adapted deviation vector and covector 


z 


Oz, C = Vf. 


Now, observing that [z’,Z] = 0, a computation taking into account the g- 
adapted conformal geodesic Equations (5.63a) and (5.63b) and the commutator 
of covariant derivatives leads to the following g-adapted conformal geodesic 
deviation equations: 


Va Vaz = Riem|g](z', 2)@’ + ¢, (5.72a) 
v (#2) + (V6) +87 y 2. (5.72b) 


A computation exploiting the fact that the connection V is assumed to be torsion 
free gives 

VVB = ViVa B =0, 

where the last equality follows from the fact that 8? is constant along a given 
conformal geodesic; see Equation (5.64). Hence, the components of the terms 
with #” and VZ’ in Equation (5.72b) are constant and can be evaluated at 
some fiducial time. 


5.6 Further reading 


Basic references for applications of conformal geometry in general relativity 
are Penrose and Rindler (1984, 1986) and Stewart (1991). A discussion of the 
properties of the Weyl and Cotton tensor can be found in García et al. (2004). 

The first systematic treatments of conformal geodesics in the context of general 
relativity can be found in Schmidt (1986) and Friedrich and Schmidt (1987). 
A discussion of Weyl connections making use of the more general language of 
fibre bundles is given in Friedrich (1995); a brief presentation of the subject 
in the spirit of this chapter can be found in Friedrich (2002). A discussion of 
the properties of conformal geodesics in the context of general relativity can be 
found in Friedrich (2003a); a more technical discussion can be found in the earlier 
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reference Friedrich (1995). Properties of conformal geodesics have been explored 
from a different perspective in Tod (2012). 

The results of Proposition 5.1 strongly depend on the hypothesis that (M, g) is 
an Einstein space — in other words, g satisfies the vacuum Einstein equations. To 
get around this restriction, a more general class of curves has been introduced in 
Lübbe and Valiente Kroon (2012). These curves are a suitable generalisation 
of the conformal geodesics which allow the recovery of the conclusions of 
Proposition 5.1 for general spacetimes and, thus, provide a systematic way of 
identifying the conformal boundary of non-vacuum spacetimes. A discussion 
of the associated deviation equations with explicit expressions for the case of 
warped-product spacetimes is given in Lübbe and Valiente Kroon (2013a). 

A detailed mathematical theory of conformal connections can be found in 
Ogiue (1967) and Kobayashi (1995). A more recent monograph on the subject 
is Fefferman and Graham (2012). Conformal geometry is naturally related to 
twistor theory; a discussion of this and related topics such as tractors can be 
found in Eastwood (1996). 

The reader interested in surveys on research in conformal geometry is referred 
to Kulkarni and Pinkall (1988), Chang et al. (2007) and Branson et al. (2004) 
as suitable entry points to the literature in the subject. 


Part I 


General relativity and conformal geometry 


6 


Conformal extensions of exact solutions 


Exact solutions to the Einstein field equations are the prime source of geometric 
and physical intuition in general relativity. This chapter revisits some of the 
classical exact solutions of general relativity (the Minkowski, de Sitter, anti- 
de Sitter and Schwarzschild spacetimes) from the point of view of conformal 
geometry. In addition, a general discussion of the construction of Penrose 
diagrams of static spherically symmetric spacetimes is provided. Most of the 
material in this chapter can be considered as classic — complementary discussions 
can be found in, for example, Hawking and Ellis (1973) and Griffiths and 
Podolsky (2009). In view of the applications in the later parts of the book, 
particular emphasis is given to the construction of explicit congruences of 
conformal geodesics in the exact solutions. 


6.1 Preliminaries 
6.1.1 Spherical symmetry 


In what follows, let SO(3) denote the group of homogeneous linear transfor- 
mations of R? onto itself which preserve the Euclidean length of vectors and 
the orientation of the space. A spacetime (M,g) is said to be spherically 
symmetric if the group SO(3) acts by isometry on (M,g) with simply 
connected, complete, spacelike two-dimensional orbits; see, for example, Ehlers 
(1973). Two points p,q € SO(3) are said to be in the same orbit if there is 
an element of the group SO(3) taking p to q. Given a spherically symmetric 
spacetime it is natural to introduce the quotient manifold Q = M/SO(3), 
that is, the manifold obtained from M by identifying points on the same orbit. 
The manifold Q inherits from (M,g) a two-dimensional Lorentzian metric y, 
the quotient metric. Let I denote the subset of Q corresponding to the fixed 
points of the action of SO(3). If T is non-empty, then it can be shown that it is 
a connected timelike boundary of Q — the centre of symmetry. A spherically 
spacetime can have none, one or two centres; see Kiinzle (1967). 
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Given a spherically symmetric spacetime (M,g), there exists a function o : 
Q — R such that the spacetime metric g can be written in the warped product 
form 


g= 71+, (6.1) 
where ø is the standard metric of S? given, in the usual spherical coordinates 
(9, p), by 

o = d9 Q dé + sin? Ody 8 dy. 


The function o is not necessarily an areal coordinate. 


6.1.2 The 3-sphere 
The unit 3-sphere S? is the three-dimensional submanifold of Rt defined by 
s’ = {(w, x,y,z) € Ri |w? +r? +y? +2 = 1}. 


The standard Euclidean metric in R* induces, in a natural way, a 3-metric 
ħ on S3, the standard metric of S3. The metric h is best expressed using 
spherical coordinates (w,6,y) such that 


w=cosw, x=sinvcosé, y=sinwsinOcosy, z=sinwsinésiny, 


taking the range 0 <4 < 7,0 <0< 7 and 0 < y < 2r. For simplicity of 
presentation, in what follows the degeneracy of the spherical coordinate system 
(w, 9, p) will be ignored as it can be dealt with by introducing further coordinate 
charts. In terms of these coordinates one has 


h = dy ® dy) + sin? vo. 


Conventionally, the point given by w = 0 will be called the north pole, while 
the one with Y = 7 will be called the south pole. 

At every point p € S? the restriction of the coordinates (w, x,y,z) can be 
used to construct suitable local coordinates. For example, if w(p) > 0, then the 
coordinates (7°) = (x,y,z) constitute a well-defined system of local coordinates 
on the northern hemisphere of S°. 


A frame on S$? 
A direct computation shows that the vector fields on T(R*) 
ð ð Oo ð 


a = WD o A y Ya, (6.2a) 
_ Oo ð ð re) 

C2 = T Yan + az ED (6.2b) 

C3 = w 2 x 2 9 z o (6.2c) 


Ox ðw | Bz Oy’ 
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are linearly independent and tangent to S3; hence, they can be regarded as 
globally defined vectors on T(S?). This point of view will be used systematically 
in this book. As c; 4 0 on S? one has, in fact, a globally defined frame on the 
3-sphere. Moreover, it can be shown that 


Aci, cj) = b43- 
Accordingly, the vectors {c;} are h-orthogonal. A direct calculation shows that 
[C1, C2] = 2cs, [C2, C3] = 2c, [c3, C1] = 2c2. 
The above expressions can be more concisely written as 
[ci, cj] = 2€ij" Ck, 


where €ijk denotes the components of the volume form in R. In particular, 
one has that e123 = 1. The above commutators can be combined with 
the Cartan structure equations — see Equations (2.41) and (2.42) — to compute 
the connection coefficients 77, with respect to the frame {c;}. One obtains the 
concise expression 


Vik = —6i7 k- 


The compactification of RÌ into SÌ 


An important example of conformal compactification is the so-called point 
compactification of the Euclidean space R? into S3. Let 


ô = dr Q dr +r7dé 8 d0 + r° sin? Ody ® dy 


denote the standard (negative definite) three-dimensional Euclidean metric in 
spherical coordinates with 0< r <œ,0 <0 <r and0 < y < 2r. 

An explicit computation shows that the Cotton tensor — see Equation (5.18) — 
of the metrics 6 and h vanish so that they must be conformally related; compare 
Theorem 5.1. In order to make this correspondence explicit, write 


h= wd (6.3) 


where w is a conformal factor to be determined. Expressing the radial coordinate 
as r =r(w), one finds from Equation (6.3) the conditions 


wr’? = 1, r’w? = sin? Y, (6.4) 
where ' denotes the derivative with respect to w. A solution to the equations in 
(6.4) is given by 


mee = sin? . iena (6.5) 


where a is a real constant. Notice that r > oo as w > 0. Thus, the transformation 
given by (6.5) is a compactification of R? sending the north pole of S? to the 
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point at infinity in R, while the south pole of S° is sent to the origin of R3. An 
alternative solution to equations (6.4), sending the south pole to the point at 
infinity and the north pole to the origin, is given by 

2 oe Y 


w = cos’ 5; r(w) = atan i: (6.6) 


as can be verified by an explicit computation. 


6.1.3 The Einstein static universe 


The Einstein static universe — sometimes also called the Einstein cosmos 
or Einstein cylinder — is the spacetime (Me, gge) given by 


Ms =RxS*, gg = dT QAT—h. (6.7) 


It can be readily verified that r is a timelike Killing vector of gẹ so that the 
solution is indeed static. Moreover, as (S?,o) is a homogeneous and isotropic 
Riemannian manifold, it follows that (Me,gẹ) is spatially homogeneous and 
isotropic. 

A computation shows that 


Schouten|g ¢| = TaT @dT +h). (6.8b) 


Hence, one sees that (Me, ge) is conformally flat. A discussion of the properties 
of the Einstein static universe as a solution to the Einstein field equations with a 
perfect fluid matter source can be found in, for example, Griffiths and Podolsky 
(2009) and Hawking and Ellis (1973). 

Finally, it is observed that the Einstein static universe is spherically symmetric. 
Comparing the metric gz in (6.7) with the warped product metric (6.1) it is 
natural to set 


Ye = dT ® dT — dy 8 dy, oe =siny, 
so that (T,w) can be used as coordinates of the quotient manifold Qe = (R x 
S)/SO(3) = R x [0,7]. 
A class of conformal geodesics in the Einstein static universe 
In what follows, consider the congruence of curves on (Me, gẹ) given by 
x(T) = (7, 2x), TER, (6.9) 


with x, € S fixed. Varying £, over S? one obtains a non-intersecting timelike 
congruence covering the whole of Me. It can be verified that the curves (6.9) 
are geodesics for gẹ with proper time 7 and tangent vector £ = Or. 
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The curves (6.9) can be recast as conformal geodesics. To see this, one follows 
the argument of Lemma 5.2 and introduces a parameter 7 such that 7 = 7(7) 
and makes use of the ansatz 


B = a(F)è = a(r)dT. 

Substituting the above expression into the conformal geodesic Equations (5.42a) 
and (5.42b) and taking into account formula (6.8b) for the Schouten tensor of 
the Einstein universe one finds the equations 


1 
T! +ar? =0, al = 57 (o +1), 


with ” denoting differentiation with respect to 7. A solution to the above 
equations is given by 


7 
q= 2arctang, a= 


(6.10) 


NIN 


Now, one has that (G,2’) = ar’ so that the conformal factor © satisfying 
the condition 67g (x',x’) = 1 obeys the equation 6’ = (8B, æ')© with initial 
condition ©, = 1. The differential equation for © can be solved to give 


O@=1+ iP. (6.11) 


It can be verified that 
be 2 fh aia 
B= grdr = 0 “do. 
Using the conformal factor © one obtains a conformal representation of the 
Einstein universe with metric gẹ = O?g¢ so that 
2 
£ E = l 
Ge = d7 8 d7 — (+37 ) h, 


where the parameter 7 has been introduced as the new time coordinate. 
This conformal representation of the Einstein cylinder will be known as the 
expanding Einstein cylinder. Notice that x = O~'x so that go(a',a’) = 1. 
It can be readily verified that the congruence is integrable and that the curves 
are orthogonal to the surfaces of constant T. 


6.2 The Minkowski spacetime 
The Minkowski solution (M, 7) is the spacetime given by M = Rt and 
À = Nu dr" Q dz”, (6.12) 


where (x") = (t,x,y,z) and nu = diag(1,—1,—1,—1). Alternatively, using 
spherical coordinates one can write 


ñ = dt @ dt — r°dr 8 dr — r°o. (6.13) 
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Using the expression of the Minkowski metric in Cartesian coordinates one 
readily sees that Riem|ñ] = 0 so that, in particular, Ric|ñ] = 0; that is, 7 
is a solution to the vacuum Einstein field equations with vanishing cosmological 
constant. Moreover, one has that Weyl|7j] = 0 so that 7 is conformally flat and, 
thus, conformal to the metric of the Einstein cylinder. This relation is analysed 
in the next section. 


6.2.1 The compactification into the Einstein cylinder 


A standard procedure for the construction of conformal extensions of Lorentzian 
manifolds is to make use of pairs of so-called null coordinates. In the present case 
a convenient choice is given by 


u=t-r, v=t+r. (6.14) 


Conventionally, the coordinate is called a retarded time, while v is an advanced 
time. It can be readily verified that Ñ’ (du, du) = Ñ’ (dv, dv) = 0. It follows that 


1 1 
ñ= z(du 8 dv + dv 8 du) — ge- ure. 


In order to have r > 0 one has the restriction u < v. The present analysis is 
mainly concerned with the behaviour at infinity; thus, it is natural to introduce 
a further transformation of coordinates: 


u=tanU, v=tanV, U,V eé(-32,57), U<V. 


From the relations 


1 1 
du = dU =(1+u*)dU, dv= dV = (1 + v*)dV, 
"= cos? U re Uy y cos? V re JAN, 
and the identity 
sin(V — U) 
— u = tan V — tan U = ——_—_ 
A a a cos U cos V’ 


one obtains 
= 1 
~ 4cos? U cos? V 


This last expression suggests defining the unphysical metric n = =*,,7) where 


n (2(dU 9 dV + dV ® dU) —sin?(U—V)o). 


= = 2cos U cos V, (6.15) 
so that 
n = 2(dU @ dV + dV & dU) — sin? (U —V)o. 
The conformal factor Z y vanishes whenever U = thn or V = thn. In order 


to investigate the situation in more detail one introduces the final change of 
coordinates 


Y=V-U, T=V+4U. 
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Figure 6.1 Conformal extension of the Minkowski spacetime. Left, conformal 
embedding of the Minkowski spacetime in the Einstein cylinder: the shaded 
region corresponds to the set M_y of equation (6.21). Right, Penrose diagram 
of the Minkowski spacetime: the line [ corresponds to the axis of symmetry, 
the points i°, i+ and i~ are spatial infinity, future timelike infinity and past 
timelike infinity, respectively. Finally, %* and JT are future and past null 
infinity; see main text for further details. 


Using standard trigonometric identities, one can rewrite the conformal factor 
(6.15) in terms of the coordinates T and w to obtain 


= a = cos T + cos y. (6.16) 
Thus, one ends up with the metric 
n = dT @ dT — dy 8 dy — sin? yo. (6.17) 


Thus, one has that 7 = g¢. Consequently, the rescaling procedure described in 
the previous paragraphs compactifies the Minkowski spacetime into a region of 
the Einstein cylinder; see Figure 6.1, left panel. The standard coordinates (t,r) 
on the Minkowski spacetime are related to the (T, y) coordinates on the Einstein 
cylinder via the formulae: 


sin T sin Y 


a eget 6.18 
cos T + cos yy’ i cos T + cos Y te) 


It follows from the previous discussion that the Minkowski spacetime (R4, 7) 
is conformal to the domain 


Ma = {pe Me |0< Vp) <7, vp) —7 <T(p) <7-V(p)}, 


on which =v > 0. In addition to M y, it is convenient to single out a number of 
subsets of M ¢ playing a special role in the discussion of the asymptotic behaviour 
of the Minkowski spacetime: 
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(a) Future and past null infinity are defined as the hypersurfaces 
I* = {pe Me |0 < v(p) < T, T(p) = (7 — Y(p))}, (6.19) 


on which Zy = 0. A calculation shows that 


dZ = -sin TdT — sin ydy, (6.20) 


so that dE y #0 on J=. It can, however, be verified that 


ge(dE m, dE )|s+ = 0, 


so that J= are null hypersurfaces. 
(b) Spatial infinity is defined by 


i? = {pe Me | Y(p) =7, T(p) = 0}. 


Inspection of expression (6.7) for the metric gẹ shows that the radius of the 
2-sphere defined by T = 0 and w = 0 vanishes. Accordingly, i? consists of a 
single point. Evaluating the differential (6.20) at i° one finds that 


dE lio = 0, Hess = glio = —Gelio- 
(c) Future and past timelike infinity is defined as 
= = {p € Me | ¥(p) =0, T(p) = +7}. 


Again, from the metric (6.7) it follows that the 2-spheres defined by T = +r 
and = = 0 have vanishing radius so that both i+ and i~ correspond to points. 
Using (6.20) one finds that 


>. 


d= wit = 0, Hess = a\j+ = geli+. 


The motivation for the above definitions follows from the analysis of geodesics; 
see below. It is important to point out that by convention i°, i+ ¢ J+. Finally, 
it is convenient to define the manifold with boundary 


Mau =MuU ITU IT Vit Ur UP, (6.21) 


which will be called the conformally extended Minkowski manifold. 


The Penrose diagram of the Minkowski spacetime 


The spherical symmetry of the Minkowski spacetime can be exploited to provide 
a diagrammatic representation of the global structure of the spacetime known 
as a Penrose (or Penrose-Carter) diagram. It follows from the discussion 
in Section 6.1.1 that the action of the group SO(3) on M ø gives rise to the 
quotient manifold with coordinates (T, 4%) given by 


Qu ={pE€ Qe |0< Yp) <7, Yp) -rT <T(p) <r- ylp)}. 


In what follows, in a slight abuse of notation, the projections of J+, it, i? C 
M m on the quotient manifold Q y will be denoted, again, by the same symbols. 
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Clearly, 4+, i+, i? C Qy; however, Qy has a further component consisting 
of the centre of symmetry 


T= {pe Qa|(y)=0, =r <T(p) <r}. 


As the conformal metric 7 is the standard one on the Einstein cylinder, it follows 
from the discussion in Section 6.1.3 that the quotient metric inherited by 7 on 
Q u is the two-dimensional Minkowski metric 


yy =aT & dT — dy 8 dy. 


Given the above, the Penrose diagram of the Minkowski spacetime is simply 
the depiction of Q y as a subset of R? as shown in Figure 6.1, right panel. A 
discussion of the construction of Penrose diagrams for more general spacetimes 
is given in Section 6.5.2. 


Analysis of the behaviour of geodesics 


Intuition on the various features of the construction described in the previous 
paragraphs can be obtained by analysing the behaviour of various types of 
physical metric geodesics. To this end one notices the following formulae that can 
be verified using the coordinate transformations taking the original Minkowski 
metric of Equation (6.13) into the metric (6.17): 


2t 


Sa SOE I a P 
1—t?4+r? 
cos T = ' 6.22b 
a+) 04 +7) a 
1+-r? 
c = . 6.22 
Y= r Ee aA Oey 


(a) Spacelike geodesics. Radial spacelike geodesics in the Minkowski space- 
time can be described using the radial coordinate r as a parameter. It follows 
then that the time coordinate of the curves is given by 


t=ar+t,, a? <l, t, ER. 
For r — œ it follows from (6.22a)—(6.22c) that 
sin T —> 0, cosT — 1, cosw — —1. 
Hence one concludes that T — 0 and Y —> 7 as the curve escapes to infinity. 


Thus, in the unphysical picture, spacelike radial geodesics finish at the same 
point, spatial infinity i°, independently of the value of a. 
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(b) Timelike geodesics. For concreteness, consider the family of geodesics 
described by 


t=ar+t,, la| > 1. 


It can be verified that as r — oo one has the limits 
sin T — 0, cosT > —1, cosy > 1. 


Depending on whether sinT approaches 0 from the right or the left, the 
latter limits correspond to either T —> 7 and w > 0 or T > —7 andy > 0. 
Thus, the timelike geodesics start and finish, respectively, at i™ and it. 

(c) Null geodesics. Consider, for example, the family of outgoing null geodesics 
described by the condition u = u,, where u, is a constant and u is the null 
coordinate defined in (6.14). Now, taking the limit v > oo one finds that 


; 1 u 
sin T > ——————- cos T > cosy > — * 


flit ua’ TFU? Jitu 


Thus, in the limit one has that T = m — y, corresponding to future null 
infinity J". Similarly, for incoming geodesics described by the condition 
V = Us, V, a constant and with v as defined in (6.14), one finds that the 
limit points lie on the line T — w = a, corresponding to past null infinity 
IJ. Summarising, incoming null geodesics start at IT while outgoing null 
geodesics end at %*. 


6.2.2 Compactifications adapted to spatial infinity 


The discussion of the structure of spatial infinity is better carried out in 
an alternative conformal representation. Intuitively, the region of spacetime 
associated with the spatial infinity of the Minkowski spacetime (R*,7) is 
contained in the domain D = {p € R* | n,,,2"(p)a”(p) < 0}, the complement of 
the light cone through the origin, where (x“) denote the standard Cartesian 
coordinates. Now, consider the coordinate inversion defined by 

poi ees 

xX?’ y2’ 

where X? = nuux”z” and Y? = nwy“y”. This coordinate transformation maps 
D onto itself. Moreover, a computation yields 


1 


2 
dy“ = PE (r xeon”) dx, 


so that 


Nv dy" & dy” = X nuda” & dz”. 
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Figure 6.2 The Minkowski spacetime close to null and spatial infinity: the 
conformal boundary corresponds to the surface of the cones, while the interior 
of the spacetime corresponds to the exterior of the light cones; see main text 
for further details. 


This computation suggests introducing the conformal factor = = 1/X?. Hence, 
one concludes that 
n= 2? = E’ nude” @ dz”. 


Hence, one has a conformal representation of the Minkowski spacetime which is 
also flat. An inspection shows that the boundary 0D decomposes into the sets 


} 


I+ = {p € RÊ | y°(p) > 0, nuy” (p)y” (p) = 0}, 
0}, 


0 
( 
I~ = {p E€ RÊ | y°(p) < 0, nuy” (p)y” (p) = 
i? = {p = Rf | (y” (p)) = (0,0, 0,0)}; 


see Figure 6.2. An analysis similar to the one carried out in Section 6.2.1 shows 
that these sets admit the interpretation of future null infinity, past null infinity 
and spatial infinity, respectively. More precisely, .%* (J7) can be thought of as 
being generated by the end points of future (past) directed null geodesics while 
all spatial geodesics eventually run into the point i°. The null hypersurfaces .4+ 
form the null cone through the point i°. Defining the manifold with boundary 
D = DUD one observes that the conformal metric n extends smoothly through 
the boundary. 


6.2.8 Conformal geodesics in the Minkowski spacetime 


Conformal geodesics in the Minkowski spacetime can be computed using the 
version of the equations adapted to the physical metric; see Section 5.5.6. Using 
standard Cartesian coordinates so that all the Christoffel symbols vanish, the 
third-order Equation (5.65) reduces to 


z" = Baz’, B? = —7' (B, B), (6.23) 
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where it is recalled that 6? is constant along the conformal geodesic and‘ denotes 
differentiation with respect to the physical proper time 7. Regarding (6.23) as a 
second-order equation for %’ one has that 


x = vı cosh( 87) + v2 sinh( 87), 


where vı and v2 are two constant vectors on the Minkowski spacetime. Making 
use of the initial conditions ” (0) = 5 and z'(0) = a’, one finds that 


x = x! cosh( bř) + p75" sinh( 87). 


A final integration taking into account the initial condition (0) = x, and 
Equation (5.63a) yields 


(F) = £, + 87ta! sinh(8F) + 6728} cosh(B7) — 2B! 
A(7) = Bx? sinh(87) + B, cosh(87F), 


where in the first expression, in an abuse of notation, the vectors æ! and B are 
understood as describing points in R4. To rewrite this general solution in terms 
of the unphysical proper time T one makes use of formula (5.58). A computation 
yields the formulae: 


a(T) = 2, + 0,07} (7) (ar + iil, é.)6tr?)), (6.24a) 
BI) = (1+ 718,44) 8, — FIB. BiT, (6.240) 


where 
Əl) = 8, (1+ (Buster + Fen EBB) 


Conformal geodesics which satisfy N(&, x) = 0 at some point coincide, following 
the discussion of Section 5.5.4, with null geodesics. Those with G, = 0 are 
standard geodesics of the Minkowski spacetime. Now, if «, is spacelike or 
timelike one can assume, without loss of generality, that (8,,@,) = 0 - 
following the discussion of Section 5.5.3 this can always be achieved through a 
reparametrisation of the form given by Equation (5.48) of Lemma 5.1. If #, and 
BË generate a timelike 2-surface and x, is timelike, then the conformal geodesic 
is a hyperbola in the plane tangent to that 2-surface. An example of such type 
of curve is given by the expression 


Ar 1 2ar? 
or) = (qa t+ 0.0), Irs 


= —7(x, x). Examples of these conformal geodesics are depicted in 


Z (6.25) 


where a~? 


Figure 6.3. 
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it 


Figure 6.3 Examples of conformal geodesics in the Minkowski spacetime: left, 
plot in (t,r)-coordinates of the curve (6.25) for the parameter choices a = 
F, 1, 2; right, location of the curves in the Penrose diagram of the Minkowski 
spacetime. Notice that the curves intersect the conformal boundary at the 
same points. The diagram is quantitatively correct. 


A special class of conformal geodesics 


As a consequence of the transformation properties of the conformal geodesic 
equations, the family of curves on the Einstein cylinder given by Equation (6.9) 
defines a congruence of conformal geodesics on the Minkowski spacetime. 
Recalling that Je = 07g» and ge = =m where © and Z y are the conformal 
factors given, respectively, by Equations (6.11) and (6.16), one has that Jẹ = 
62,7 with O_v = Z x®. Along the conformal curves one has that 
— 72 
Ea = cosT + cosy = | — } + cosy, 
od v G + 5) i 
where the second equality is obtained from the reparametrisation formula 
(6.10) and standard trigonometric identities. Moreover, one finds that along the 
conformal geodesics 


1 
Ox = eos?! (1 = Tent) 


To obtain the covector B_y associated to the solution of the -conformal geodesic 
equations let 


sin TdT + sin ydy 


Ya= Eden = 
M cos T + cos Y 


Recalling that 7 = 2arctan$7 it follows, using standard trigonometric identities, 
that 
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Figure 6.4 A class of conformal geodesics ruling the Einstein cylinder; see 
main text for further details. 


Yu=-9Y (rar + (: + i”) sin ide) : 


Finally, defining 8 y = B+Y x, one concludes from the transformation formulae 
for the solutions of the conformal geodesic equations that the pair («(7T), 3_y(T)) 
with 


u(T) = (zarctang.2.), 
7 1 
B y(t) = (arctans = ör) dar- 07} ( + 7) sin Ydy, 


is a solution to the 7-conformal geodesic equations. Notice, in particular, that 


sin Y 


Ag = ~ 1+ cos 


dw. 


A depiction of the above class of conformal geodesics is given in Figure 6.4. 


6.2.4 Hyperboloids in the Minkowski spacetime 


An important class of spacelike hypersurfaces in the Minkowski spacetime is 
given by the standard hyperboloids 


Hp = {p € R*|t?(p) — r?° (p) = k}, k>0. (6.26) 
A direct computation reveals that the unit normal vector to these hypersurfaces 
is given by 
al 
Vk 


Using this expression one can verify that the extrinsic curvature of the 


vi 


(tO; + rðr) : 


hyperboloids is pure trace, that is, proportional to the intrinsic metric of Hx. 
The mean curvature (i.e. the trace of the extrinsic curvature) is given by 
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Figure 6.5 Examples of hyperboloids in the Minkowski spacetime: left, the 


standard hyperboloids H, with k = 1, Z, $, a in (t,r)-coordinates (see 


Equation (6.26)); right, location of the hyperboloids in the Penrose diagram. 
The diagram is quantitatively correct. 


3 

a 

That is, the standard hyperboloids are surfaces of constant mean curvature. 
Making use of the coordinates (U,V) introduced in Section 6.2.1, the defining 
equation for the hyperboloids can be rewritten as tanUtanV = k. The 
hyperboloids intersect null infinity whenever V = ir. It follows that, in this 
case, U = 0. Thus, the hyperboloids H, intersect null infinity at the same points 
independent of the value of k. The hypersurfaces differ from each other by the 
angle a at which they intersect null infinity. One can compute that 


ta au k 
na=-—=k. 
dV 
In particular, if k? = 1, one has that a = qT. This particular hyperboloid 


corresponds to a horizontal line T = ir in the Penrose diagram of the Minkowski 


K= 


spacetime; see Figure 6.5. 

A more general class of hyperboloids can be obtained by translating the 
standard hyperboloids (6.26). To this end, one considers the defining equation 
k = (t—t,)?—r? for fixed k and t,. Varying t, one obtains a family of translated 
hyperboloids H, x. The intersection of the H;, , now depends on the value of 
tif V = ir, it follows that U = arctan t,. 


6.3 The de Sitter spacetime 


The de Sitter spacetime (Mas, Jas) is the solution to the vacuum Einstein 
field equations Ric|g] = Ag with negative constant Ricci scalar, in the signature 
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conventions of this book. The spacetime manifold is given by Mas = R x S3 and 
there exist coordinates where the metric is given by 


Gas = dt Q dt — a? cosh” (t/a) h, a= TER —coo<t<oo, (6.27) 


with A denoting the standard metric of the 3-sphere. Alternatively, there exist 
further coordinates (t, 7) in terms of which the metric of the de Sitter spacetime 
takes the form 


1 aes 1 Ra 
Gas = (1 + z~) dt & dt — (1 + z~?) df @ dr —F’c. (6.28) 


This metric is static for 7? > — 3). A discussion of the relation between various 
systems of coordinates can be found in Griffiths and Podolsky (2009). 

To construct a conformal extension of the de Sitter spacetime it is convenient 
to introduce a new coordinate T via the condition 


dt = acosh(t/a) dT. 


Fixing the constant of integration by requiring that T = 0 if t = 0 one obtains 


1 T 1 
T = 2a arctan et — z1 t= Intan (= ite ir) l 


or, equivalently tan(T/2) = tanh(t/2a). Using standard trigonometric identities 
the latter can be recast as 


faen, 
ane cosh(t/a) 


Thus, one concludes that 
Gas = a° cosh? t (dT @ dT — h). 


The latter expression suggests introducing the conformal factor 


ee et (6.29) 
-~ acosh(t/a) gon i 


so that the conformal metric tog is, again, that of the Einstein cylinder. It 
follows that the locus of points for which Zag = 0 corresponds to T = +37; 
notice that T > tin as t — too. In view of the latter, one defines future and 


past conformal infinity, respectively, as 


T(p) = ath, (6.30) 


The terminology for these sets will be justified in the next section. From the 
previous discussion it follows that the de Sitter spacetime is conformal to the 
domain 


Fig = {pe Me 


Mas = {pe Me 
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Figure 6.6 Conformal extension of the de Sitter spacetime. Left, conformal 
embedding of the de Sitter spacetime in the Einstein cylinder: the shaded 
region corresponds to the set Mas of Equation (6.31). Right, Penrose diagram 
of the de Sitter spacetime: the lines rı and I2 correspond to the axes of 
symmetry, while Ii and jg denote, respectively, future and past conformal 
infinity; see main text for further details. 


of the Einstein cylinder. Moreover, one sets 
Mas = Mas U Fig U Iig. (6.31) 


To construct the Penrose diagram of the de Sitter spacetime one considers the 
quotient domain Qas = Mgg/SO(3). The boundary Qas of the quotient 
manifold consists of the projection of the conformal boundary (to be denoted 
again by .%7,) and the two centres of symmetry I, and T3 given, respectively, 
by the conditions w = 0 and Y = m. A depiction of the Penrose diagram of the 
de Sitter spacetime is given in Figure 6.6, right panel. 


6.3.1 Behaviour of geodesics 


As in the case of the Minkowski spacetime, intuition about the conformal 
representation of the de Sitter spacetime can be obtained through the analysis 
of the behaviour of geodesics. For simplicity set A = —3 so that a = 1 in the line 
element (6.27). The geodesic equations can be found to be 


L 


t? — cosh? tw? =e, = 
Y . cosh? t 


where £ is a constant, e takes the values 1, 0 or —1 depending on whether one 
considers timelike, null or spacelike geodesics and ’ denotes differentiation with 
respect to an affine parameter s. As in the case of the Minkowski spacetime one 
distinguishes the following three cases: 
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(a) 
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Spacelike geodesics. The geodesic equations can be solved to yield 


t(s) = arcsinh (v é? — 1 sin(s — s.) f 

Y(s) = Y, + arctan (l tan(s — s,)), 
with s, and vy, real constants. Thus, it follows that the range of the 
coordinates is bounded and the geodesics remain in a compact region 
following the same path over and over. 
Timelike geodesics. For concreteness, consider future-pointing geodesics 
— the past pointing case is similar. The geodesic equations can be solved to 
give: 

t(s) = arcsinh (v é? + 1sinh(s — s.)) , 


W(s) = Ys + arctan (£ tanh(s — Ss)). 
It follows that for s > œ one has t > oo. Thus, one obtains the limit points 


= a w = Pp, + arctan £. 


The geodesics approach a definite point on the spacelike hypersurface Fk 
defined in (6.30). 
Null geodesics. In this case, the geodesic equations give the solution 


t(s) = arcsinh s, 
w(s) = Y, + arctan(és). 


From these expressions it follows, on the one hand, that if s > oo, then 


T T 
t> T => > P t, 
00, Do Potts 
while on the other, if s + —oo, then 
T T 
to - T > > Wy ; 
T OO, 9” yp p 2 


Hence, the null geodesics start and finish, respectively, at %)¢ and Fie, in 
antipodal points on $3. 


6.3.2 Conformal geodesics in the de Sitter spacetime 


As a consequence of the conformal invariance of conformal geodesics, the curves 
in the Einstein universe discussed in Section 6.1.3 are also conformal geodesics 
of the de Sitter spacetime. 

Making use of the relations gẹ = =3.ogqg and Je = Og» where © and Eas 
are the conformal factors given, respectively, by Equations (6.11) and (6.29), one 
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finds that Je = OŽşğags with Oas = OZas. A calculation using the first of the 
equations in (6.10) shows that 
= 4-7? 
Eas = acost =a | — }, 
a 4472 


where in a slight abuse of notation the coordinate T has been replaced by the 
parameter of the curves T. Hence, one finds that 


1 
Oas =a (1- i”) n 


so that Oas vanishes at T = +2. To construct the covector associated to the 
congruence of conformal geodesics consider Yas = =ag~'d=Eag. A calculation 
then shows that 


167 47 
Tags dz = dr. 
CET wage 


Letting Bas = B + Yas, it follows from the transformation laws for conformal 
geodesics in Section 5.5.2 that the pair (7(7), Bas(T)), with 


x(T) = (2arctans z.) ; Bag(T) = — ( A ) d7, (6.32) 


4-7 


is a solution to the ĝgg-conformal geodesic equations with parameter 7. Notice, 
in particular, that at the Cauchy surface given by 7 = 0 one has that G4¢(0) = 0. 

Following the discussion from the previous paragraph, the surface given by the 
condition 7 = —2 represents past null infinity .%7,. In some applications, one 
needs to prescribe initial data for the congruence of conformal geodesics at 474. 
In this case, it is convenient to introduce the further reparametrisation T = T+2 
so that 


gore nalts 27 —A x 
Oas =T— rae Bas = — (5) ds. 


6.4 The anti-de Sitter spacetime 


The anti-de Sitter spacetime is given by the manifold Maas © Rt equipped 
with the metric 


3 
Gaas = cosh” r dt Q dt — a? (dr @ dr +sinh? ro), a= us 


with ¢ € R and r € (0,00). Strictly speaking, this spacetime is the so-called 
universal covering space of the anti-de Sitter spacetime — the classical 
anti-de Sitter spacetime has a periodic time coordinate and, thus, closed timelike 
curves. As in the case of the de Sitter spacetime, it is possible to introduce 
coordinates (¢,7) in terms of which the metric takes the form 


1 are 1 E 
Jaas = (1 + i) dt & dt — (1 + a) dr @ dr —?o. (6.33) 
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As (in the signature conventions used in this book) A > 0, there are no horizons 
in the anti-de Sitter spacetime; see, for example, Griffiths and Podolsky (2009). 

To obtain a conformal representation of this spacetime, it is convenient to 
consider a new radial coordinate via the condition 


dr = cosh rdy, 


so that Y = 2arctan e” — ir. This condition is equivalent to tanw = sinhr. 
Hence, one has that w € [0, inl. Setting T = t/a, a calculation then shows that 


Saas = a" cosh” r (dT @ dT — hi). 


The latter suggests introducing the conformal factor 


Eads = =acosw. (6.34) 


cosh r 
Thus, the conformal metric Z2 s9 is, again, that of the Einstein cylinder. From 
the previous discussion it follows that the anti-de Sitter spacetime is conformal 
to the domain 


Maas = f» E€ Me 


osvo) <5} 


of the Einstein cylinder. Notice, however, that in contrast to the conformal 
representation of the de Sitter spacetime, the conformal anti-de Sitter spacetime 
does not cover the whole spatial sections of the cylinder. In particular, one has 
that the conformal factor Zaqg vanishes at yy = ir; that is, the conformal 
boundary is, in this case, a timelike hypersurface. Following standard usage, 
define the conformal infinity of the anti-de Sitter spacetime as 


Fads = f» E€ Me | ylp) = a 


One also defines 

Maas = Maas U Faas: (6.35) 
The Penrose diagram for the anti-de Sitter spacetime is constructed by consider- 
ing the quotient domain Qaas = Maas /SO(3) with boundary 0Qaas = Saas ULT 
where Saas denotes the projection of null infinity onto Og and T denotes the 
centre of symmetry given by the condition y = 0. A depiction of the Penrose 
diagram is given in Figure 6.7. 


6.4.1 Geodesics in the anti-de Sitter spacetime 


In what follows, for simplicity assume that À = 3 so that a = 1. Radial geodesics 
in the anti-de Sitter spacetime are described by the equations 


T= - 


cosh? rT? — r? =e =— zy 
cosh* r 


? 
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r Fads 


Figure 6.7 Conformal extension of the anti-de Sitter spacetime. Left, confor- 
mal embedding of the anti-de Sitter spacetime in the Einstein cylinder: the 
shaded region corresponds to the set Maas of Equation (6.35). Right, Penrose 
diagram of the anti-de Sitter spacetime: the line [ corresponds to the axis of 
symmetry, while Jaag denotes conformal infinity; see main text for further 
details. 


These equations can be obtained from those of the de Sitter spacetime by the 
replacements t > r, Y > T and e |> —e; see Section 6.3.1. Again, one has three 
cases to consider: 


(a) Spacelike geodesics. In this case, the geodesic equations can be solved to 
give 
r(s) = arcsinh (VP + Isinh(s — s4)) : 
T(s) = T, + arctan(étanh(s — s,)), 
with s, and T, real constants. Thus, for s + oo one obtains the limits 


r> œ, po n T > T, + arctan £. 


As a consequence, in the conformal representation, radial spacelike geodesics 
approach the conformal boundary aas. 

(b) Timelike geodesics. For simplicity only future-oriented geodesics are 
considered. The solution to the geodesic equations is then given by 


r(s) = arcsinh (ve — 1 sin(s — s.)) ; 
T(s) = T, + arctan (l tan(s — s,)). 


Accordingly, the coordinate r is periodic while 7r grows unbounded — the 
limit points of these curves are not in the Einstein cylinder. 
(c) Null geodesics. In this case, the solution to the geodesic equations is 
r(s) = arcsinhs, 
T(s) = T, + arctan s. 
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As a consequence of these equations one has the limits 


Ppa 


T 
r= œ, pro 5? 


2? 


as s + oo. Thus, in the conformal representation, the null geodesics end at 
the conformal boundary “jag. 


6.4.2 Conformal geodesics in the anti-de Sitter spacetime 


The methods used to construct conformal geodesics in the Minkowski and the de 
Sitter spacetimes can also be used in the anti-de Sitter spacetime. For conciseness, 
the discussion is restricted to the class of conformal geodesics arising from the 
curves (6.9) in the Einstein universe. 

Using that gẹ = =276Gaag and that Je = Og» where © and Zaag are the 
conformal factors given by Equations (6.11) and (6.34), one finds that Jẹ = 
O2asJaas» Where 


= 1 
Ouas = OZads = a cos Y (1 + i) y 
Letting 
Yaas = Z igdEaas = — tan ydy, 


one finds that the associated covector is given by 


= 1 
Baas = B+ Yaas = grat — tan ydy 
2T A2 
e d7 — tan ydy. 


The expression for the actual curve is, as in the case of the de Sitter spacetime, 
given by 


x(T) = (2arctan’, zs) ; (6.36) 


An important property of this non-intersecting congruence of conformal geodesics 
is that curves that for some value of the parameter 7 are at the conformal 
boundary Saag remain in it for all values of T; this observation follows from the 
fact that the curve given by Equation (6.36) is constant in the spatial directions. 


Remark. As arctan? > 51 as T > œ and 7 = 2arctan$7, the parameter T 
does not cover the whole Einstein cylinder and only exhausts the slab [—7, 7] x S3. 
In order to continue the conformal geodesic to other portions of the anti-de Sitter 
spacetime one has to introduce a reparametrisation of the curve by means of a 
fractional transformation as discussed in Lemma 5.1. 
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6.5 Conformal extensions of static and stationary 
black hole spacetimes 


A natural extension of the discussion of the previous sections is the analysis 
of the conformal structure of spacetimes describing black holes. The more 
complicated topology of these spacetimes and the presence of singularities and 
horizons make this analysis a much more challenging endeavour. In fact, several 
aspects of the conformal structure of static and stationary black holes are open 
research questions. 


6.5.1 The Schwarzschild spacetime 


The Schwarzschild spacetime, being static and spherically symmetric, is the 
simplest type of black hole spacetime. The Birkhoff theorem states that any 
spherically symmetric solution to the vacuum Einstein field equations with 
vanishing cosmological constant is, in fact, isometric to the Schwarzschild 
spacetime; see, for example, Misner et al. (1973). Moreover, the black hole 
uniqueness theorems show that the Schwarzschild spacetime is the only static 
black hole spacetime; see, for example, Chrusciel et al. (2012b) for an entry point 
to the extensive literature on this topic. 

The Schwarzschild metric is given in standard (t, r) coordinates by the line 
element 


2 2m\~" 
ee (-2) dt @ dt — (-2) dr @dr—r’o, (6.37) 
T r 


with m the so-called mass parameter. The reader interested in a discussion of 
the various aspects of the Schwarzschild spacetime is referred to, for example, 
Griffiths and Podolský (2009) and Hawking and Ellis (1973). 

To obtain a conformal extension of the Schwarzschild spacetime it is convenient 
to make use of coordinates adapted to the light-cone structure of the spacetime. 
Accordingly, one introduces the advanced and retarded null Eddington- 
Finkelstein coordinates 


u=t—r—2mlog|r— 2m], v=t+r+2mlog|r— 2m], 
so that the line element (6.37) transforms into 


2 
ie =3(1-) (du @ dv + dv @ du) — r’a, 


where the relation between r and the coordinates (u, v) is given implicitly by the 
condition 


1 
r + 2m log |r — 2m| = z% 7u) 
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The singular behaviour of the metric at r = 2m is then removed by means of a 
reparametrisation of the null coordinates. Namely, one sets 


Paani, V = 4me"/4™, 
so that one obtains 
Go La 2 dV +dV 9 dU) - r?o, (6.38) 
where r is now given implicitly by the condition 
UV = —8m(r — 2m)e"/?™. 


The horizon is then given by the condition UV = 0 while the singularity 
corresponds to UV = 16m?. The line element in Equation (6.38) is the so- 
called Kruskal-Székeres form of the Schwarzschild spacetime. It provides the 
maximal analytic extension of the Schwarzschild metric (6.37). Inspection of 
the admissible range of coordinates in Equation (6.38) shows that the resulting 
maximal manifold has the topology of R x R x S?. 

To compactify the Kruskal-Székeres form of the Schwarzschild metric one 
introduces a further coordinate transformation: 


U = arctan L ; V = arctan 2: 
4m 4m 


1 a al 1 = 
-zT SU < om, gt SV < 3m nLU+V < 5T. 


where 


It follows then that 
dU = 4msec? UdU, dV = 4msec? VaV, 
so that the line element (6.38) transforms into 


16m? 


Jo = sec? D sec? V ( 
r 


e™"/2m(dŬŪ @ dV + dV @ dU) — r? cos? U cos? ve) i 
It is, therefore, natural to consider a conformal factor of the form 

Ey = cos Ü cos V, 
so that gy = Egy is given by 


3 
5) 16m ent /2m 


gy = (dU & dV + dV 8 dU) — r?° cos? U cos? Vo, 


where r = r(U,V). This conformal metric is singular at r = 0 (the singularity). 
In order to discuss the structure of the conformal boundary of the Schwarzschild 
spacetime, it is convenient to introduce the coordinates 


T=V+Ù, w=V-U, 
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so that T € [—7,7], Y € [—7,7]. One sees that the maximal analytic extension 
of the Schwarzschild spacetime is conformal to the interior of the domain My C 
(—r, T) x [-1, 7] x S? with boundary given by 


Mo = Ff UFZ UFZ, UZ UilUBU Ud UT Us, 


where by analogy with the analysis of the conformal boundary of the Minkowski 
spacetime one defines the various components of null infinity as 


and the two components of spatial infinity as 
il ={T=0, Y =r}, il = {T =0, Y = =r}. 


Finally, the timelike infinities are given by 


šf = $1, va5ah, fa {T= an, p=- 


An analysis of the geodesics on the Schwarzschild spacetime justifies the name 
given to the various components of OM z. Observe that the singularities at r = 0 
are not included as part of the boundary 0M_¥. In this representation, the spatial 
infinities 7? and 72 can be seen to correspond to two points on the conformal 
manifold. Further properties of the conformal structure of the Schwarzschild 
spacetime — in particular, the nature of i? — will be analysed in the context of the 
conformal Einstein field equations in Chapter 20. Finally, the Penrose diagram of 
the Schwarzschild spacetime can be readily obtained by considering the quotient 
manifold Oy = M. ¥/SO(3); the resulting diagram is given in Figure 6.8. 


Conformal geodesics in the Schwarzschild spacetime 


A detailed analysis of a class of conformal geodesics in this spacetime can be 
found in Friedrich (2003a) where it is shown that the Schwarzschild spacetime 
can be completely covered by a (non-singular) congruence of conformal geodesics. 
This congruence is adapted to the spherical symmetry of the spacetime. 


6.5.2 Conformal extensions of other static, spherically 
symmetric spacetimes 


The procedure to construct a conformal extension of the Schwarzschild spacetime 
discussed in Section 6.5.1 can be generalised to include a wide class of static, 
spherically symmetric spacetimes. In this section, an adaptation of a general 
procedure given on Walker (1970) is discussed. This discussion illuminates the 
conformal diagram of a number of spacetimes. 
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Figure 6.8 Penrose diagram of the Schwarzschild spacetime. The null hyper- 
surfaces J and J} correspond to the four different components of null 
infinity, while the points i?, 73 and i], tg denote, respectively, the various 
locations of spatial and timelike infinities. The serrated lines denote the 
singularities, and #{~ and # > correspond to the various components of the 
horizon; see the main text for further details. 


In what follows, let (M,g) denote a spherically symmetric spacetime endowed 
with a further Killing vector ô+. The following considerations will be independent 
of the matter content of the spacetime; hence, the spacetime is not assumed to 
be a vacuum. Attention will be restricted to spacetimes in which it is possible 
to find coordinates (t,7) such that the metric g takes the form 


9 = F(r)dt @ dt — F(r)"'dr @ dr — ro. 


The coordinate r is an areal coordinate; that is, the area of a 2-sphere described 
by the conditions t = constant, r = constant is 47r?. The function F(r) is the 
norm of the Killing vector 0;. When F(r) > 0 the Killing vector 0; is timelike, 
and, thus, the metric g is static. 

To simplify the presentation, the subsequent analysis will make use of the 
quotient manifold Q = M/SO(3). The two-dimensional quotient metric ¥ 
induced by g on Q is given by 


4 = F(r)dt @ dt — F(r)~'dr @ dr. 


The Levi-Civita connection associated to the Lorentzian metric y will be 
denoted by Ď. Let « = (i, 7*) denote the tangent vector to an affinely parametrised 
geodesic in Q; here, and in what follows, a dot (`) denotes differentiation with 
respect to an affine parameter. The geodesic equation D,« = 0 can be integrated 
once to yield 


i= xF, =y -— eF, 


where x is a constant and € = ¥(#,x). As ¥ is a two-dimensional metric, the 
only invariant of the curvature of ¥ is the Ricci scalar R[Y] = F”, where ’ denotes 
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differentiation with respect to r. In the remainder of this section it will be shown 
that if F and F” are finite for all r € R, then every geodesic in Q can be extended 
until it is complete. If, on the other hand, F or F” become unbounded for some 
value r;, then only those geodesics along which r = r; within a finite affine 
distance from some point in a) are incomplete and inextendible; hence, a) and 
also M are singular. The extensions obtained from the following considerations 
are maximal. 


Elementary blocks. In what follows, assume that F has a finite number of 


zeros, to be denoted by a;, i = 1,...,n with a, <--- < an. If F approaches a 
constant finite value as r + oo, so that R[F] = F” — 0, then one can redefine 
coordinates so that lim,... F = +1. In this case Q is asymptotically flat and a 


null conformal boundary similar to that of the Minkowski spacetime can be 
constructed; an analogous discussion can be made in the case r > —co. A 
different possible asymptotic behaviour occurs when F becomes unbounded as 
r = oo. Using the de Sitter and the anti-de Sitter metrics in static form as 
given by Equations (6.28) and (6.33) one sees that the behaviour F > —oo and 
F + œ as r —> œ corresponds, respectively, to de Sitter-like and anti-de Sitter- 
like asymptotic regions. These regions can be compactified to obtain conformal 
boundaries similar to those of the de Sitter and anti-de Sitter spacetimes, that 
is, given, respectively, by spacelike and timelike hypersurfaces. 

When F vanishes, the orbits of the timelike Killing vector become null; that 
is, one has a Killing horizon. This suggests dividing Q into n + 1 regions 
(blocks). Each of these regions is bounded by two of the Killing horizons, by a 
Killing horizon and conformal infinity, or by a Killing horizon and a singular line 
at r =r; for r; fixed. The maximal extension of Q is found by gluing together 
elementary blocks along their boundaries (seams). In what follows, for a non- 
singular seam it will be understood one where F = 0 and F” is finite, while 
a singular seam will be one where F or F” (or both) are unbounded. Blocks 
can be glued together only along non-singular seams across which F” is smooth. 

In each region 


Q; = {(t,r) Ee Õ|tER, r € [ai asi ]}, 


fix some value r; € (ai, ai+1) of r and define null coordinates via 


usta f F~1(s)ds, nett f F- 


i 


In terms of these new coordinates the metric 7 takes the form 


1 
J= zF (r) (dui @ dv; + dv; ® du;). 


This form of the metric is smooth for u;, v; € R if F (r) is smooth. The coordinate 
r will be regarded as a function of (u;i, vi) given, implicitly, as the solution to the 
equations 
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1 e 1 
F(u u) = / F(s)ds, S(u tui) =t. (6.39) 
The construction can be extended to singular blocks by setting r; = ry. 


In the non-singular case, the integrals 


r Qi41 
/ F~'(s)ds, / F~1(s)ds, 


are divergent as the points r = a;i, aj;41 are poles of the integrand. From this 
observation together with the formulae in (6.39), assuming F > 0 in Q;, one 
deduces the limits: 


( 

(b) If r > aj41 and u; is finite, then v; > +00 and t > +00. 
(c) If r > a; and v; is finite, then u; > +00 and t > +00. 
(d) If r — a; and u; is finite, then v; > —co and t > —oo. 


a) Ifr > aj41 and vi is finite, then u; — —oo and t + —oo. 
c 


The setting described by the above limits is depicted in Figure 6.9, left panel. 
The coordinates (u;,v;) can be compactified via 


U; = arctan uji, V; = arctan vi, 


with U;, Vi € [—47, $7] so that ¥ can be rewritten as 
1 
y= go) sec” U; sec? V;(dU; ® dV; + dV; @ dU). (6.40) 


In what follows, for simplicity, given a regular block Q; with coordinate r € 
[a;,@;41], it is assumed that the zeros of F'(r) are such that 


1 1 
F(r) sec? U; sec? V; < 00 as U; > £57 or V; > E37- 


u= +00 v=- 


u= const. 


r=a; g ; $ b Tti 
N U=—0O 
7 Nw = oo 
r=a, N “T =i 
v=const. 
v= -00 u=—oo 
F>0 F<0 


Figure 6.9 Coordinates in a regular block without asymptotic regions; see 
main text for details. 
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Figure 6.10 Elementary blocks for the construction of Penrose diagrams: (a) 
non-singular block without asymptotic regions; (b) non-singular block with a 
null .¥; (c) non-singular block with a spacelike .¥; (d) non-singular block with 
a timelike .%; (e) block with a timelike singularity; (f) block with a spacelike 
singularity. 


In the case of blocks QO; with r € [a;, too) corresponding to asymptotic regions, 
the metric (6.40) allows us to read out a conformal factor. The particular form 
of the conformal factor depends on the particular nature of the asymptotic end: 


cosU;cosV; if F(r) > 1 asr > co 


sU;cosVi 
ee if F(r) > œo as r > co. 


JVF(r) 
The resulting construction can be depicted in a conformal diagram. 

The discussion of the case F < 0 in Q; is analogous. In this case the orbits 
of the Killing vector 0; are spacelike, and the hypersurfaces of constant r are 
timelike. The behaviour of the various coordinates in a regular elementary block 
is summarised in Figure 6.9, right panel. A depiction of the various elementary 
blocks is given in Figure 6.10. 


Flipping of blocks. The convention used in drawing the diagrams in Figure 6.9 
is that the coordinate r increases from left to right (if F > 0) and from bottom to 
top (if F < 0). As this is a mere convention, it is possible to flip the blocks about 
r;. This operation effectively interchanges the roles of u and v. In addition, as 
the metric ¥ is independent of the coordinate t, one has the discrete symmetry 
t +» —t which allows further flipping of blocks with respect to the surfaces of 
constant t — vertically if F > 0 and horizontally if F < 0. 


Gluing blocks. All geodesics such that r = a; for some finite value of the affine 
parameter are incomplete. These geodesics can be extended by gluing blocks 
along non-singular seams. The convention followed in gluing the blocks is that 
the time coordinate in each block, t if F(r) > 0 and r if F(r) < 0, changes 
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Figure 6.11 The two ways of gluing elementary blocks as discussed in the main 
text. In the configuration (1) the block On has been flipped about ri, while 
in configuration (2) it is necessary to invert its time orientation; see the main 
text for further details. 


vertically. Consider, for example, the gluing of a block Q;,, with F(r) > 0 
and a block Q; with F(r) < 0. By suitably flipping the blocks, they can be 
glued together in the two ways shown in Figure 6.11. Under the assumption 
that F” is smooth at r = aj;41 (and hence also the curvature), the gluing of 
blocks is equivalent to showing that the null hypersurfaces are continuous along 
the seams, that is, that there is a coordinate system covering both blocks in a 
neighbourhood of r = a;+1 in a smooth fashion. This construction is implemented 
through Eddington-Finkelstein type coordinates. 

As a first example consider configuration (1) of Figure 6.11 where the block 
O; is glued to a block Oi41 which has been flipped about r;. Direct inspection 
reveals that while advanced null coordinates exhaust at the gluing seam (i.e. 
they become infinite), a null retarded coordinate extends to the two blocks O; 
and (ener Accordingly, one sets 


du = dt — F~'(r)dr, 
so that 


J = F(r)du® du + (du & dr + dr & du). (6.41) 


Now, allowing r € [a;,a;42] one finds that the coordinates (u,7r) cover both 
blocks in configuration (1) of Figure 6.11 — the resulting combined block is shown 
in configuration (1) of Figure 6.12. In particular, the coordinate u is finite at 
r = 4j41 and the metric (6.41) is smooth for r € (ai, a;42). 

In order to perform the gluing in configuration (2) of Figure 6.11, one needs to 
flip the block Orsi about t. Direct inspection shows that for this configuration 
retarded null coordinates exhaust at the gluing seam. Accordingly, one introduces 
advanced null coordinates 


dv = dt + F~! (r)dr, 
so as to obtain 


y = F(r)dv ® dv — (dv ® dr + dr @ dv). (6.42) 
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Figure 6.12 The two composite blocks obtained from the the gluing procedures 
in Figure 6.11. 
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Figure 6.13 Gluing applied to three blocks simultaneously. A fourth block can 
be glued using the Kruskal construction — see the main text for further details. 


The coordinate v is finite at r = aj1. Thus, the pair (v, r) covers the composite 
block. One can verify that the metric (6.42) is smooth for r € (ai, ai+2); the 
resulting combined block is shown in configuration (2) of Figure 6.12. 


Gluing a la Kruskal. The gluings discussed in the last paragraphs can be 
performed simultaneously; the resulting configuration is shown in Figure 6.13. 
In addition, one could also glue a further region Ong obtained from Ona by 
applying the reflection in the time coordinate. Notice, however, that the point 
p is not covered by either of the coordinates (u, r) and (v, r). Depending on the 
particular form of F (r) it may be possible to obtain a single coordinate patch for 
the four blocks; this is the case, for example, in the Schwarzschild spacetime. The 
procedure to do this makes use of a generalisation of the Kruskal coordinates; 
see Figure 6.13. The general strategy is to find coordinates (U,V) such that the 
metric takes the form 
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y =G(r)(dU & dV + dV @ dU), 


where G is bounded and non-zero at r = aj). Since U = U(t,r) and V = V(t, r) 
one readily finds the conditions 


GO,U0,V = F, 0,U0,V + 0,U0,V = 0, GO,U0,V = —Fo". 
It can be verified that a solution to the above is given by 


U(r) =aexp (w+ fF), V(r) = emp (r+ a): 


aoe wo a ( 2b 5) , 


where a and b are constants. The function G(r) given by the above formulae 
can be singular. The key point in the construction is to analyse whether the 
constant b can be chosen so that G(r) is bounded and non-zero at r = ai+1. As 
an illustration, in the case of the Schwarzschild spacetime one has that 


a 2 E 1 1—4mb .—2br 
F(r)=1- oe so that G(r) = pap — 2m) ET OE 


Hence, choosing b = 1/4m one has 


2 
G(r) _ 16m ent /2m 

r 
which is bounded and non-zero at r = 2m, the location of the horizon. 
By contrast, in the case of the extremal Reissner-Nordström spacetime — see 
Equation (6.43) — one has 


b2 r—m 


2 1 2p 
F(r)=(1-") so that G(r) = G(r — m)? exp (20 „óm ) 


In this case one cannot find a value of b which makes G(r) finite and non-zero 
at r = m. In particular, the choice b = 1/2m yields 


1 
G(r) = —; exp (-2+ zal |: 


4m r-m 


which is singular at r = m. More generally, if F(r) is a rational function, it can 
be shown that the value b can be chosen so that G(r) is finite and non-zero at 
r = ai41 tf ai41 is a non-repeated zero of F (r); see Walker (1970) for the details 
of the proof. 
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Some examples 


The procedure described in the previous paragraphs can be employed to 
construct the Penrose diagrams and conformal compactifications of a number of 
well-known spherically symmetric spacetimes. In particular, one has the following 
(details can be found in the given references): 


The non-extremal Reissner-Nordstr6m spacetime. This is the solution to 
the Einstein-Maxwell field equations given by the metric 


i 2m gq? 2n a 5 
g= |1- — +3 ]|dt8dt 1 Foa dr &dr-r“o, 

r r r r 
with q? < m?. In this case F(r) = 1-2m/r+q?/r? has two zeros. One can identify 
three elementary blocks: an asymptotically flat region, a standard regular block 
and a block with a timelike singularity. In this case Kruskal’s construction can 
be employed to glue four blocks simultaneously. The resulting Penrose diagram 
is given in Figure 6.14; see Carter (1973). 


Figure 6.14 Penrose diagram of the Reissner-Nordstrém spacetime in the non- 
extremal (g < m?) case. The points i? correspond to the various spatial 
infinities, the points 7~ to future and past timelike infinity, respectively, and 
the lines .4~ to the various components of null infinity. The dashed lines 
H= correspond to the various horizons. Finally, the serrated lines denote the 
singularities. 
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Figure 6.15 Penrose diagram of the Reissner-Nordstrém spacetime in the 
extremal case (¢? = m’). The point i° corresponds to spatial infinity, the 
points i~ to future and past timelike infinity, respectively, and the lines J+ 
to the various components of null infinity. The dashed lines labeled by # 
correspond to the various horizons. Finally, the serrated lines denote the 


singularities. 


The extremal Reissner-Nordstr6m spacetime. This is the particular case 
of the Reissner-Nordstrém spacetime for which q? = m?. The metric is given by 


g=(1-™) atadt—(1-™) arodr- ro. (6.43) 


In this case, one has a double zero of F(r) = (1 — m/r)?. Thus, one cannot 
make use of Kruskal’s construction. One can identify two elementary blocks: an 
asymptotically flat one and a block with a timelike singularity. The resulting 
Penrose diagram is given in Figure 6.15; see Carter (1966a, 1971). An interesting 
property of the extremal Reissner-Nordstrém spacetime is that it is conformally 
invariant under a certain spatial inversion; see Couch and Torrence (1984). This 
discrete conformal symmetry can be used to relate properties of null infinity with 
properties of the horizon; see Bizon and Friedrich (2012). A similar symmetry 
exists for a particular combination of the parameters in the Reissner-Nordstr6m- 
de Sitter spacetime; see Braénnlund (2004). 


The Schwarzschild-de Sitter and Schwarzschild-anti de Sitter space- 
times. The metric for these spacetimes is given by 


7 2m 1, 4 2m 1, x =i 2 
g= re 4 dt ® dt — L=- ger dr ® dr — ro, 
r r 


where it is assumed that m > 0. If A > 0 (the anti-de Sitter case), then it can be 
verified that F(r) = 1 — 2m/r — Ar?/3 has only one real root corresponding to a 
black hole-type horizon. The resulting diagram is given in Figure 6.16. If A < 0 
(the de Sitter case) and 0 < —9\m? < 1, then F(r) can be shown to have two 
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Figure 6.16 Penrose diagram of the Schwarzschild-anti de Sitter spacetime. 
The vertical lines .% denote the two components of conformal infinity, while 
the dashed lines labeled by #~ denote the various components of the horizon. 
The serrated lines denote the singularities. 


ugh Sal 
a Oa ono anes = 
: He N Hh He 
I I 


Figure 6.17 Penrose diagram of the Schwarzschild-de Sitter spacetime. The 
horizontal lines labeled by -4~* correspond to the various components of 
conformal infinity. The dashed lines #2 and “ denote, respectively, the 
cosmological and black hole horizons. The serrated lines indicate the location 
of the singularities. 


positive real roots corresponding, respectively, to a black hole-type horizon and 
a cosmological type horizon. The resulting blocks can be arranged in a periodic 
diagram as given in Figure 6.17; see, for example, Griffiths and Podolsky (2009). 
In this case it is also possible to make topological identifications; see Beig and 
Heinzle (2005). The cases —9\m? = 1 and —9\m? > 1 correspond, respectively, 
to the so-called extremal and hyperextremal cases. 

Other examples of spacetimes amenable to the general construction described 
in this section are the Nariai solution, the Reissner-Nordstrém-de Sitter and the 
Reissner-Nordstr6m-anti de Sitter solutions; see, for example, Brill and Hayward 
(1994) for a detailed discussion. 


6.5.3 Extending across the conformal boundary 


In Schmidt and Walker (1983) it has been observed that the conformal represen- 
tations of some spacetimes can be extended across the conformal boundary. In 
the case of the Schwarzschild solution this is best seen by considering the metric 
written in terms of a retarded null coordinate: 


2 
jas (1-2) du 9 du + (du 8 dr + dr @ du) — ro, (6.44) 
Tr 
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where, in particular, u € R. Defining @ = 1/r, a calculation yields that 
Jy = 0 (1 — 2mo) du ® du — (du & do + do 8 u) — ø. (6.45) 


In this representation, future null infinity .4+ is given by the condition ọ = 0. 
The key observation is that the metric (6.45) can be analytically extended by 
allowing o to take negative values. To identify the spacetime on the other side 
of J+ one undoes the conformal rescaling to obtain 


1 1 
Gah amg dugdu a dee d g; 


where @ € (—co,0). To bring the metric to a more familiar form one introduces 


new coordinates 7 = —1/ọ, v = u and defines Mm = —m, so that 
R 2n\ a 7 _ - ~o o2 
Jy = l- -7 di © di — (dt 8 dF + dr & dd) — Fo, (6.46) 


with 7 € (0,00) and ð € R. The metric (6.46) corresponds to the negative 
mass Schwarzschild spacetime in advanced null coordinates. The null 
hypersurface t of the conformal extension of the original (positive mass) 
Schwarzschild spacetime corresponds to the null hypersurface %~ of the negative 
mass Schwarzschild spacetime. It is important to point out that the spacetimes 
described by the metrics (6.44) and (6.46) are causally disconnected; however, 
at the level of the conformal structure, they are an extension of each other. This 
situation is depicted, at the level of Penrose diagrams, in Figure 6.18. 

The ideas described in the previous paragraphs can be used to construct so- 
called maximal conformal extensions of the Schwarzschild spacetime. 
Further details can be found in Schmidt and Walker (1983). The construction 
described in this section can be adapted to other spacetimes, for example, the 
Reissner-Nordstr6m solution. 


Figure 6.18 Extending the conformal structure of the Schwarzschild spacetime 
through null infinity. The future null infinity of the positive mass Schwarzschild 
spacetime is identified with the past null infinity of the negative mass 
Schwarzschild spacetime, see main text for further details. The points denoted 
by white dots are excluded from the discussion. 
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6.6 Further reading 


The discussion presented in this chapter has been restricted to the analysis of the 
conformal structure of static, spherically symmetric spacetimes. Some aspects of 
this discussion can be adapted to the analysis of other exact solutions like the 
Kerr and Kerr-Newman spacetimes; this is discussed in, for example, Carter 
(1973), Hawking and Ellis (1973) and Griffiths and Podolsky (2009). Another 
class of spacetimes amenable to an explicit discussion of its conformal structure is 
that of the Friedman-Lemaitre-Robertson-Walker (FLRW) cosmological models; 
see again Hawking and Ellis (1973) and Griffiths and Podolsky (2009). 

An alternative discussion of Penrose diagrams of spherically symmetric 
spacetimes which allows for dynamic configurations can be found in appendix C 
of Dafermos and Rodnianski (2005). The idea of a Penrose diagram can be 
adapted to the analysis of suitable two-dimensional timelike totally geodesic 
hypersurfaces of non-spherically symmetric spacetimes. This idea has been 
particularly fruitful in the case of the Kerr and Kerr-Newman spacetime; see, 
for example, Carter (1966b, 1968, 1973), Hawking and Ellis (1973) and Griffiths 
and Podolsky (2009). This strategy, has been adapted to a variety of situations 
in Chruściel et al. (2012a). 


7 
Asymptotic simplicity 


The analysis of the conformal structure of exact solutions carried out in 
Chapter 6 exhibited a number of common features among the various spacetimes 
considered. The most conspicuous one is that they all admit a smooth conformal 
extension which attaches a boundary to the spacetime. This conformal boundary 
represents points at infinity. It is natural to ask whether this property is 
shared by a larger class of spacetimes. This question leads to the notion of 
asymptotic simplicity. In formulating this notion one tries to strike a delicate 
balance: the definition should be strong enough so that it excludes clearly 
pathological situations, but at the same time it should leave enough room to 
include interesting spacetimes that go beyond the obvious explicit examples. 
The original definition of asymptotic simplicity is due to Penrose (1963, 1964, 
1965). This definition has had a lasting influence on the field of mathematical 
relativity, in general, and in the applications of conformal methods to the analysis 
of global properties of spacetimes, in particular. 


7.1 Basic definitions 


The following definition of asymptotic simplicity is adapted from Hawking and 
Ellis (1973): 


Definition 7.1 (asymptotically simple spacetimes) A spacetime (M, g) is 
said to be asymptotically simple if there exists a smooth, oriented, time- 
oriented, causal! spacetime (M,g) and a smooth function = on M such 
that: 


(i) M is a manifold with boundary = 0M. 
(ii) E>0 on M\ ¥, and==0, dEF0 on I. 


1 A causal spacetime is one in which there exist no closed timelike or null (i.e. causal) curves; 
see also Chapter 14. 
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(iii) There exists an embedding y : M —> M such that (M) =M\ I and 
gg = Gg. 
(iv) Each null geodesic of (M,g) acquires two distinct endpoints on I. 


The spacetime (M,g) is called the physical spacetime, while (M,g) is 
known as the unphysical spacetime. The boundary J is generally known as 
conformal infinity. In the cases where -¥ corresponds to a null hypersurface 
one calls it null infinity. More informally, J is also called scri? — a shortened 
version of script I. In a slight abuse of notation, one usually identifies M and 
M \ F so that one writes g = =7g; see, for example, the examples discussed in 
Chapter 6. In what follows phrases like “at infinity” are to be understood as 
meaning in a suitable neighbourhood of J in M. 

Definition 7.1 allows for a non-vanishing matter content. Spacetimes for which, 
in addition, one has that Ra, = 0 in a neighbourhood of J in y~!(M) are 
sometimes called asymptotically empty and simple. 


Remarks 


(a) Restriction on the conformal class. Definition 7.1 imposes restrictions 
only on the conformal class of the admissible spacetimes (M, gq). It does not 
single out any specific conformal representation; that is, it does not provide 
a canonical unphysical spacetime (M, g). 

(b) Conformal infinity is a hypersurface. The boundary J as introduced 
in point (i) in Definition 7.1 is a well-defined three-dimensional hypersurface 
of M with normal given by d&. In particular, sets where d= = 0 — such as 
spatial infinity i° and the timelike infinities i+ of the Minkowski spacetime — 
are excluded from J. Points of this type, if present, will still be regarded as 
belonging to the conformal boundary but will be treated separately. 

(c) Conformal infinity is at infinity. Points (ii) and (iii) of Definition 7.1 
ensure that the boundary -¥ shares the key properties of the null infinity of 
the Minkowski, de Sitter and anti-de Sitter spacetimes. To see that this is the 
case one needs to analyse the behaviour of null geodesics. The transformation 
behaviour of null geodesics under conformal rescalings has already been 
discussed in Section 5.5. In what follows, let s and s denote, respectively, 
g-affine and g-affine parameters of a null geodesic y C M. It follows then 
that s and s are related to each other by the equation 

dš 1 

ds =? 
Without loss of generality, one can choose the unphysical affine parameter 
s to vanish at J; that is, E = O(s%) along the null geodesic with a > 0. 


2 Remarkably, the word scri is pronounced in the same way as the Polish word scraj meaning 
boundary. 
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Now, as d= Æ 0 at J, one concludes that, in fact, a > 1. Hence, § > co as 
= > 0 - that is, from the physical point of view (as measured by the affine 
parameter §) the null geodesic never reaches the conformal boundary I. 
Thus, the conformal boundary lies at infinity from the perspective of the 
physical metric g. 

Smoothness of the conformal extension and decay. As will be 
discussed in Chapter 10 the smoothness assumption in Definition 7.1 imposes 
a sharp decay behaviour on the gravitational field at infinity — in particular, 
it leads to what is known as the peeling behaviour of the Weyl tensor. 
There are variations of Definition 7.1 in which the smoothness requirement 
is relaxed to admit conformal extensions of class C* for some suitable 
positive integer k; see Penrose and Rindler (1986). The physical relevance 
of these weaker regularity conditions is a delicate technical point which 
cannot be satisfactorily assessed by just looking at specific examples. These 
weaker regularity conditions lead to a different asymptotic behaviour of the 
gravitational field. 

Matter and causal nature of null infinity. As already mentioned, 
Definition 7.1 allows for the presence of matter in the spacetime. If the 
energy-momentum tensor of the matter models has a suitable decay at 
infinity, then the causal nature of J is fixed by the sign of the cosmological 
constant A: it is spacelike if A < 0, null if A = 0 and timelike if A > 0; see 
Theorem 10.1. 

The completeness requirement. Point (iv) in Definition 7.1 is a com- 
pleteness condition which, in particular, excludes spacetimes such as the 
Schwarzschild solution in which there exist null geodesics which do not reach 
J —not only those falling into the black hole region, but also those lying in 
the photon sphere at r = 3m; see Wald (1984). 

Regular solutions which are not asymptotically simple. That a 
spacetime is smooth and geodesically complete is not a guarantee that it 
admits a smooth conformal extension. An example of this is given by the 
so-called Nariai spacetime described by 


M =R x (S! x S?), g = dt ® dt — cosh? tdy) 8 dw — o, (7.1) 


which is a solution to the vacuum Einstein field equations with A = —1. 
In addition to being geodesically complete, the Nariai spacetime is also 
globally hyperbolic; see Section 14.1. Remarkably, the Nariai spacetime does 
not even admit a patch of a conformal boundary. To see this, assume one has 
a conformal extension with the required properties. The standard conformal 
transformation laws imply that 


C pO ea = =* Capea er. 


Thus, if the solution admits a smooth conformal extension, then 
Cabcea C4 = 0. On the other hand, a direct computation with the line 
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element (7.1) shows that Capea 4 = constant # 0. This is a contradiction, 
and accordingly there cannot exist a piece of conformal boundary which 
is C?. This argument is adapted from Friedrich (2015a); an alternative 
topological argument has been given in Beyer (2009a). 


In order to consider spacetimes for which the completeness condition (iv) 
in Definition 7.1 does not hold, one introduces the further notion of weakly 
asymptotically simple spacetimes, that is, spacetimes whose asymptotic 
region is diffeomorphic to that of an asymptotically simple spacetime. More 
precisely, one has the following: 


Definition 7.2 (weakly asymptotically simple spacetimes) A spacetime 
(M,g) is said to be weakly asymptotically simple if there exists an asymp- 
totically simple spacetime (M',g’) and a neighbourhood U' of S! = OM! such 
that p41 (U')N M' is isometric to an open subspace U of M. 


Basic examples of asymptotically simple spacetimes have been given in 
Chapter 6. Notoriously, all the given examples are time independent. More 
generally, it can be shown that stationary solutions to the vacuum equations 
Ray = 0 with a suitable behaviour at infinity are at least weakly asymptotically 
simple; see Damour and Schmidt (1990) and Dain (2001b). Thus, it is natural 
to ask whether there are dynamic solutions to the Einstein field equations. At 
the level of exact solutions, the closest examples are given by the spacetimes 
known as boost-rotation symmetric spacetimes — see, for example, Bičák 
and Schmidt (1989), Bičák (2000) and Griffiths and Podolský (2009) — and in 
particular the so-called C-metric — see Ashtekar and Dray (1981). All these 
exact solutions contain some pathologies (e.g. naked singularities, piercing of 
null infinity) which prevent them from being true examples of asymptotically 
simple spacetimes. 

A detailed discussion of the properties of asymptotic simple spacetimes 
requires the conformal Einstein field equations and is deferred to Chapter 10. 


7.2 Other related definitions 


The definition of asymptotic simplicity makes neither reference to nor restricts 
the behaviour of the conformal spacetime (M,g) at spatial infinity. Several 
authors have introduced more refined definitions of asymptotic simplicity in 
which further requirements on the behaviour of the gravitational field at null 
infinity are prescribed, as in, for example, Persides (1979), or at spatial infinity, 
as in the concept of asymptotically empty and flat spacetime at null and 
spatial infinity of Ashtekar and Hansen (1978); see also Persides (1980). Similar 
ideas have been pursued by a number of authors in an attempt to analyse the 
structure of timelike infinity; see, for example, Persides (1982a,b), Porrill (1982), 
Cutler (1989) and Herberthson and Ludwig (1994). 
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The aim of the definitions mentioned in the previous paragraph and similar 
other proposals for the analysis of the asymptotic structure of spacetime is to 
identify a minimal number of assumptions on the asymptotic structure which, in 
turn, can be used to develop a formalism to construct physical and geometrical 
notions of interest. A critique to this approach is that, a priori, they do not 
provide any information on the genericity of the assumptions or on the size of the 
class of spacetimes they contain. Moreover, it is not clear how these spacetimes 
can be constructed. As pointed out in Geroch (1976), pages 3-4: 


Conditions too strong will have the effect of eliminating solutions which 
would seem clearly to represent isolated systems; conditions too weak may 
have the effect of admitting too many solutions, or what is worse, may 
result in a structure which is so weak that potentially useful aspects of the 
asymptotic behaviour of one’s fields are lost in a sea of bad behaviour -- - 
There are no correct or incorrect definitions, only more or less useful ones. 


The point of view pursued in this book is that rather than making assumptions 
on the nature of spatial, null or timelike infinity, the structures of the conformal 
boundary of a spacetime should arise as a result of the evolution of some initial 
data set for the Einstein field equations. 


7.3 Penrose’s proposal 


Asymptotically empty and simple spacetimes (i.e. spacetimes with a vanish- 
ing cosmological constant and matter suitably decaying at infinity) play an 
important role in the approach to the analysis of isolated systems in general 
relativity put forward by Penrose (1963, 1964). The notion of an isolated system 
is a convenient idealisation of astrophysical systems where the effects of the 
cosmological expansion are ignored. This notion allows one to define concepts of 
clear physical interest such as the total energy of a system or its mass loss 
due to gravitational radiation. Intuitively, an isolated system should behave 
asymptotically like the Minkowski spacetime. Penrose, based on earlier work by 
Bondi et al. (1962) and Sachs (1962b), takes this idea further; see also Friedrich 
(2002, 2004): 


Penrose’s proposal. Far fields of isolated gravitating systems behave like those 
of asymptotically simple spacetimes in the sense that they can be smoothly 
extended to null infinity after a suitable conformal rescaling. 


In other words, if a spacetime (M,g) describes an isolated system, then it 
should be weakly asymptotically simple. 

As pointed out in Remark (d) earlier in the chapter, the requirement of 
smoothness results in a very definite decay behaviour of the gravitational field at 
infinity. Whether this behaviour is actually realised in solutions to the Einstein 
equations, and if so to what extent, is a delicate question which will be analysed 
in later chapters of this book. 
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7.4 Further reading 


The literature on asymptotic simplicity and other definitions of asymptotic 
flatness is dauntingly vast and is best accessed through reviews. There are a good 
number of references covering various periods and aspects of the topic. Penrose 
(1964, 1967) gives an overview of the early ideas and results on asymptotic 
simplicity; Geroch (1976) provides a good discussion on the physical motivation 
of the study of isolated systems in general relativity, the notion of conserved 
quantities and asymptotic symmetries; Schmidt (1978), Newman and Tod (1980) 
and Ashtekar (1980, 1984) provide alternative discussions of these topics and 
Friedrich (1992, 1998a, 1999) provides reviews of the notion of asymptotic 
simplicity from the point of view of the conformal Einstein field equations and 
the construction of global solutions. More recent reviews of the topic can be 
found in Frauendiener (2004), Ashtekar (2014) and Friedrich (2015a). 
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The conformal Einstein field equations 


To use conformal rescalings to analyse the global existence of asymptotically 
simple spacetimes one requires a suitable conformal representation of the 
Einstein field equations. The naive direct approach to this problem is to make use 
of the transformation law of the Ricci tensor. However, this leads to equations 
which are singular at the conformal boundary, so that the standard theory 
of partial differential equations (PDEs) cannot be applied. Remarkably, by 
introducing new variables, it is possible to obtain a system of equations for 
various conformal fields which is regular even at the conformal boundary and 
whose solutions imply, in turn, solutions to the Einstein field equations — this 
construction was first done in Friedrich (1981b). These equations are known as 
the conformal Einstein field equations. 

This chapter provides derivations of two versions of the conformal field 
equations introduced by Friedrich: the so-called standard conformal Einstein field 
equations written in terms of the Levi-Civita connection of a conformally rescaled 
(unphysical) spacetime, and the extended conformal field equations which are 
given in terms of a Weyl connection. These two versions of the conformal 
equations can be expressed in tensorial, frame or spinorial form. The presentation 
in this chapter allows for the presence of general classes of matter models. It also 
provides a discussion of some basic properties of the equations, in particular, 
their conformal covariance and their relation to the Einstein field equations. 


8.1 A singular equation for the conformal metric 


Assume one has two spacetimes (M,g) and (M,g) which are related to each 
other by means of a conformal transformation given by 


Jab = E’ Gan. (8.1) 


Following the conventions of Section 7.1, (M, g) is called the physical space- 
time, while (M, g) is known as the unphysical spacetime. For simplicity, the 
discussion in this section is restricted to the case Rap = 0. 
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From the discussion in Chapter 5, the conformal rescaling (8.1) implies the 
transformation law 


Rep = Rap — 221 Va Vek — gang (2 1VeVaE — 32 2V-EVaE) (8.2) 


for the Ricci tensor. Combining this expression with the vacuum Einstein field 
equations one obtains the following conformal vacuum Einstein field equation: 


i — mol T kiran m2 asuco 
Rab = 9 Iab =-22 (VaVo= = VeV Egab) — 35 Ve2V =9ab- (8.3) 


The latter equation can be interpreted as an Einstein field equation for the 
unphysical metric g with an unphysical matter with energy-momentum tensor 
Tab given by 


Tab = —2871 (Va VvE — VeV Egan) — 3E? V 2V Eagan: 


Equation (8.3) contains factors of =~! which become singular at = = 0. Following 
the discussion of Chapter 7, such points correspond to the conformal boundary of 
the spacetime — a region of the unphysical spacetime (M, g) for which one would 
like to be able to make analytic statements. This is not possible for Equation (8.3) 
as the standard theory of PDEs assumes equations which are formally regular. It 
is important to observe that multiplying Equation (8.3) by =? does not improve 
the state of affairs as one has then an equation whose principal part (i.e. the 
terms containing the higher order derivatives) vanishes at = = 0. 


8.2 The metric regular conformal field equations 


In what follows, it will be shown that by introducing new variables and 
reinterpreting old ones, it is possible to obtain a set of equations which is regular 
even at the conformal boundary. Under suitable conditions, a solution of this 
system implies a solution to the physical Einstein field equations. 

The analysis of this section assumes a general matter content of the spacetime 
so that 


Rav — T Pan + Gav = Tas (8.4) 
and 
Aaa area 
From the above it follows directly that 
R=4\—-T, (8.5a) 


1 ~ 1 ~ 1 ~ 1 ~ 
g fap + Ja Gan = -Tab F -=(à <7 T) Jab, (8.5b) 


La 
b 2 6 


where T = gTa and La denotes the physical Schouten tensor. 
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8.2.1 The regularisation of the transformation law 
for the Schouten tensor 


The starting point of the construction is the singular transformation law for 
the Ricci tensor given by Equation (8.2). In practice, it is more convenient to 
work with the Schouten tensor than with the Ricci tensor. The analogue of 
Equation (8.2) for the Schouten tensor is given by 


a 1 
Lap = Lab — 271V, VE oe p= VcEVE Jab: (8.6) 


Formally, the most singular term in this equation is jEr 2V EVE. From the 


transformation law 


= Z7? Ř — 6271 V.V°E + 128 2V EVE, (8.7) 
it follows that 
1 eS 9 i 
B?V.=Ws = — z7 + -271V.W°E. : 
SV .EVE= (R- *B) + E7 VV (8.8) 


The right-hand side of the last expression contains the singular term -132R 
Yet substituting Equation (8.8) into (8.6), some cancellations occur. Making use 
of Equation (8.5b) one obtains 


1 ~ 1 ~ 1 z 1 
La OG O- ja E VV (R- 2a Re) abt EVV Ege 
bt ot el ) Gab b +34 Gar+7= Jab- 
Now, defining the Friedrich scalar 
P aanre 
and writing E7? Rgab = Rab, one obtains 
1. 1 1 ~ Tns 
La = Te } T Ja = ab; 
b= 5 Tas (ia 5 silt) dua = -VaV E + Et sgab 
t L =-1 el 
= gla Lb gf Gav -E = VaVo=t+= Sab, (8.10) 


where in the last expression, Equation (8.5a) has been used. The last expression 
brings about the question of the tronpioniation law for the energy-momentum 
tensor Tap upon the conformal rescaling g = =? ğ. As Ty» is not a geometric object 
derived from the metric g and concomitants thereof, one is free to choose the 
transformation law which best suits the analysis. As will be further elaborated in 
Chapter 9, a convenient choice is to define the unphysical energy-momentum 
tensor Tap as 


It follows then that 


1 - l=. ofr 1 lee 
Tab T Jab = = (STs sTo) = 37 Tab}: (8.11) 
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where T = g®Ta» so that T = =T and T {ab} denotes the g-trace-free part of 
Tap. Substituting Equation (8.11) into Equation (8.10) one obtains 


La = EET a) — 2 tV VoE + E7! sgab. (8.12) 
This last equation still contains formally singular terms. To get around this 
problem, one reads it not as determining the components of the conformal metric 
g contained in Lab, but as conditions on the second covariant derivative of the 
conformal factor =. Adopting this point of view, and multiplying Equation (8.12) 
by = one obtains 


1 
Va VE = —ELab + SJab + 35 Tab) (8.13) 


Equation (8.13) promotes the fields s and Las to the level of unknowns for which 
suitable equations need to be constructed. This will be done in the following 
sections. 


8.2.2 The equation for s 


In order to construct an equation for s, one applies Ve to Equation (8.13) and 
obtains 


VeVaVo= — —VeeLa = EV Lab + V c8G9ab 
3_ — 1_ 
+ 5= VeET ab} + 3 Vel tab}: (8.14) 


By commuting covariant derivatives, the right-hand side of this equation can be 
rewritten as 


VeVaVo2 = VaV eVo E = Be tcaVa= 
Hence, contracting the indices and ¿ one finds that Equation (8.14) implies 
Val V VE) + Rea V E = — Lea V E — EV Lac + Vas 
+ EVET ac} + y (8.15) 


Now, the definition of the field s, Equation (8.9), implies that 


1 1 
Val VVE) = 4Vas — g VeR — gree 
Using this expression in (8.15) and observing that 
1 
Rab = 2Lab + =RGad, (8.16) 


6 


one obtains 


E cz = 0c 3—2 ca l-3 € 
3Vas— g VaR = —3 Lae V E — EV" Lae + a= V ET fac} + 3" V Tracy 
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Now, let Gap = Rab — $Rgab denote the Einstein tensor of the metric g. One has 
that V°Gap = 0. This last equation can be rewritten in terms of the Schouten 
tensor as 


1 
V'Lea — VaR = 0. (8.17) 


Making use of this last expression one obtains 
ca l2 cea Les g 
Vas = —LacV E + a0 VET acy + 57 NET ead: (8.18) 


This is a suitable equation for s. 


8.2.3 The equations for the curvature 


Equation (8.13) brings the unphysical Schouten tensor La» into play. Thus, one 
needs to obtain an equation which can be regarded as a differential condition 
on Lab. The natural place to look for such an equation is the second Bianchi 
identity; see Section 2.4.3. In Section 5.2.2, it has been shown that the second 
Bianchi identity together with the decomposition of the Riemann tensor in terms 
of the Weyl and Schouten tensors lead to the expressions 


Vela — Vales = Val" beds 

VeLar — Valeo = VaC bea} 
compare Equations (5.11) and (5.13). As it stands, the second of the above 
equations is not a satisfactory differential condition for Lap as it contains, in 
its right-hand side, the divergence of the Weyl tensor. One needs to find an 
expression for the latter in terms of undifferentiated fields. Observe that the 
right-hand side of this equation can be expressed in terms of the physical energy- 
momentum tensor Ta» using formula (8.5b). This will not be done at this point. 


Instead, it is more convenient to expresses it in terms of the physical Cotton 
tensor Y.qp = VeLab — Valco, so that 


Va ned = Yoav. (8.19) 


Now, one would like to express the divergence Val bed in terms of an expression 
involving the covariant derivative V. For this, one makes use of the identity 


Vile: (OC gaa) = EVO bea} 
see Equation (5.8). Making use of the latter in Equation (8.19) one obtains 
Vie Og) SS Yoa. 


This equation seems to lead to a dead end because of the =~! terms appearing on 
both sides, and which do not cancel out. However, defining the rescaled Weyl 
tensor 


a bed = ame Oars (8.20) 
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and the rescaled Cotton tensor 

Teab = 1 Y can, (8.21) 
one obtains the formally regular equation 

Vad” bea = Tegi: (8.22) 


This last equation suggests that the Weyl tensor C®pca be replaced by the rescaled 
Weyl tensor d'ca in the construction of a regular set of conformal field equations. 
In Chapter 10 it will be seen that the definitions of d'vca and Tea are justified in 
the sense that under suitable assumptions the tensors d%pcq and Trap are regular 
at the points where = = 0; see, in particular, Theorem 10.3. 

One is now in the position of returning to the analysis of the equation for the 
Schouten tensor. Writing C%ycq in terms of d*py-q one obtains 


Vela — Vales = ValEd" tea) 
= Vand" bed = EV ad" bca- 
Finally, using Equation (8.22) in the last term yields 
VeLay — Valeo = Vad bea + ET cap, (8.23) 


which, again, is formally regular if = = 0. 


8.2.4 The regularised transformation rule for the Ricci scalar 


To relate solutions of the conformal field equations to solutions of the Einstein 
field equations, one also needs to consider a regularised version of the transfor- 
mation rule for the Ricci scalar, Equation (8.7). Multiplying this transformation 
law by =? and rearranging the various terms one obtains 


R=]°R+6EV.V°E — 12V EVE. 
Finally, using Equations (8.5a) and (8.9) one concludes that 


1 
à = 62s — 8V.EVE+ get. (8.24) 


To understand the role of this equation it is useful to compute the derivative 
of its right-hand side. One has that 


1 
Va (ses — 3V EWE+ 7='7) 
1 
= 6V Zs + 6EV,5 — 6VaV-EWE + SV GET + ge VaT 
= B4(V°T.g +E !V ET), 


where in the second equality Equations (8.13) and (8.18) have been used to 
remove, respectively, the terms V,V-= and V,=. 
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As will be further discussed in Chapter 9, the tensors Tei and Tap satisfy the 
relation 


9V Tea = 2713 (Vo oa — 271V aET hc). 

Hence, if Verh. = 0 it follows that 

V°Lca +E tV ET = 0. (8.25) 
This last relation implies that 

z zota ese 

Va ( 62s — 3V .2VoE+ ra T)=0. 

One has the following result: 
Lemma 8.1 (propagation of the cosmological constant) If Equations 
(8.13), (8.18) and (8.25) are satisfied on M and, in addition, Equation (8.24) 


holds at a point p E€ M, then Equation (8.24) is also satisfied on M. 


Thus, Equation (8.24) plays the role of a constraint which is preserved, upon 
evolution, by virtue of the other conformal field equations. 


8.2.5 Properties of the metric conformal field equations 


The discussion of the previous sections is summarised in the following list of 


equations: 
1 
VaVoz = —ELap + SJab + z= Tta} (8.26a) 
1 1 
Vas = — Lac VE + 52 VET ac} + ge Meat: (8.26b) 
VeLay — Valen = Vad" tea + ET cap, (8.26c) 
Vad" bea = Tad, (8.26d) 
1 
62s — 3V.2V°E + rs =. (8.26e) 


These are known as the (regular) metric conformal Einstein field equa- 
tions. Equations (8.26a)-(8.26e) should be read as differential conditions for the 
fields =, s, Lav, d'oca. AS already mentioned, Equation (8.26e) plays the role of 
a constraint. At the points where = Æ 0, these equations are complemented by 
the physical conservation equation V“T,, = 0 expressed in terms of conformal 
quantities: 


VT +E VET = 0. (8.27) 


Observe that in contrast to Equations (8.26a)—(8.26e), Equation (8.27) is not 
formally regular at = = 0. This equation will be analysed in more detail in 
Chapter 9. 
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In what follows, for a solution to the metric conformal Einstein field 
equations it will be understood that a collection of fields 


(Gab; Z, S, Lap, d* bed, Tab) 
satisfies Equations (8.26a)—(8.26e) and (8.27). 


Remark. The discussion so far has not considered an equation for the 
components of the metric gab. To obtain the required condition assume that 
the Schouten tensor La» is determined through Equation (8.26c) and consider 
the relation (8.16) expressed in terms of some local coordinates (x“): 

1 
6 
Recalling that the components R,,, can be expressed in terms of second-order 


derivatives of the components of the metric, one can read the previous expression 
as a differential condition for guv. To cast this equation in the form of some 


Rup = 2L + RGyv- 


recognisable type of PDE one needs to make a particular choice of coordinates; 
see the discussions in Section 13.5.1 and in the Appendix of Chapter 13 on the 
reduced Einstein field equations. 


The conformal vacuum Einstein field equations 


An important particular case of Equations (8.26a)—(8.26e) occurs when Tas = 0 
on the whole of M. Then one also has that Tabe = 0, and the conformal field 
equations reduce to: 


U.Vis = 8 eps (8.28a) 
Ws Tyee, (8.28b) 
VeLa — Vales = Vabd" vca, (8.28c) 
Vad" tea = 0, (8.28d) 
(By eve). (8.286) 


Equations (8.28a)—(8.28e) are known as the conformal vacuum Einstein field 
equations. 


The metric conformal field equations and the Einstein field equations 


Any solution to the Einstein field equations satisfies Equations (8.26a)—(8.26e) 
for any (smooth) choice of conformal factor =. The converse of this observation 
is given in the following result. 


Proposition 8.1 (solutions of the conformal Einstein field equations as 
solutions to the Einstein field equations) Let 


(gab, = S, Lab, a" bed; Tab) 
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denote a solution to Equations (8.26a)-(8.26d) and (8.27) such that = £0 on an 
open set U C M. If, in addition, Equation (8.26e) is satisfied at a point p E€ U, 
then the metric Gay = = Gav is a solution to the Einstein field Equations (8.4) 
on U. 


Proof It will be first shown that the Schouten tensor Lap of the metric Jab = 
= gap satisfies Equation (8.5b). Notice that the metric Ja is well defined on 
U as = #0. The transformation law for the Schouten tensor under conformal 
rescalings gives 


Lav = Lab + B1V,Vs= T 27V EV Egab. 


NI = 


Using Equations (8.26a) and (8.26b) the latter simplifies to 


Lab = iferi ts (A= Ee 
as required. In order to conclude that the Einstein field equations hold, one also 
needs to compute the Ricci scalar of the metric Jab. As a consequence of Lemma 
8.1 one has that Equation (8.26e) holds on the whole of U. From the latter, ai 
using (8.26a) and (8.26b) and recalling that T = =*T, it follows that R = 4A — 
Combining the obtained expressions for Lap and È one readily concludes Be 
(8.4) is indeed satisfied. 


Conformal freedom and conformal gauge 


Consider a solution (gab, =, S, Lab, d*bead,Tav) to the metric conformal field 
Equations (8.26a)—(8.26e) and (8.27). As a consequence of Proposition 8.1, one 
has that g = =-2g and Tap = =2Tys, give rise to a solution of the Einstein 
field equations as long as = 4 0. Consider now another conformal factor É, 
From É, together with the physical fields gay and (ue one can construct, by 
direct computation using the definitions of Sections 8.2.1-8.2.3, a collection of 
conformal fields (Gab, É, Ś, Laks A" beds Tp). In particular, one has that gay = = Gan 
and Tie = 2-°T,». These fields constitute, in turn, a solution to the metric 
conformal field equations. That is, they satisfy 


VaVo= = —=Las + San + x= ig 

Vas = —LaceVE + FEV EL acy re 7 Ee VOT iea), 
Vela — Vabe = VaEd tea + ET cab, 

Vad ia Tos 

6s -3% ÉV É+ TET =), 

La +E VL, ÉÍ = 0. 
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The unphysical metrics g and g are conformally related to each other: one has 
that ý = «2g with x = ==-!, = Æ 0. Using the transformation formulae of 
Chapter 5, one can express the solution (Gap, =, $, Lav, d% bea; Tab) in terms of 


(gab; =, 8, Lap, d bea, Tab) and «x. One has that 


É = KE, Gab = K’ Jab, (8.29a) 
§=K 1s +K’ VeKVE + ÍK SEV RVR, (8.29b) 
Lap = Lab — K Va Vok + TaZ Jab, (8.29c) 
drcd = Kd bea, (8.29d) 
Tap =K? Tap. (8.29e) 


The two sets of solutions to the metric conformal field equations are said to be 
conformally related. 

From the discussion of the previous paragraphs it follows that there exists an 
infinite number of solutions to the metric conformal field equations giving rise 
to the same solution of the Einstein field equations. This is a manifestation of 
the conformal invariance of the equations. This conformal invariance is tied 
to a conformal freedom (or gauge) which, in turn, manifests itself in the 
properties of the unphysical metric g. This conformal freedom has to be fixed 
in some way if one is to apply the theory of PDEs to the metric conformal field 
equations. 

The issue of the conformal gauge discussed in the previous paragraph is 
closely related to the Ricci scalar R of the unphysical metric g. The scalar 
R does not explicitly appear in the conformal Equations (8.26a)—(8.26e) and 
(8.27). Hence, it is not determined by the equations. Of course, given a solution 
(gab, =; S, Lab, d* bea; Tay), One can readily compute R. In general, conformally 
related solutions to the metric conformal field equations will give rise to different 
Ricci scalars. In order to understand better the connection between the conformal 
gauge and the Ricci scalar, consider a metric g conformally related to g via g = 
«2g. The transformation law for the Ricci scalar under conformal transformations 
implies that 

6V°Vak — Re = —Rr°®, (8.30) 
from where É can be determined. Alternatively, if R is an arbitrary scalar on M, 
then Equation (8.30) can be read as a linear wave equation for «. Given suitable 
initial data for this equation, it can be solved locally. The solution « gives, in 
turn, the metric g = «2g. From this point of view, the scalar field R plays the 
role of a conformal gauge source function. In particular, one could choose 
R = 0. As will be seen in later chapters of this book, this choice, despite its 
simplicity, is not necessarily the best one. 
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8.3 Frame and spinorial formulation of the conformal field equations 
8.3.1 The frame formulation 


This section provides a discussion of a frame formulation of the conformal 
Einstein field equations. This version of the field equations is more flexible than 
the metric one. 


General definitions, frame fields 


In what follows, consider a set of frame fields {ea}, a = 0,...,3 which is 
orthonormal with respect to the metric g. Frames of this type will be said to be 
g-orthonormal. One has that 


g(€a, eb) = Nab = diag(1, -1, -1, —1). 


Following the conventions of Chapter 2, let [g°% = (wf, Vae») denote the 
connection coefficients of the connection V. As a consequence of the metric 
compatibility of V one has that 


Tafonde F Vatenea = 0. 
The components, %a%p of the torsion of V are given by the relation 
La bee = ea, eb] = (Tab a Ti ajêc: 


In the case of V one naturally has that Xaĉ» = 0. 


The geometric and the algebraic curvature 


The discussion of the conformal field equations in terms of a frame formalism 
requires the expression of the components R°gap of the Riemann tensor R°gap 
with respect to the frame {eg}; see Equation (2.31). Let P°gap denote the right- 
hand side of equation (2.31), namely, 


P gab = €a(Toa) — eo(T'a“a) 
Hralo a — Vato) +Tof ala’ —Tatal op. 
In what follows, P© gap will be known as the geometric curvature. To complete 
the discussion one also needs to consider the decomposition of the Riemann 


tensor in terms of the Weyl tensor Cgay and the Schouten tensor Lab; see 
Equation (2.21b). The frame version of the decomposition is given by 


R dab = C“aab + 2S aja Loje, 


where, consistent with the general conventions of Chapter 2, C°dap and Lap 
denote, respectively, the components of the tensors C°d¢ay and Lay with respect 
to {ea}. The components p°gap of the algebraic curvature are given by 


P< dab = 2d dab + 2Saja~ Loje. 
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In the above definition it has been used that C gap = =d dab. The geometric 
and algebraic curvature serve as useful shorthands of expressions which will be 
repeatedly used. Observe, in particular, that the equation P° gab = p°dab encodes 
the idea that the fields C° aap and Lap correspond to the components of the Weyl 
and Schouten tensor of the connection defined by Tala: 


The frame zero quantities and the frame conformal field equations 


The frame version of the conformal field Equations (8.26a)-(8.26e) and (8.27) 
are readily obtained by contraction with the frame {ea} and the coframe {w°}. 
One obtains 


= = t= 
VaV»b2 = —ELap T STlab + z= Tab}, 


1 1 
Vas = —LacV°E + 32 VET ac} + ge V Tea}, 
VecLab — Valeo = Vaid bea + ETedb, 
Val“ bea = Tedb, 

1 
6Es — 3V -EV°E + q=T =, 

and 
VoTea += 1VaET =0, 


where the directional derivative Va acts on components of tensorial fields 
according to the rules in (2.28). The above frame conformal field equations will 
be complemented by the structure equations 


Tai 
Za bec = 0, 
P «dab = p° dab, 


which express that for the connection V, its torsion must vanish and its geometric 
and algebraic curvature must coincide. 
For convenience of the subsequent discussion one introduces a set of zero 


quantities: 
Xab = Da bec, (8.31a) 
E dab = P dab — P% dab; (8.31b) 
ae pe 
Zab = VaV = + ELab — Shab — 32 Tab} (8.31c) 
r29 ca l-2 cz l-3 c 
Za = Vas + Lac VE — a= WET oe 6 VT feats (8.31d) 
Acdb = Velab — Vales — Va=* bea — =T cab; (8.31e) 
Aboca = Vad" bea — Teab; (8.31f) 
1 
Z = 6s — 3V EVE + ger =À; (8.31g) 
Ma = VT ca +E VET. (8.31h) 
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In terms of the above zero quantities, the frame version of the conformal 
field equations can be compactly written as 


Xab = 0, S dab = 0, Zab = 9, Za =Q, (8.32a) 
Acab = 9, Aboca = 9, Z=0, M, = 0. (8.32b) 


Accordingly, a solution to the frame conformal Einstein field equa- 
tions is a collection (€a, l a?e, =, $, Lab, d%bca; Tab) satisfying Equations (8.32a) 
and (8.32b). The equations associated to the zero quantities Xab and =°%aap 
provide differential conditions for the components of the frame vectors {ea} and 
for the connection coefficients Tae. The role of the equations associated to the 
zero quantities Zab, Za, Acav, Abca, Z and Ma is similar to that of their metric 
counterparts in Section 8.2. 

By considering a frame version of the conformal field equations, one introduces 
a further gauge freedom into the system. This gauge freedom corresponds to the 
Lorentz transformations preserving the g-orthonormality of the frame vectors 
{ea}. In this case one speaks of a frame gauge freedom. As in the case of the 
conformal freedom discussed in Section 8.2.5, this freedom needs to be fixed in 
order to be able to apply the methods of the theory of PDEs. These issues will 
be discussed further in Chapter 13. 


The frame conformal field equations and the Einstein field equations 


As in the case of the metric conformal field equations, a solution to the frame 
conformal field equations implies, under suitable conditions, a solution to the 
Einstein field equations; see Proposition 8.1. More precisely, one has: 


Proposition 8.2 (solutions to the frame conformal field equations as 
solutions to the Einstein field equations) Let 
(ea, Fa ere s, awe bea, Tab) 


denote a solution to the frame conformal field Equations (8.32a) and (8.32b) 
with T°, satisfying the metric compatibility condition 


Latonae +Tatenea = 0, 
and such that 
E0, det(ne, Q e,) £0, 
on an open set U C M. Then the metric g = =~? Napw* Q w?, where {w%} is 


the dual frame to {eq}, is a solution to the Einstein field Equations (8.4) on U. 


Proof As a consequence of the metric compatibility assumption and Xab = 0, 
the coefficients [g°, can be interpreted as the connection coefficients of a 
Levi-Civita connection with respect to the frame {eg}. By the uniqueness of 
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the Levi-Civita connection, g = napw% Q w? is the metric associated to this 
connection. Notice that by assumption g is well defined on U. Furthermore, 
because of =°gap = 0 and exploiting the uniqueness of the decomposition of the 
Riemann tensor in terms of the Weyl and the Schouten tensors, it follows that Lab 
are the components, with respect to the frame {e,}, of the Schouten tensor of the 
metric g. From here, following arguments analogous to those used in the proof of 
Proposition 8.1 one concludes that g = E~2nqpw* Qw? and Tap = =2w%,wyTap 
give a solution to the Einstein field Equations (8.4) on U. 


8.3.2 Spinorial formulation of the conformal field equations 


The frame conformal field equations lead, in a natural way, to a spinorial 
formulation. This formulation of the equations reveals in a more clear fashion 
the inherent algebraic structure of the equations and provides a systematic 
procedure for the construction of evolution equations. The formulation discussed 
in this section is not an abstract spinor formulation, but rather a frame spinor 
formulation. 


General remarks concerning the spinorial formulation 


Following the discussion in Section 3.1.13, the g-orthonormal frame {ea} gives 
rise to a frame {eax} such that g(e4a’,eBB’) = €ABEA’B’; that is, {eax } is 
a null tetrad. In what follows, let 


poe’ CC 


CC’ A 
XAA” BB', DD'AA'BB',; P“ DD'AA'BB', TAA'BB', 


1 


AA 
Las'BB', d^ BB'co'DD', TAA'BB'CO', 
denote, respectively, the spinorial counterparts of the fields 
La b, P dab, P< dab, Tab, Lab, a bcd, Tabc- 


The spinorial counterpart of the geometric curvature, pee’ DD'AA'BB', İS 
expressed in terms of the spinorial connection coefficients T A wre? oo. These, 
in turn, can be expressed in terms of the reduced spin connection coefficients 
Taa Pc; see formula (3.33). As the connection V is metric, it follows that 
Tax gc = lAa (Bc); compare Section 3.2.2. By analogy to the split of the 
spinorial counterpart of the curvature tensor — Equation (3.35) — one can split 
the geometric curvature as 


1 


cc c Cc’. pe’ c 
P7" pp'aa'BB’ = P pas BB p +P“ p'aa'BB OD -- 


In what follows, the discussion will make use only of the reduced spinorial 
geometric curvature 


c = c c 
P“ pax'Bg' = eaa' (TBB D) — eps Taas" dD) 
c F C p F c F 
—-IlFB' pl asx B- lUBF Dl Asx Bp t+ ra DUBB A 


C_p F c F c F 
+Tar pl pe” x +tľax Fl BB pD- l BB FUAN D. 
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The spinorial algebraic curvature has a similar split. Its information is encoded 
in the field 


c — c c c 
P” DAA'BB' = —V™ paBéa'B' + Lop aa'oB~ — LDA'BB'ÔA , 


where it is recalled that Vagcp is the Weyl spinor; see Equation (3.43). One 
then introduces the totally symmetric rescaled Weyl spinor ¢aBcp as 


P~ABCD =e ABCD. 


Consistent with Equation (3.43), ABc is related to the spinorial counterpart 
of ad" bea via 


d4A'BBCC’DD' = —PABCDEA'B'€C'D' — PA'B'C'D'EABECD:- (8.33) 
Hence, the reduced spinorial algebraic curvature can be written as 
c >Re c c 
P” DAA'BB' = —=¢~ DABEA'B' + Lppaa'op~ —Lpa' BB'ÎA - 


The spinorial counterpart of Trab}, the symmetric trace-free part of Tab, 
is given by T(apya'B’); compare Equation (3.12). Finally, exploiting the 
antisymmetry Teab = —Tacp of the rescaled Cotton tensor, one has the split 


Tecc DD'BB' =TcpBB'tc'p' + Tc'p'BB’€cD; (8.34) 


where TCDBB' = lTo@ pp? BB’. Observe that TCDBB' = T(CD)BB' . 


The spinorial zero quantities 


The spinorial counterparts of the frame conformal Einstein field equations are 
obtained by suitable contraction with the Infeld-van der Waerden symbols. 
Simpler expressions are obtained if one takes into account the remarks made 
in the previous subsection. It is convenient to introduce the following spinorial 
zero quantities: 


_ cc’ cc’ 
Xas BB’ = [eaa’,epp'|— Tas" pe -l ee aa’jecc’, (8.35a) 
=C _ pe c 
=’ DAA'BB' = P“ DAA'BB'— P DAA'BB', (8.35b) 
ZAA'BB' = V AAV BB'© + SLAA BB’ — SEABEA'B! 


1 
= 37 TABAB’) (8.35c) 


1 


Zas = Vaxs +t Larco VE = 
ile a 1_ , 
_ sn =T(ac)(A’C’) = ge TACA’ c’) (8.35d) 
Acc'pp' BB’ = Voo Lpp BB — Vpp'Lcc' BB’ (8.35e) 


— AA’ =, 
—Vaatd™ Becc'pp' — =lcc'pp' BB’: (8.35f) 
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Apeco'pp' = Vas di“ geco'pp' — Tec'pp' BB’; (8.35g) 
, 1 

Z = 62s — 3Vco' VIS + or LN: (8.35h) 

Maa = Ll eE, + SV ayx ET. (8.35i) 


Hence, the spinorial conformal Einstein field equations are given in terms of the 
above zero quantities as 


Yaa'Be =0, E°paase =0, Zaase =0, Zaar =0,  (8.36a) 
Acc'pp'sB' =Q, Apeco'pp' =9, Z=0, Maa =0.  (8.36b) 


A reduced set of zero quantities can be obtained by explicitly making use of the 
antisymmetry of several of the spinorial zero quantities. In particular, it is noticed 
that as Acc'pp’BB = —App'cc’Be’ and Agecc'pp’ = —ÅBB'DD'OO' 
one can write 


Acc'pp'BB' = AcpBB'éc'p' + ÂC D'BB'ECD, 
App'cc'pp' = ABB'CDEC'D' + AB'Bo'p’EcD, 
where 
1 1 1 , 
ACDBB' = zAceD? BB', ABB'CD = 5 ABpB‘cq' D? . 


A direct computation using the splits (8.33) and (8.34) yields 


ACDBB' = Vic? LDg' Bp + V? Bp =E¢cpBe +=Tcppp’, (8-37a) 
Appicp = V? B'¢BcDQq + TcpBp’. (8.37b) 


Thus, an equivalent spinorial formulation of the conformal field equations is 
given by 


YaaBe =0, E°paase =0, Zaape=0, Zag =0 — (8.38a) 
AcpsBg' =0, Apeop=0, Z=0, Maa =0. (8.38b) 


The antisymmetry of the zero quantities X Aa’ BB’ and Z0 bAa Bg can also 
be exploited to obtain reduced zero quantities Uap = Yap) and =o DAB = 
z0 pD(AB)- This strategy will not be pursued further. 


The spinorial conformal field equations and the Einstein field equations 


As a consequence of the equivalence between spinorial and frame expressions 
discussed in Section 3.1.9, it follows that each of the two spinorial formulations 
of the conformal field Equations (8.36a) and (8.36b) or (8.38a) and (8.38b) is 
equivalent to the frame conformal field Equations (8.32a) and (8.32b). Thus, an 
analogue of Proposition 8.2 holds for the spinorial conformal field equations with 
the metric 


S ni { 7 
J= 2 eapca p wii O wPB 


3 
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yielding the required solution to the Einstein field equations. In this last 
expression {w44'} denotes the duals of the frame {eax}. 


8.3.3 Conformal freedom in the frame and spinorial 
conformal field equations 


The transformation laws for the various conformal fields under a conformal gauge 
change follow from the tensorial version given in (8.29a)—(8.29e). As before, 
assume that one has two metrics g and g such that g = Kg. Consider now 
a g-orthonormal frame {ea} with associated coframe {w°}. From 


g(€a, ep) = K°g(€a, eb) = Nab; 


it follows that {éa} and {w*}, with 


ʻa 


Éa = keg, v= K! 


wt, 


are a g-orthonormal frame and a g-orthonormal coframe, respectively. As a con- 
sequence, the tensorial transformation formulae (8.29a)—(8.29e) may pick up fac- 
tors of « depending on whether they are contracted with eg or éa. For, example 


ja — va z: bz cz dja 
a bed = WÚ aéb Éc Éa” bed 
= Kew aeb ec ea d hed = Kod" bed- 
Similar considerations lead to 
f 2 2 —1 1 cd 
Lab = k “Lab +K Valk Vok) — gSa VekVak, 
z 2 
Tab =h Tab, 
where 
cd _ a, be d cd 
Sab = Ca b W cW dab 


= fa on + ato! — Naon t. 


The spinorial counterparts of the conformal fields obey similar transforma- 
tions. If {e44} and {é€4“} denote the spin dyads associated, respectively, to the 
frame vectors {ea} and {éa}, then 

é Py = KE Aan 
As a consequence one has, for example, that 


3 3 
WasBop = * VaBcp. 


8.4 The extended conformal Einstein field equations 


The conformal Einstein field equations discussed in the previous sections are 
expressed in terms of the Levi-Civita connection of the unphysical metric g. 
This section provides a more general version of the equations by rewriting them 
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in terms of a Weyl connection. The resulting system of equations is known as the 
extended conformal Einstein field equations. The use of Weyl connections 
introduces a further freedom in the equations. This freedom can be exploited to 
incorporate conformally privileged gauges. The idea of reexpressing the vacuum 
conformal field equations in terms of a Weyl connection was first introduced 
in Friedrich (1995). Further discussions can be found in Friedrich (1998c, 2002, 
2004). The extension of these ideas to the matter case has been given in Lübbe 
and Valiente Kroon (2012, 2013b). 

In what follows, for ease of presentation, the discussion in this section is 
restricted to the vacuum case. 


Basic setting 


As in the previous sections of this chapter, let g denote an unphysical Lorentzian 
metric related to a physical metric g via g = =7g. The metric g is assumed to 
satisfy the vacuum Einstein field equations. Let V and v denote, respectively, 
the Levi-Civita connections of the metrics g and g. 

In what follows, consider a Weyl connection V defined via 


V-V=S(f), (8.39) 
where f is a smooth covector. As 
V-V=S(E'd), 


it follows that V— V = S(f +=7!d&). Hence, defining 


B=f+E "de, 
one has that 
V-V=S(8) 
It is convenient to define 
d=cf+dé, (8.40) 


so that d = =f. 

As the Wey] connection V is torsion free, it follows that its Riemann curvature 
tensor Resi can be decomposed in terms of its Schouten tensor Ba and the Weyl 
tensor of the conformal class of C° aay; see Equation (5.28a). Using the latter and 
recalling the definition of the rescaled Weyl tensor d°4ab, Equation (8.20), one 
obtains the equation 


R aan = 28a Liye + Ed dav. 


Consistent with the discussion in Section 5.3.2, Equations (5.29a)—(5.29c), the 
Schouten tensors of the connections v, V and V are related to each other via 
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Lav — Lay = Va fo — > a Tefa 
Lav — Lay = Vabo + 5 Sat" BoB 
Lap — Lab = Val= 1 Vs=) + SESI EV 4E. 


Taking into account the above expressions and recalling that V.S' = 0 one has 
that 


Vela — Valen = (Vela — Sea” feL fy — Seo! feLap) 
(Valin = Sic! feLfo — Iw” feLep) 
= Veba — Vales + (VeVa— VaVe) fo 
+S fe(Vefp — Lof) — Seo! fel Vals — Lap). 
A further computation using Equation (5.29a) and the definition of the tensor 
S yields 
Sav? felV eff — Let) — Sa fe(Vakt — Lag) = (Sf Lag — Sa Let) fe 
= Spe! Lay fe- 
Hence, recalling the split (5.28a) of the Riemann tensor one obtains 
V Lay — Valeo = Velan — Vales + faC* vca: 
Thus, the Weyl connection version of the vacuum Cotton equation is given by 
Vabre — Velac = ded® cab- 
Now, for the Bianchi Equation (8.22) one has that 
Vad bed = Vad rea — San” fp bea + Sat” fp nea 
+Sac™” fpd tha + Saat” ffd ben 
= Vad" bea — fad aco + fad" car 
= Vad" bea — fad bea; 


where in the last line it has been used that dy.q satisfies the first Bianchi identity 
A bea + A cay + A ave = 0. Hence, Equation (8.22) expressed in terms of the Weyl 
connection V takes the form: 


Vad tea = Fads bed: 
As a summary of this section one has the two equations: 
Valec _ Vo Lac = dgd" cab, (8.41a) 
V dist => Fale cats (8.41b) 


These two equations will be regarded as the core of the extended conformal 
Einstein field equations. They provide differential conditions on the Schouten 
tensor of the Weyl connection and the rescaled Weyl tensor. 
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8.4.1 The frame version of the extended conformal field equations 


Equations (8.4la) and (8.41b) need to be supplemented with equations which 
provide information about the metric g associated to the conformal factor = and 
which also allow to determine the covector f giving rise to the Weyl connection 
V. The most convenient way of doing this is to make use of a frame formalism. 

As in Section 8.3.1 let {ea}, a = 0,...,3 denote a frame field which is 
g-orthonormal so that g(€a, €b) = Nav. As V is the Levi-Civita connection of g, 
its connection coefficients, [a° = (w°, Vaepn), satisfy the metric compatibility 
condition of Equation (2.29). 

Let now V denote the Weyl connection constructed from the Levi-Civita 
connection V and the covector f using Equation (8.39). If fa% = (w°, Vaes) 
denotes the connection coefficients of V with respect to the frame {ea}, one has 
that 


Wate Lab + Sab fa, (8.42a) 
= Tato + Ôa fo + 60° fa — Nabn t fa. (8.42b) 


In particular, one has that 


Ta 
fa = ree b> (8.43) 


as Ta?» = 0 in the case of a metric connection. 

Let yor denote the torsion of the connection V. Using the transformation 
formula for the torsion under change of connections, Equation (2.15), together 
with Equation (8.42a), one obtains 


Saio a Hab = —2Sjab] fa = 0. 
Thus, 
Saio FES 0, 


as Dab = 0. As in Section 8.3.1 it is convenient to distinguish between the 
geometric curvature Peggy — that is, the expression for the components of the 
Riemann tensor of the connection V in terms of the connection coefficients ie b 
— and the algebraic curvature 6°aab — that is, the expression of the Riemann 
tensor in terms of the Schouten and Weyl tensors. These are given by 


P° dab = €o(I'b°a) = elata) 
40 p°a(Vota — Pafo) + Toh ala’ — Da ales, 


In analogy to the discussion of Section 8.3.1, it is convenient to introduce a set 
of geometric zero quantities associated to the various equations. In the present 
case let: 
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Sab = [ea, €v] (gs loa ees (8.44a) 
ÊC dab = P°aab — p° dab; (8.44b) 
hip = Velab — Walon dak nas (8.44c) 
Avea = Vad bea — fad bed- (8.44d) 


Now, taking into account Equation (8.43) one has that 


[ip 


sab = ea (Dee) = ellato) + Pa clea = ie) = 2Seja Lass 
=4 (ea(fo) — epl fa) — fa(l's2a —Ta%s) — Loa 4 Lav) ; 


=4 (Valo — Vafa — Loa + Lav) . 


In view of the latter, it is convenient to define 


[ip 


Lae $ a F f 
ab = i cab — Va fo z Vola = Lab T Loa. (8.45) 


In terms of the zero quantities discussed in the previous paragraphs, one defines 
the extended conformal vacuum Einstein field equations as the conditions 


Sab =0, Édan =0, Âe =0, Anca = 0. (8.46) 

These equations yield differential conditions, respectively, for the components 
of the frame {ea}, the spin coefficients aĉ» (including the components fa of 
the covector f), the components of the Schouten tensor Lap and the components 
of the rescaled Weyl tensor d®pcq. In contrast to the standard conformal field 
Equations (8.32a) and (8.32b), there are no equations which can be regarded as 
differential conditions on the conformal factor = and the components dg of the 
covector d. As will be seen in Chapter 13, these objects will be fixed through 
gauge conditions. 

In order to relate the extended conformal field Equations (8.46) to the Einstein 
field equations, one introduces further zero quantities: 


ôa = da — Efa = Vaz, (8.47a) 
Jab = Lap — Vabo Ba pa + ANE hat (8.47b) 
Sab = Lav) — Vla fo- (8.47c) 
The associated equations 
ða = 0, Yab = 0, Sab = 0, (8.48) 


will be treated as constraints. The first equation expresses the relation between 
the covectors d, f and the conformal factor =. The second equation encodes the 
relation between the components of the Schouten tensor of the Weyl connection 


Lab and the physical Schouten tensor via the Einstein field equations — this 
constraint is the analogue of the standard conformal equation Zab = 0. The role 
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of the equations in (8.48) is similar to that of the equation Z = 0 of the standard 
conformal field equations. 

In the particular case when fa = 0 it follows from (8.40) that da = Va=. 
Hence, one has that V = V. Under these circumstances the extended conformal 
field Equations (8.46) reduce to 


Lab = 0, = dab = 0, Acab = 0, Aboca = 0, 
where the zero quantities Nap, = dab, Acab and Abeg are as defined in Section 
8.3.1. 
The conformal covariance of the equations 


As in the case of the standard conformal field equations, the extended conformal 
field equations discussed in the previous section are conformally covariant. To 
make this statement more precise, consider a spacetime (M,g) and two metrics 
g and g conformally related to g via 

9=29, 9=27G, 
so that g = «2g with k = ==~!. Let V, V denote, respectively, the Levi-Civita 


connections of the metrics g and g. One has that 


V-V=S(E'dE), VW-V=S(E"'d8), (8.49) 
and, furthermore, 
V- Ý =S(«-'dr). 


In addition, consider the covectors f and f and define by means of these two 
the Weyl connections V and V via 


V-V=S(f), V-V=S(f). (8.50) 
Combining Equations (8.49) and (8.50) one finds that the relation between the 
physical connection V and the Weyl connections V and V is given by 

V-V=S(8), V-V=S(6), 
where 

B=ftetde, b=f+É dÉ. 
Combining these expressions one finds that 

V -7 =S- b) 
= S(k+x ‘dk), 

with k = f — Ê. Hence, letting d = =G and d= =A, one concludes that 


d= 'd+Kek + Ed. (8.51) 
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Assume now that the fields (ea, a?o, Lab, d'oca, E, da) constitute a solu- 
tion to the extended conformal field Equations (8.46). Then, proceeding 
in analogy to the discussion in Section 8.3.3, one finds that the fields 
(éa, Petar Lab, d bed, É, da) with 


Éa = Keg 
Pore = Kare + be? Vak — KSac? (ka + 6 'Vak), 
Lab — k? Lab a k? Valko + k-1Vok) 
1 i g 
E 5h Sab" (ke + 1VeK)(kg +K Van), 


a 3 7a 
a“ bea = Kd" bea, 
2 -1 


SSF å S 


? 
da = kda — =Vak — KEka, 


are also a solution of the extended conformal equations. Observe that the 
V-quantities are components with respect to the frame {ea} which is 
g-orthonormal, while the V-quantities are components on the {éa} frame which 
is g-orthonormal. 


8.4.2 The spinorial version of the extended conformal field equations 


The frame formulation of the extended conformal field equations discussed in 
the previous subsection leads directly to its spinorial counterpart. The strategy 
is analogous to the one adopted in Section 8.3.2. 

The spinorial counterpart of the g-orthogonal frame {ea} is given by the null 
tetrad {eax } satisfying g(eaa’,eBB’) = €ABea’B’. Furthermore, let Vaal 


e€aa’Vq. Similarly, let 


BCC’ ~CC! 
P=] DD'AA'BB’; ~~~ DD'AA'BB', 


Saa'® pp’, 
LaAa' Bs’; daa’, faa’, 
denote, respectively, the spinorial counterparts of the fields 
Da b Ph dab: P? dab; Lab, da, Ta: 


. . . A 1 . . 
The spinorial counterpart of the geometric curvature, POC pp Aa Bp, is given 
. . > . . A 1 . 
in terms of the spinorial connection coefficients 4 4/2? co. These, in turn, can 
be expressed in terms of the reduced spin connection coefficients 4 4’? c by 


Daa? oo = Îaa toso” +fara® odo”, (8.52) 


consistent with formula (3.33). The reduced Weyl spin connection coefficients 
are related to the unphysical spin connection coefficients via 


Îaa ce =Taa c t ba® fea, Daa®@g = faa’; 


see Equation (5.32). 
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The geometric and algebraic Weyl curvature admit, respectively, the splits 


CC’ A o pæ c 
P7" pp'aa'BB’ = P paa'BB op’ +P“ DAABB'OD , 
~C Cc’. xe’ c 
DD'AA'BB' = ~~ DAA'BB'ÔD' +/~ D'AA'BB'OD 


p 


~CC! 
The formula giving the reduced geometric curvature pe DAA’BB’ in terms of 
the reduced spin connection coefficients is identical to that for a Levi-Civita 


connection. Namely, one has that 
p c o. 
P“ paa'BB’ = €aa' (TBB pv) — eps’ Tax" D) 
> c_7 F p C_ P F' ~ c_7 
—Trpp Dl aa Bp-lTer plana” Bp tT ra DI BB A 
~ cr F' a omnes ~ cf E 
+ Dar pl pp” a t+laa el pp” D- IlBB' ElAA D 


+Taa?sfon tl aa’® B faq 


In particular, it can be verified that 


Pe gaa BB = eaa (feep) — CBB (faa) 
—Tpp?afga —Upp a’ fag 
=Vaa' fap — Ves faa. 


Hence, one can write 
A x 1 A A 
Pascco'pp’ = FAB\co'DD' + 364B(Voco' fob’ —Vopp' fcc’). 


The reduced algebraic curvature spinor satisfies a similar expression. Namely, 


one has that 
PABCO' DD! = P(AB)CC'DD' — 3¢AB(Loc'pp’ —Lpp'cc’), 


with 
P(AB)CC’DD' = —=¢aBcvéc'p' + Lpc'pp’éac — LBD'Co EAD; 


compare Equation (5.33). 
The objects discussed in the previous paragraphs can be used, in turn, to 
Be — Ieg O aayecc, (8. 


define the zero quantities: 
Laa' BB’ = [eaa’, eps] — Tas’ 
aC pe o 
=" DAA'BB' = DAA'BB'~— P DAA'BB’'; 
Acc'pp'BB’ = Veco Lpp BB’ — V pp LCC BB’ 
F. 
—daad” BB'CC'DD', 
$ 
BB'CC'DD' 


= Vad” 
1 
BB'CC'DD' 


ABB'cc'DD’ 
— faad 
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One can exploit the symmetries of some of the above zero quantities to obtain 
reduced zero quantities. In particular, one can write 


Appcc'pp' = ApB'cpéc'p' + AB’ Bc'D'EcD, 
with 
Liss Q’ 


Appcp = > ABB'ca'D : 


A similar idea can be applied to Vara ne ; BO HAAB and NöeDD BBE This 
idea will not be pursued here. 

The spinorial version of the extended conformal Einstein field equations is 
expressed in terms of the above zero quantities as: 
=o passe =0, Acc pp'BB’ =], (8.54a) 
Appcp = 0. (8.54b) 


X AABB = 0, 


Finally, let 044’, SaA’BB’ and yaa gp’ denote the spinorial counterparts of the 
zero quantities dg and Yab. One then requires that 


daa’ = 0, SAA’BB' =Q, YAA' BB! = 0. (8.55) 


8.4.3 The extended conformal Einstein field equations and the 
Einstein field equations 


As in the case of the other versions of the conformal field equations discussed in 
this chapter, it is important to analyse the precise relation between the extended 
conformal field equations and the (physical) Einstein field equations. One has the 
following: 


Proposition 8.3 (solutions to the extended conformal field equations 
as solutions to the Einstein field equations) Let 


GS is, bas d bea) 


denote a solution to the extended conformal field Equations (8.46) for some 
choice of the conformal gauge fields (=,dq) satisfying the supplementary 
Equations (8.48). Furthermore, suppose 


EO, det(n®eq @ ep) £0, 


on an open subset U C M. Then the metric g = =~? napw? Qw, where {w%} is 
the dual frame to {ea}, is a solution to the Einstein field equations (8.4) on U. 


Proof As a consequence of the conformal equation ab = 0, the fields Pa’. can 
be interpreted as the connection coefficients, with respect to the frame field {ea}, 
of a torsion-free connection V. In order to show that V is a Weyl connection, one 
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needs to compute Vatbe. This is best done using spinors. As eg a’(eBc) = 0, 
one has that 


Q 
Q 


Q 


Vaa'eBo = -TaZ ~“ Bego — Taa'*céBpq = -T aace +l aa'Be 


= —Taa'*QeBo = -fAs EBC. 


Recalling that caBea’ p is the spinorial counterpart of nab and observing the 
split (8.52) one concludes that Vane = —2 fanc; that is, Visa Weyl connection. 
Now, as ÊC Jab = 0, the fields Lat and Ed°gap obtained as a solution to the 
extended conformal field equations correspond to, respectively, the Schouten 
tensor and the Weyl tensor of the connection Vv, as a consequence of the 
uniqueness of the decomposition in terms of irreducible components. 

Given the Weyl connection Vv, one can define a new connection V via V = 
V — S(f). By construction, this connection is metric. The Schouten tensor of V 
is then given by 


A 1 
Lab = Lab — Va fo ae gSa fofa 


As E% gap = 0, it follows that =a, as defined by Equation (8.45) also vanishes. As 
V is torsion free, so is V. Hence, one concludes that V must be the Levi-Civita 
connection of the metric g = napw% ® w?. The latter expression is a well-defined 
Lorentzian metric on U as its determinant is, by hypothesis, non-vanishing. 

Finally, one defines a physical connection V via V = V — S(=7'd®). As 
da = 0 it follows that da = fa + Vax so that V is the Levi-Civita connection of 
the metric g = =~?napw% Q w®. The latter is well defined as long as = Æ 0. The 
Schouten tensor of V is given by 


Lab = Lab — Val(= >! Vb=) — E72 Sab fV EV a=: 


As a consequence of ĝa = 0 and Yab = 0 one concludes that 


Thus, g is a solution to the vacuum Einstein field equations on U. 


Remark. Given the equivalence between the frame and spinorial versions of the 
extended conformal field equations, the latter result also provides the connection 
between the spinorial extended conformal field equations and the Einstein field 
equations. 


8.5 Further reading 


The standard conformal Einstein field equations were first introduced in Friedrich 
(198la,b, 1982). General aspects of the Cauchy problem of the conformal 
equations were first discussed in Friedrich (1983); see also Friedrich (1984). 
A systematic discussion of gauge issues and hyperbolic reductions of the 
equations has been given in Friedrich (1985). A discussion of the conformal field 
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equations with trace-free matter was first given in Friedrich (1991). The extended 
conformal field equations were introduced in Friedrich (1995). Reviews discussing 
various aspects of the conformal field equations can be found in Friedrich (2002, 
2004). The extended conformal field equations with (trace-free) matter were first 
discussed in Lübbe and Valiente Kroon (2012). 

The conformal field equations can be related to other geometrical objects 
(twistors); see Frauendiener and Sparling (2000). The extended conformal field 
equations can be set in a more geometrical framework involving the language of 
differential forms. A discussion of this has been given in Friedrich (1995). Certain 
applications of the conformal equations require the use of a lift of the equations 
to a suitable fibre bundle. A discussion of this type of procedure can be found 
in Friedrich (1986b, 1998c). 

A different approach to the construction of regular conformal field equations 
based on the Fefferman-Graham obstructions — see, for example, Graham and 
Hirachi (2005) — has been elaborated in Anderson (2005a) and Anderson and 
Chruściel (2005). This approach gives rise to suitable field equations for an 
arbitrary number of odd space dimensions and has been used to prove (global and 
semi-global) existence and stability results of higher dimensional asymptotically 
simple spacetimes. 

In the context of conformal geometry, given a metric g, it is natural to ask 
whether there exists a further metric in the conformal class [g] which is an 
Einstein space. This problem has been addressed in, for example, Baston and 
Mason (1987), Kozameh et al. (1985) and Mason (1986). 


9 
Matter models 


This chapter provides a discussion of various matter models amenable to a 
treatment by means of conformal techniques. These matter models can be used 
as matter sources for the conformal Einstein field equations discussed in Chapter 
8. The matter models to be considered are the electromagnetic field, radiation 
perfect fluids and the conformally invariant scalar field. These matter models 
share the property of having an energy-momentum tensor which is trace free. 
This property leads to simple transformation laws for the equations satisfied by 
the matter models. Moreover, the unphysical equations obtained by means of 
these transformations are regular at points where the conformal factor vanishes. 


9.1 General properties of the conformal treatment 
of matter models 


The fundamental object in the description of a matter model in general relativity 
is its energy-momentum tensor Ta». The equations describing the model are 
then given by 


V°Tap = 0. (9.1) 


The energy-momentum tensor is related to the curvature of the spacetime via 
the Einstein field equations; see Equation (8.4). Despite this connection, a 
conformal transformation g = =7g does not directly imply a transformation 
rule for the physical energy-momentum tensor T,,. Nevertheless, it is 
convenient to define an unphysical energy-momentum tensor Tap when 
rewriting Equation (9.1) in terms of geometric quantities derived from the 
rescaled metric g. 


9.1.1 The unphysical energy-momentum tensor 


There is considerable freedom in a possible definition of Tab. Guiding principles 
are simplicity in both the definition and the resulting form of the unphysical 
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version of Equation (9.1). Arguably, the simplest definition of the unphysical 
energy-momentum tensor is one which is homogeneous with respect to the 
conformal factor =. Accordingly, set 


Tap = E? Tas. (9.2) 
It follows then that 
9g? Valhe = EtG Valhe — EZ OV Hg Tno. (9.3) 
Hence, Equation (9.1) implies the equation V°Tab = 0 only if 
P=0, Pagy, 
This observation justifies definition (9.2) and the importance given in this chapter 


to trace-free matter models. As a result of the homogeneous nature of the 
transformation law in Equation (9.2), Ta» is trace free if Tap is trace free. 


In the case of matter models with Tap 4 0, define T = ge so that T = 
=-4T. It follows from Equations (9.1) and (9.3) that 


VT = EVET. 


This is an equation which is formally singular at the points where = = 0. Dealing 
with this singularity is the essential problem faced in the analysis of general 
matter models by means of conformal methods. 


9.1.2 The rescaled Cotton tensor 


As discussed in Chapter 8, the matter fields couple to the conformal Einstein field 
equations through the rescaled Cotton tensor Tasc; compare Equations (8.22) 
and (8.23). Recall that the physical Cotton tensor is given by Tabe = 27! Yabe 
where 


Yave = Va Loc = VoLac; 
compare Equation (8.21). One readily finds that 
1 a n 1 w oe os 
Tase = 527 (Cafe — Vilac) — 557 (afise — YaF Buc) » 


where it has been used that the physical Schouten tensor Lab is related to the 
physical energy-momentum tensor via Equation (8.5b). In what follows, attention 
will be restricted to the trace-free matter case so that 


EE EE Ls, PS 
Tabe T 37 3 (Tafe — Vitae) : 
The latter can be reexpressed in terms of the unphysical connection V and the 


unphysical energy-momentum tensor Tab. A computation using the methods of 
Chapter 5 yields 


Tabe = EV fa Tije ES V(a=Thc T Icja Toje V E. (9.4) 
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From the above expression it follows that Tabe is regular whenever = = 0 if Tab 
is smooth at the conformal boundary. 

Equation (9.4) can be expressed in terms of derivatives of the (conformal) 
matter fields. This feature complicates the construction of suitable conformal 
evolution equations as it introduces further derivatives of the fields into the 
principal part of the equations. This difficulty can be overcome by introducing 
evolution equations for the derivatives of the matter fields which cannot be 
eliminated with the equation V°7,, = 0. This analysis depends on the specific 
properties of the matter model under consideration. 


9.2 The Maxwell field 


The electromagnetic or Maxwell field is the prototype of a relativistic matter 
model that can be treated by means of conformal methods. The Maxwell field is 
described by an antisymmetric tensor Fap — the Faraday tensor. In terms of 
the latter, the source-free Maxwell equations are given by 

V° Pa = 0, (9.5a) 

Vile = 0. (9.5b) 
Multiplying Equation (9.5b) by the volume form é22°°, one obtains the alternative 
expression 


Ve Fi, = 0, (9.6) 


where F — -iiw Fog denotes the dual Faraday tensor. Now, introducing 
the self-dual Faraday tensor 


yan = Fa + iF, 
it follows from (9.5a) and (9.6) that 
Ve Fa = 0. (9.7) 
This last equation contains the same information as Equations (9.5a) and (9.5b). 
The energy-momentum tensor of the electromagnetic field is quadratic in the 
Faraday tensor. It is given by 


A oh Ae e ~ 
Tab F Fact? = gio eat a 


It can be readily verified that T = 0. Making use of the dual F ™, one obtains the 
alternative expressions 


R Ive z ES 
Fa = 5 (Fach + Fity*) (9.8a) 
l- = 
= fuf". (9.8b) 


It can be readily verified that the Maxwell Equations (9.5a) and (9.5b) imply 
that V°Tap = 0. 
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Conformal transformation properties 


The source-free Maxwell Equations (9.5a), (9.5b) and (9.6) are conformally 
invariant. In order to see this, assume that (M,g) is a conformal extension 
of a spacetime (M,g) with g = 22g, and define the conformal (unphysical) 
Faraday tensor via 


Far 


Il 
= 


(9.9) 


It follows from this definition that F™, = F ™,- Moreover, using the transfor- 
mation laws between the connections V and V one finds that Equations (9.5a), 
(9.5b) and (9.6) imply 


V° Fab = 0, V [a Foc] =0, V° Fa =0, (9.10) 


which shows the conformal invariance of the equations. Let V bea Weyl 
connection defined via V — V = S(f) with f a covector. A further computation 
yields 


Ù Fa = 0, Vial bq = 0, V°F*, = 0. 


Consistent with the transformation law (9.2) for the energy-momentum tensor 
one finds that 


1 1 
Tad = Facky® E gIoFea F” = 9 (Facto? + FiF) j 


Substituting the last expression in Equation (9.4) for the rescaled Cotton tensor 
one obtains 


Tabe = V ja Foja Fet + Faja Vaje? + V ja Fija Fet + Fija VoF? 
+ Vie Fake? + Vu EFi Fil 
+ Jeja Foje Fa VE + Jeja Fije Fi VE: 


A direct inspection shows that the first four terms of the right-hand side 
contain derivatives of the Faraday tensor which cannot be eliminated using 
the (conformal) Maxwell Equations (9.10). Thus, it is necessary to consider 
equations for the derivatives of Fab». A suitable equation can be obtained from the 
commutator of covariant derivatives applied to Fab. More precisely, one has that 


VaVolca — VdV a Fea = —R car Fea — R° dab Fee. 
In view of this equation one introduces the auxiliary field Fabe = VaF bc so that 
Val tca — ViFaca = ~R" cab Fea — Re dabFee. (9.11) 
By construction one has that 


Fave = Fated; Fiabe] = 0, Pe oe = 0. 
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9.2.1 The spinorial form of the Maxwell equations 


The spinorial treatment of the Maxwell field is a direct consequence of the 
decomposition of spinors in irreducible components; see Section 3.1.6. The 
spinorial formulation of the Maxwell equations offers a number of computational 
advantages and makes more evident the similarities between the gravitational 
and electromagnetic fields. 

In what follows, let F44/ppr denote the spinorial counterpart of the Fara- 
day tensor Fav. By exploiting the antisymmetry of Fa», it follows from Equation 
(3.13) that there exists a symmetric spinor dap, the Mazwell spinor, such that 


Faapp = bape + QA B'ČAB, oaB = SF sgn”. (9.12) 
Using the decomposition (9.12) it follows that 
Faapp = 2bapeas, 
where £ AA'BB' is the spinorial counterpart of the self-dual Faraday tensor roe 
Taking into account Equation (9.7) one obtains 
V4 a baB = 0. (9.13) 


This last equation is known as the spinorial Maxwell equation. A further 
computation using Equation (9.8b) shows that the spinorial counterpart of the 
energy-momentum tensor takes the simple form 


TAa'BB! = GABPA'B!. 


Behaviour under conformal rescalings 


The definition of the unphysical (conformal) Faraday tensor given in Equation 
(9.9) suggests introducing the unphysical Mazwell spinor ¢,p as 


bap == ‘bap. (9.14) 


The factor =~! in the above definition is necessary to compensate for the factor 
= picked up by the spinor €4g in Equation (9.12). It follows from Equation (9.13) 
and the transformation law of the connection upon conformal rescalings g = =7g 


given in Section 5.4 that 
V? xogo = 0. (9.15) 


That is, the transformation rule (9.14) makes the spinorial Maxwell Equation 
(9.13) conformally invariant — this result was to be expected in view of the 
equations in (9.10). One readily sees the similarities between Equation (9.15) and 
V44' ABCD = 0. Consistent with Equation (9.2) 
one finds that the spinorial counterpart of the unphysical energy-momentum 


the spinorial Bianchi identity 


tensor is given by 


TAA BB’ = GABPA'B'- 
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Equation (9.15) can be expressed in terms of a Weyl connection V = V+S(f) as 
V? av bpe = f? abza- 


In order to write a spinorial version of Equation (9.11) it is observed that the 
action of the commutator of covariant derivatives on the spinor ap is given by 


Vaa'V pp dcp — Vee Vaaocp = —¢QDR° caa'Be — pooR? DAA BB’ 
Letting Yaa’ Bc = Vaa'¢sBc, one obtains 
VaaVppicp — Ves Waarcn = —2¢q(cR® py aa BB’ 
By construction, the auxiliary spinor w4,4’Bc possesses the symmetries 


WAA'BC = WAA'CB; YÈ aBQ = 0. 


9.3 The scalar field 
A scalar field ¢ satisfying the wave equation 
V°V.b =0 (9.16) 


is a convenient matter model to couple to the Einstein field equations. It provides 
a way of incorporating dynamical degrees of freedom in spherically symmetric 
configurations; see, for example, Choptuik (1993) and Gundlach and Martin- 
García (2007). This idea has been exploited in a number of analyses of cosmic 
censorship and the formation of black holes through gravitational collapse; see, 
for example, Christodoulou (1986) and Dafermos (2003, 2005). 

Unfortunately, as a direct computation shows, Equation (9.16) does not 
have good conformal transformation properties. This difficulty can be fixed by 
considering a modified version — the so-called conformally invariant scalar 
field equation 


een ee 
ag- zR = 0, (9.17) 


where R denotes the Ricci scalar of the physical spacetime metric g. Letting, as 
usual, g = =7g and defining the unphysical (conformal) scalar ¢ as 


== 16, 


one finds, after a calculation using the transformation rule for the Ricci scalar 
Equation (5.6c), that 


1 
V°Vab — Ro = 0, (9.18) 


where R denotes the Ricci scalar of g. An energy-momentum tensor for Equation 
(9.17) is given by 


A A LA 1. = Ser Dude Ss Tesi 
Tab 5 VabVoe wad qgarV 9V Q = VaV aa SP Lap. (9.19) 
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A peculiarity of the above expression is the presence of the curvature terms 


La» in the right-hand side of the energy-momentum tensor. Using the Einstein 
field Equations (8.4), the Schouten tensor can be reexpressed in terms of the 
energy-momentum tensor, so that Equation (9.19) takes the form 


1 


: | N a a i aea ea ae 
Tad = (1 5 T (¥.d%6 = qIavV OV" = 5PVaV0e + Tia = Diu) . 


Taking the trace of Equation (9.19) one finds that 
T — zabr 1e sam 7 lazo 
T=9 Tas = — 5 V Vap — zP? . 


Thus, the energy-momentum tensor of Equation (9.19) is trace free if and 
only if the conformally invariant wave Equation (9.17) is satisfied. A lengthier 
computation using the commutator of covariant derivatives and the Bianchi 
identity in the form Ve La = IVÈ shows that 

ae dicta’ Yet elie 

it) ~ =e (F0 a zit) 


çe w= Wid (TV. — 5 


One concludes that Ty, is divergence free if and only if Equation (9.17) holds. 
Finally, using the transformation law for the Schouten tensor under conformal 
rescalings, Equation (5.6b), one finds that 


1 1 1 
Tab = VadVodb 2 FIV cdV"O = 3 VaVe F 5% Lab 
so that Tab = =T. It follows from the previous discussion that 


V"°Tap = 0, gTa = 0. 


Spinorial description 


The straightforward spinorial counterpart of Equation (9.19) is given by 
7 = ih ft Tis of = TS PP’ Y 
TAx BB = Vaal PV Bab JABANE V PP OV $ 
1 ~~ = ~ Leo 
= ZÍVA VBBO + 59 LAaBe'. 


Applying the decomposition formula (3.12) to Vaa eV aad and VAA VBB'® 
one finds that 


~ we ~ ~ ~z Bee O a anny 
V aa ®V BB d = Vaca OV By Bd + qeABea'BV provi © Q, 
e ae ooh os a: ee a: ee ee 
VaaV BB? = VAV BB) Be + qeapearaV pp VYP Q, 


where it has been used that 


Vp gV? pyd =0, VecarV? ang = 0. 
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The above formulae, together with the wave equation (9.17), imply the following 
alternative spinorial expression for the energy-momentum tensor: 


` 3 PE 2. «Slee : a hoe 
TAA BB’ = Vaca PV BBO — 5PV aa V BBP T 5° Paap’ 


where © 4 4/ gp is the (physical) trace-free Ricci spinor. The unphysical spacetime 


version of the above equation follows directly by removing the of the various 
fields. 


9.3.1 Equations for the derivatives of the scalar field 


As in the case of the electromagnetic field, the coupling of the conformally 
invariant scalar field to the conformal field equations through the rescaled Cotton 
tensor Tabe involves derivatives of @. Indeed, a calculation exploiting the fact that 
Via Va] = 0 shows that 


3 1 : 
V aloe = 5 VbOV a Vee = JIV a] VeeV e+ PV jabLojc 
1 1 
= 5 PV la Va] Veh + 5? V laLa]: 


The terms in the second line of the preceding equation can be rewritten using 
the commutator 


1 
VaV Ved A zE cabVee 


and the Cotton Equation (8.23). Putting everything together in Equation (9.4) 
and rearranging one obtains 


B ge 1- ` 
(1 = i") Tabe = ZH wPValVeb = g IelbV a] VeV (o T OV la Lije 
1 1 
+ BOR cab Veh J VER cav tV a EThje+ geja Toje V°E. 


The above expression contains first and second derivatives of ¢ which cannot be 
eliminated using the wave Equation (9.18). Accordingly, field equations for these 
derivatives need to be constructed. 

In what follows, let dg = Vad, Qab = VaVod. As V is torsion free one has 
that fab] = 0 and one can write 


1 1 
Pab = fav} + [sarees = fan} + gy gavktd, (9.20) 


where in the second equality one has used Equation (9.18) in the form ġe? = ako. 
Regarding a and ġa» as further field unknowns one obtains the field equations 


1 1 
Vab— oa =O, Vado — Pfab} = ag gartte = 0, V be = gre = 0. 
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To obtain equations for ap one considers the commutator of covariant derivatives 
applied to V-¢ in the form 


1 
ZR’ abba: 


V{aPb]c mae 2 


Letting Yab = {ab} and using the decomposition (9.20) one obtains 


1 
= RY anda: 


1 
ViaPrJc En 24 (Rg c{a%o) + b9c{bV aR) T 79 


Finally, an equation for the trace term ¢-° is obtained by differentiating Equation 
(9.18) so that 


Vape? s (aR + VaR) = 0. 


9.3.2 Relation to other wave equations 


Solutions to the conformally invariant wave Equation (9.17) on a spacetime 
(M,g) are related to solutions of the standard wave equation on a conformally 
related spacetime (M, g) through a transformation first discussed in Bekenstein 
(1974): the scalar field ¢ can be used to define a metric ĝ conformally related to 


g via 


It follows from a direct computation that the scalar field 
ob = v6 arctan 
is a solution of the equation 
Viv" =0. 


As noticed in Bičák et al. (2010), this observation can be turned into a procedure 
to construct solutions to the Einstein-scalar field equations out of vacuum static 
solutions; see also Buchdahl (1959). 


9.4 Perfect fluids 


Perfect fluids constitute an important class of matter models for the Einstein 
field equations. In the cosmological context, perfect fluids are used to describe 
the matter content of the universe at a suitably large scale; see, for example, 
Ellis et al. (2012). Given a spacetime (M,g), the energy-momentum tensor 
of a perfect fluid with 4-velocity u", pressure p and density õis given by 


Tab = (6 + P)tatty — PGab; (9.21) 
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with u® satisfying the normalisation condition t,u* = 1. The equations of motion 
for the fields &*, 6 and p are given by V°Ty» = 0. This last equation gives four 
equations for six unknowns. The normalisation of u% can be used to eliminate 
one of the components of the 4-velocity (usually the time component). To close 
the system a phenomenological constitutive relation linking the pressure and the 
density must be prescribed. A standard assumption made on perfect fluids is to 
have the density and the pressure related to each other by means of a barotropic 
equation of state p = f(@) with f a smooth function of the density ð. From 
Equation (9.21) it follows that T = 6 — 3p. Thus, the energy-momentum tensor 
of a perfect fluid is trace free if and only if 


1 
b= <6. 22 
p= 30 (9.22) 


This constitutive relation is known as the equation of state of radiation. 
In what follows, the discussion will be restricted to perfect fluids satisfying the 
equation of state (9.22). To discuss the perfect fluid in the conformally rescaled 
spacetime (M,g) with g = =’g it is convenient to consider the following 
unphysical conformal fields 


Ug = tg, = 5740, = 5*9. 


The above definitions are consistent with the transformation law for the energy- 
momentum tensor of Equation (9.2). Moreover, it follows that p = to, so that 
the unphysical energy-momentum tensor takes the form 


4 1 
Tab = Z 0UaUb — 309as With = V"°Tup = 0. (9.23) 


Moreover, one has that uau! = 1, so that differentiating along u° one finds that 
u’Valupu?) = 0. 

From this expression it follows that if uau = 1 at some point in a flow line, then 

Uau? = 1 everywhere along the flow line. From Equation (9.23) it readily follows 

that 


4 1 
3 (Uau V cO + ouaV cu? + ou°V cla) — gv ae = 0. 


Contracting this equation, respectively, with u% and gay — Uaua one obtains 


4 
u"V a0 + 32V ou" = 0, 


4 1 1 
gous Vella + guau Vee — 3 Vae =0. 


These equations are the conformal versions of the equation of energy 
conservation and the equations of motion; see, for example, Choquet- 
Bruhat (2008). A discussion on how to use these equations to construct suitable 
evolution equations for the fields ọ and the spatial components u’ of the fluid 
4-velocity can be found in the same reference. 
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A further matter model amenable to a treatment by means of conformal methods 
is the Yang-Mills field. The Yang-Mills equations can be regarded as a suitable 
generalisation of the Maxwell equations; see, for example, Frankel (2003) for a 
discussion. The conformal field equations with matter source given by a Yang- 
Mills field of arbitrary gauge group have been discussed in Friedrich (1991). The 
discussion of the Maxwell field presented in this chapter is adapted from that 
reference. A treatment of the conformal Einstein-Maxwell system by means of 
Weyl connections is given in Lübbe and Valiente Kroon (2012). 

The discussion of the conformal field equations coupled to the conformally 
invariant wave equation was first given in Hübner (1995). An alternative 
approach to the analysis of the conformal Einstein field equations with a scalar 
field can be found in Biéak et al. (2010). In Friedrich (2015b) it has been shown 
that the Einstein—massive scalar field system has good conformal properties if 
the mass of the scalar field and the cosmological constant satisfy the relation 
3m? = —2X. 

Finally, the conformal Einstein-Euler equations have been analysed in Lübbe 
and Valiente Kroon (2013b) and used to prove the future non-linear stability 
of perturbations of Friedman-Lemaitre-Robinson-Walker cosmological models 
with a radiation fluid. Analyses of the Einstein-Euler system not making use 
of conformal methods can be found in Rodnianski and Speck (2013) and Speck 
(2012). 

The purpose of this chapter has been to present a discussion of matter 
models with properties which make them suitable sources for the conformal field 
equations. However, conformal methods have also been used for other types of 
constructions. As an example, one has Bičák and Krtous (2001, 2002) where the 
conformal invariance of the Maxwell equations has been exploited to construct 
the analogue of the Born solution (describing the motion of a pair of uniformly 
accelerated charges) in the de Sitter spacetime. 


10 
Asymptotics 


This chapter discusses some basic consequences of the notion of asymptotic 
simplicity introduced in Chapter 7. As already mentioned, the main motivation 
behind this definition is to provide a characterisation of a broad class of 
spacetimes in which universal structures can be identified. Once this has been 
done, the idea is to use these structures to define in a rigorous manner concepts 
of physical interest. 

The characterisation of the gravitational field through the analysis of its 
asymptotic behaviour has a long tradition dating back to the early works by 
Bondi et al. (1962), Sachs (1962b) and Newman and Penrose (1962). These 
studies culminated in the identification of gravitational radiation as a real 
physical phenomenon. The developments of this classical theory have been 
treated extensively in the literature; see, for example, Geroch (1976), Penrose and 
Rindler (1986), Stewart (1991) and Frauendiener (2004). The readers interested 
in the historic development of this idea are referred to Kennefick (2007). 

Despite the important insights provided by the classical theory of asymptotics 
of general relativity, this approach has the weakness of being, to some extent, 
formal. More precisely, it relies on a number of assumptions about the nature 
of solutions to the Einstein field equations — say, for example, the regularity 
of the conformal boundary — which are hard to verify for a suitably large class 
of spacetimes. This point is key: the theory of asymptotics of the gravitational 
field comes fully into life when combined with the (conformal) field equations 
and methods of the theory of partial differential equations. This remark does 
not disown the fundamental insights into the behaviour of the gravitational field 
that formal asymptotic analyses have produced, but rather insists on the need 
to carry the subject further. 

Arguably, the most important consequence of asymptotic simplicity is the 
set of results collectively known as peeling — that is, a detailed description 
of the asymptotic behaviour of the gravitational field expressed in terms of the 
components of the Weyl tensor. The peeling behaviour is the main subject of this 
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chapter. The basic assumptions behind the peeling results are the main subject 
of Chapter 20. Complementary to the discussion of the peeling behaviour, this 
chapter contains a detailed discussion of a gauge prescription for the analysis of 
the structure of the gravitational field at the conformal boundary of Minkowski- 
like spacetimes, the so-called NP gauge. The chapter concludes with a brief 
overview of other aspects of the theory of the asymptotics of the gravitational 
field which are sligthly outside the main focus of this book: the Bondi mass, the 
BMS group and the so-called Newman-Penrose constants. 


10.1 Basic set up: general structure of the conformal boundary 


In what follows let (M, g) be an asymptotically simple spacetime in the sense of 
Definition 7.1 and let (M,g,=) denote an associated conformal extension. As in 
Section 7.1, let Z denote part of the conformal boundary characterised by the 
requirements 


E=0, d=0. (10.1) 


Much of the analysis of the present chapter is based on the evaluation of the 
various conformal field equations at J. In what follows, the notation ~ will be 
used to indicate that a certain equality holds at J. In terms of this notation, the 
conditions in (10.1) can be rewritten as 


3x0, dE #0. 


The basic observation concerning the set J is that its causal nature is 
determined by the sign of the cosmological constant A. This result follows from 
a direct inspection of the conformal Einstein field equations; see, for example, 
Equations (8.26a)—(8.26e) in Section 8.2.5. One has that: 


Theorem 10.1 (causal nature of the conformal boundary) Suppose that 
the Friedrich scalar s is finite at S and that T = o(2~*). Then J is a null, 
spacelike or timelike hypersurface, respectively, depending on whether A = 0, 
A<O0orr>0. 


Proof The normal to the hypersurface -¥ is given by V.=. From Equation (8.24) 
one directly has that 


1 
VaEV°E ~ — 5A, (10.2) 


as by hypothesis =47' > 0 if = — 0 and s is finite at J. 


A discussion of the order symbols o and O used in the previous and other 
results of this chapter can be found in the Appendix to Chapter 11. 


Remark. Spacetimes with A = 0 will be said to be Minkowski-like, those with 
A <0 de Sitter-like and those with à > 0 anti-de Sitter-like. 
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The regularity of s at % can be rephrased in terms of a sufficiently rapid decay 
of the physical energy-momentum tensor Tap. Using the conformal field Equation 
(8.13) it follows that a sufficient condition for VV = and s to be finite at J is 
that Trab} = o(27°). In this case one concludes that 


VaVon ~ S8Jab- (10.3) 


It follows from the transformation formulae of the energy-momentum tensor, 
Equation (9.2), that if T;,»; = o(2~%), then, in fact, Tab} = O(E?); see also the 
discussion in Stewart (1991). If, in addition, one has that R is finite at J, then 
expression (10.3) reduces to 


The spinorial version of the above expression is 


The latter is usually known as the asymptotic Einstein condition; see, for 
example, Penrose and Rindler (1986). 


10.1.1 Topology of the conformal boundary 


As will be seen in Chapter 15, there exists considerable freedom in the 
specification of the topology of de Sitter-like spacetimes. By contrast, the case 
of a vanishing cosmological constant is much more restrictive: 


Theorem 10.2 (topology of % for asymptotically Minkowskian space- 
times) Let (M, g) denote an asymptotically simple spacetime with A = 0 and let 
(M,g,=) denote a conformal extension thereof. Then I consists of two disjoint 
components JT and I+, each one having the topology of R x S?. 


A discussion of the proof of the above theorem goes beyond the scope of this 
book. The interested reader is referred to Newman (1989) for a proof and for a 
discussion on pitfalls in earlier arguments in Penrose (1965) and Geroch (1971b, 
1976); see also Hawking and Ellis (1973). Remarkably, this result depends on 
the satisfactory resolution of the so-called Poincaré conjecture; see, for example, 
Gowers (2008) for an introduction to this (now solved) classical problem in 
mathematics. Vacuum spacetimes with a vanishing cosmological constant and a 
conformal infinity with sections which are toroidal, that is, having the topology 
of R x S x S have been considered in the literature; see Schmidt (1996). Note 
that as a consequence of Theorem 10.2 these spacetimes must exhibit some type 
of pathology — and, in particular, they cannot be asymptotically simple. 


The behaviour of points in the conformal extension of an asymptotically simple 
spacetime for which both = = 0 and d= = 0 will be analysed from various 
perspectives in Chapters 16, 18 and 20. 
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10.1.2 Further properties of the case \ = 0 


In this section let A = 0 throughout so that the asymptotically simple spacetime 
(M,g) has a null conformal boundary. For ease of the exposition, attention is 
restricted to the vacuum case. 

As a consequence of Theorem 10.1 the physical spacetime manifold M must 
lie either towards the past or the future of J — intuitively, this assertion seems 
natural; however, a detailed argument requires the ideas of the discussion on 
Lorentzian causality in Chapter 14. Consistent with the discussion of conformal 
extensions of exact solutions in Chapter 6, .%* (i.e. future null infinity) will 
denote the set on which null geodesics attain a future endpoint while #7 (i.e. 
past null infinity) corresponds to the set of past endpoints of null geodesics. A 
null hypersurface has the property of being generated by null geodesics; that is, 
each p € J= lies on exactly one null geodesic which is everywhere tangent 
to J+. Accordingly, each of .%* and JT can be regarded as the union of 
these generators (or rays). Complementary to the latter is the notion of a 
cut of null infinity, that is, a two-dimensional surface @ which intersects each 
generator exactly once. As a result of Theorem 10.2 one has that @ ~ S?. 

The subsequent discussion will, for simplicity, be restricted to %* — an 
analogous discussion follows, mutatis mutandis, for J~. By definition, the 
normal to J+ is given by d=. As g*(d=,d=) œ 0, it follows that the vector 

= —g'(d,-) satisfies (d=, N) = 0 and, thus, is tangent to Jt — and, in 
particular, to its null generators. 

As J* is a hypersurface of M, there exists an embedding y : Jt > M. Let 
q = v*g denote the metric induced on .4* by g. The metric q is degenerate. To 
see this, write dE in coordinates adapted to Z+; it follows that y*(d=) = 0 so 
that y*(N’) = 0. Thus, from N? = g(N,-) one concludes that q(N,-) = 0 as 
claimed — observe that as N is tangent to J”, it follows that it has a well-defined 
pull-back. 

To analyse the behaviour of the metric q along the generators of A+ consider 
the Lie derivative £ wnq. To compute it start from 


LN Jab = N°V eGab + V°NaGeb + V°Nogac 
= Vi Na + VaMe = 2Va No, 


as VaVp= = -Va No = — Vi Na. Hence, using Equation (10.3) it follows that 
Enq = —Sq. (10.5) 


The trace-free part of £wq is called the shear tensor ¢ of the congruence 
of generators of Jt — it describes the tendency of a sphere of points in the 
congruence to be deformed into an ellipsoid with the same volume. As Equation 
(10.5) is pure trace, it follows that ¢ = 0. Thus, the congruence of generators of 
I is shear free. This result is a consequence of the conformal field equations via 
Equation (10.3) so that from the conformal invariance of the equations it follows 
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that the shear-freeness of the congruence of generators is a property independent 
of the particular choice of conformal factor. 

The conformal gauge freedom inherent in the construction of a conformal 
extension can be exploited to gain further insight into the structure of null 
infinity. Given a conformal extension (M,g,&) consider V > 0 and define a 
conformally related metric g’ via g' = J?g. The transformation rule of the 
Friedrich scalar s — see Equation (8.29b) — yields that 


s! ~ dots — 97? NV oÀ. 


Thus, if initially s 4 0, one can always find a further conformal representation 
(M,g’,=’) for which s’ = 0 if one imposes the condition 


N°V.0 = vs. (10.6) 


Notice that the above equation can be rewritten as £y Ù = Vs, and, accordingly, 
it can be read as an ordinary differential equation along the generators of null 
infinity. It is important to observe that once condition (10.6) has been imposed, 
one is still left with the freedom of specifying a further rescaling g” = x7g’ such 
that £N’ x=0Q. 

The conformal gauge implied by condition (10.6) yields, together with 
Equation (10.5), that 


Enq’ =0; (10.7) 


that is, the intrinsic metric of 4+ is Lie dragged along the generators of null 
infinity. Each of the cuts @ of null infinity inherits from the metric q on JT 
a metric k which is non-degenerate. As a consequence of Equation (10.7), if 
one considers any other cut @’, one obtains the same induced metric k. Now, 
any metric on a two-dimensional surface which is topologically S? is conformal 
to the standard metric of S?, ø — this fact is a consequence of the so-called 
Riemann mapping theorem; see, for example, Krantz (2006), chapter 4. 
Hence, one can write k = 620 for some conformal factor 0 > 0 on S?. Under 
a further conformal gauge transformation g” = xg’ such that £n x = 0 (see 
the previous paragraph), one can then always assume that the gauge has been 
chosen so that k = ø. Under these circumstances the conformal gauge freedom 
is reduced to a function x such that x ~ 1. 


10.2 Peeling properties 


One of the most important results of the theory of asymptotics of the 
gravitational field is the so-called Peeling theorem — a precise prescription 
of the decay of the Weyl tensor of an asymptotically simple spacetime. The 
Peeling theorem is based on the important observation that the Weyl tensor of 
an asymptotically simple spacetime must vanish on .%. As will be seen in the 


10.2 Peeling properties 227 


following, this observation follows in a quite straight forward manner if A Æ 0. 
A more subtle argument is required if A = 0. 

In what follows, let V4gcp denote the Weyl spinor, and recall that Vagcp = 
=éapcp. The subsequent analysis is best carried out with the spinorial 
conformal Einstein field equations expressed with respect to a spin dyad {e 44}; 
see Section 8.3.2. In this formulation of the field equations the fields are scalars. 
Hence, they can readily be evaluated at the conformal boundary without the need 
of pull-backs. One has the following: 


Theorem 10.3 (vanishing of the Weyl tensor at %) Assume that Y ABCD 
is smooth at %. If \#0 and the physical Cotton tensor satisfies Yabe = 0(= ') 


at %, then Vapop = 0 at S. If X= 0, the same conclusion follows if Yabe = 
o(=71) and VaYate = 0(= +). 


Proof (case X#0) The starting point of the analysis is the Bianchi equation 


VÈ adascg + Tacaa’ = 0; 


compare the spinorial conformal Einstein Equation (8.37b). Now, recalling that 
PABCD = =-!Wapscp and TBCAA' = = l¥pcaa’ it follows that 


V wv EV aBcg — EV? a VasBcg = EYpcAA’. (10.8) 
Hence, using Yabe = o(=~") one finds that V@ yE Vascag ~ 0. Contracting 
with Vpa’= one obtains 
VDA EVo^ = U2 apc ~ 0. (10.9) 
Now, using Equation (10.2) one has 


ae 


z E: = lies 
Vps EVQo^ E= Vpr EV? Beng ~ 5% EDQ. 


Substituting the latter in (10.9) one finds that AY ABcp ~0. Hence, Vascp = 0 
on f. 


Proof (case A=0) Again, one has that 
V44 2 Uapop ~ 0. (10.10) 


In this case, however, V44' is the spinorial counterpart of a null vector. Hence, 
there exists a spinor ¿^ such that 


yii = AM, (10.11) 
It follows from Equation (10.10) that there exists a scalar field y such that 


VABCD œ PLALBLCLD- (10.12) 
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In order to extract further information consider Equation (10.8) — which is also 
valid in the case A = 0 — and apply Vege to both sides. The assumptions on 
YopBB' imply that 


VerV?p=Vascg + Vo BEV ek VaBcg — Ver EV? BV ABcg ~ 0. 


Symmetrising on g and pg’, and using the asymptotic Einstein condition (10.4) 
one concludes that 


VÈ BEV mp) EV aBcg — Ve(E/=V" BV aBcg ~ 0. (10.13) 
Now, using identity (3.6) to interchange the indices p and Q one obtains 
VÈ (BEV QV ance — Van ZV? B)VABcE 
—€xge?t (VÈ BEV ey) sVaBcr + Vs 2V? B) Vascr) ~ 0, 
which in view of Equation (10.13) reduces to 
VÈ BEV e)QUaBce ~ 0. 
Using the decomposition (10.11) in this last equation one obtains 
OTB Ve QVaBce ~ 0. 
Contracting the latter with 7B’ and observing that tg # 0, one concludes that 
191P Von VaBce ~ 0. (10.14) 
Thus, 
IO VQE'VABCE ~ QTE'CABCE 


for some scalar a and a spinor ÇaBgce # 0. Substituting back into (10.14) one 
concludes that a = 0 so that one has 


IO VQE'YABCE ~ 0. (10.15) 


In order to bring this last result into a more convenient form one completes the 
spinor 4 to a spin basis {ea4} = {04, 14} with 04.4 = 1 so that v4 = 6,4 and 
o4 = 604. Thus, contracting Equation (10.15) with o”” and substituting (10.12) 
into Equation (10.15) one obtains 


120E Vor (WealBlclE) = Vio’ (WealBlclE) ~ 0. (10.16) 


The above expression is to be regarded as a differential equation for ~ over the 
cuts of J+. To conclude the argument one makes use of the formalism of the 
ö and 6 operators as discussed in the Appendix to this chapter. Accordingly, 
in what follows it is assumed that one has a conformal representation for which 
the cuts are metric unit spheres S?. Contracting (10.16) with o4070©o” one 


obtains 
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Now, from Y = Vapcpo%o0F 0© 0? it follows that y has spin-weight 2. Hence, 
using Lemma 10.1 in the Appendix to this chapter it follows that y ~ 0 and 
thus VapBcp vanishes at J. 


Remark. The above result strongly depends on the fact that for an asymptoti- 
cally simple spacetime with \ = 0 one has that J ~ R x S?. For the spacetimes 
with toroidal null infinities considered in Schmidt (1996), the crucial Lemma 
10.1 does not hold — see Frauendiener and Szabados (2001) — and the desired 
conclusion cannot be obtained. 


A more detailed description 


To obtain a more detailed description of the peeling behaviour, it is necessary 
to introduce further structure. In what follows, consider a null geodesic y in 
(M,g) reaching J at a point p and let y denote the corresponding null geodesic 
on (M,g). At a point q € ¥ one can choose a spin dyad {6, ï} such that the 


tangent to 7 is given by the vector I with spinorial counterpart [AA = GAG’, 
The spin dyad can be naturally propagated along y by requiring 

Det =0, Dir =0, (10.17) 
where D = [°V, = 6464’ Vaa in standard Newman-Penrose (NP) notation. 


Now, let 7 denote an affine parameter along 7. It follows that D= d/dř. In 
order to rewrite the above expressions in terms of quantities defined on the 
unphysical spacetime (M, g) it is convenient to consider the transformation 


A 


0A = 6a, o^ = 57154, ba = Ela, iA = 7A; (10.18) 


compare Equations (5.31a)—(5.31c) in Chapter 5. Using the transformation laws 
under conformal transformations for the covariant derivatives it follows from 
(10.17) that 


Dor =0,-.  Di^ = (27182) of, 


where ô = Mm°V, = 10^ Vax. The second of the above expressions is 
potentially singular at J — observe, however, that as = œ 0, it follows that 
d= ~ 0 as m is intrinsic to .%. Thus, the spin dyad {0,1} is well defined and 
regular at .%. Now, from Do^ = 0 it follows that the null geodesic y is affinely 
parametrised. Let r denote a possible affine parameter. Its origin and scaling can 
be chosen so that 


d2 
r=0, and DEZ = —=-1 at pE J. 
dr 
From Remark (c) in Section 7.1 it follows that 
dř 1 


dr =? 
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where ř is an affine parameter in the physical spacetime (M,g). Hence, one 
concludes that 
#=O(2') near J. (10.19) 
Making use of the above relations one obtains the following, more detailed, 


version of the peeling behaviour: 


Theorem 10.4 (Peeling theorem) Let (M,g) denote an asymptotically 
simple spacetime with A = 0 for which the hypotheses of Theorem 10.3 hold. 
Moreover, let 


Yo = Vagon ð? o?, qh = VaBopi ð” oP, y = Vapcpi*i? CoP, 
03 = VaBcni i” iO oP, da = VaBcni t”i iP, 
then 
7 ~—5 —4 223 
po = OF J; pı = O(r ), we =O(r ) 
7 29 7 PE 
p3 = O(F *), p = O(F *) 
Proof Let 
_ A.B C.D _ ABCD 
po = WARenO Ol OO ... qa = Weep ee. 


It follows from Theorem 10.3 that Y = O(2). Now, using the transformation 
rules (10.18) one has that 


Vere UR 
Thus, recalling (10.19), one finds the desired result. 


Combining the definitions of the fields wp with the corresponding decays given 
by Theorem 10.4 one obtains a detailed expression for the asymptotic behaviour 
of the Weyl spinor. It can be written schematically as 

[N]asep | 


Y MII] ABcp 
ABCD = = 72 


JaBcp 
p4 


asco 
73 


+ O(#*), (10.20) 


where [Nlapcp, (IIT ascp, (Tasco and ]apcp represent, respectively, 
totally symmetric spinors of Petrov type N, III, II and I; for a concise 
discussion of the Petrov classification of the Weyl tensor using spinors, 
see Stewart (1991). For Petrov type N Weyl tensors the spinor Vagcp has 
four repeated principal null directions. They are associated to gravitational 
plane waves. Similarly, a spacetime with a Weyl spinor of Petrov type III has 
three repeated principal null directions; one of Petrov type JI has two principal 
directions, while one of Petrov type I is algebraically general. The observation 
that a repeated principal null direction is lost at each order in the expansion 
(10.20) justifies the name of peeling in analogy to the peeling of a fruit; see 
Figure 10.1. 
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Figure 10.1 Schematic representation of the Peeling theorem: the leading 
behaviour of the Weyl tensor corresponds to that of a plane wave (Petrov 
type N). More general behaviour is observed as one looks into higher order 
terms. 


Remark. The key assumption in the derivation of the peeling behaviour is the 
smoothness of the Weyl tensor at Z+. A careful inspection of the arguments in 
the previous sections shows that the smoothness requirement can be relaxed and 
that the conclusions of Theorems 10.3 and 10.4 can be recovered if it is assumed 
that Y4gcnp is of class C* at .%+ for some positive integer ką. A determination 
of a sharp value of k, will not be pursued here. One of the challenges in the 
construction of spacetimes satisfying the peeling behaviour or, more generally, 
spacetimes which are asymptotically simple is to ensure that their Weyl tensor 
has the required regularity at the conformal boundary. The latter will be a 
recurrent idea in the remainder of this book. The analysis of the non-linear 
stability of the Minkowski spacetime in Christodoulou and Klainerman (1993) 
renders a Weyl tensor with a limited regularity at .4* for which only a partial 
peeling behaviour of the form 


vo =O"), =O), 2 = O(P), 
vs =O), ws =O”), 


can be recovered; see, for example, Friedrich (1992) for a discussion. 


10.3 The Newman-Penrose gauge 


The analysis leading to the Peeling theorem shows the advantages of using a 
gauge which is adapted to the geometry of null infinity. In this section this idea 
is further elaborated. The resulting Newman-Penrose gauge allows one to 
obtain further insights into the properties of asymptotically simple spacetimes. 


10.3.1 The construction of the gauge 


As in the previous section let (M,g,=) denote a conformal extension of an 
asymptotically simple spacetime (M,g) with A = 0. For conciseness, the 
subsequent discussion will be restricted to future null infinity .4*. An analogous 
discussion can be readily adapted for J7. 
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Figure 10.2 Schematic representation of the setting for the construction of 
the NP gauge. The NP gauge is based on a fiduciary cut @, on .%* and is 
valid in a neighbourhood M of the conformal boundary. The vector e117 is 
tangent to the generators of null infinity, while eoo’ generates the outgoing 
null hypersurfaces .%,. See the main text for further details. 


In what follows, let {eaa} be a frame satisfying g(e AA’, €BB') = €ABEA'B’ 
defined in a neighbourhood U of +. The frame will be said to be adapted to 
J* if — see Figure 10.2: 


(i) The vector ex is tangent to J+ and is parallely propagated along its 
generators; that is, one has 


Virer ~ 0. 


(ii) On U there exists a function u (a retarded time) which can be regarded 
as an affine parameter of the generators of %* such that e41/(u) ~ 1. 
The retarded time is constant on null hypersurfaces transverse to .%* and 
satisfies €99 = g*(du,-). It follows that ego is tangent to the hypersurfaces 


Nu, = {p EU | u(p) = ue}, 


where u, is a constant. Moreover, eoo is tangent to the null generators of 
(iii) The fields {e44} are tangent to the cuts Cu, = Ma, NSZ and parallely 
propagated along the direction of egg’. That is, one has 


Voor ead =0 on Mae: 


Using the definition of the spin-connection coefficients it follows from the above 
requirements that 


Tio11 = 0, 44/41 = 0, (10.21a) 
T1000 = Trovo’, Piro0 = Proovi pa To101 on u, (10.21b) 
Tov AB =0 on U. (10.21c) 
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The condition [T1011 ~ 0 is, in fact, another way of expressing the fact that the 
congruence of null generators of .4* is shear free. This can be seen by evaluating 
the conformal field Equation (8.35c) 


V AA'V BB’ = = —ZLAA'BB' + SEABEA'B' (10.22) 


at It for AA’ BB’ = 1010’. It follows that T1011€00 (E) = 0, but €00’ (E) of 0 
so that one concludes [49/11 œ 0 as claimed. 


Remark. The discussion of the previous sections shows that an adapted frame 
can always be obtained in a neighbourhood U of .4+. The key observation is 
that N = g'(d=,-) is tangent to the null generators of Zt so that one can set 
e11 proportional to N. A suitable choice of affine parameter for N renders the 
retarded time u and hence the frame vector eoo’. The rest of the frame is then 
naturally completed by looking at a basis on the tangent bundle of the cuts Gu. 


Following the ideas of Section 10.1.2, the gauge can be further specialised by 
considering a suitable conformal rescaling. Accordingly, consider 


gg =g, ESF =e. (10.23) 


The above rescaling will be used to obtain an improved adapted frame {e', a }- 
For an arbitrary conformal factor J > 0 and an arbitrary function x > 0 which 
is constant along the generators of JT set 


ey > V’? xei; (10.24) 


compare the discussion in Section 10.1.2. In addition, define a further parameter 
u’ = u' (u) such that du'/du = x~!¥?. Integrating along the generators of null 
infinity one finds that 


1 u 
u = =| 0?(s)ds + ul. 
x Ju, 
The real constants u, and uf are fixed so that they identify a certain fiduciary 
cut ©, = Cu, In what follows, for convenience, the symbol © is used to denote 
equality at @,. It can be verified that e{,, is parallely propagated and that 
e),/(u’) = 1. The transformation rule (10.24) is supplemented at @, by 


! Ae = , x g- 
eho X x7 'eoo, ehr SV 'eov. (10.25) 


It can be verified that g'(e'4 4r; €pgp') = EABEA' B’ ON Ga. 

As seen in Section 10.1.2, @ ~ S? so that the metric k, induced by g’ on © 
is conformal to the standard metric o of S?. Accordingly, the conformal factor 
V can be chosen on @ so that k, xo. A calculation using the transformation 
laws of Chapter 5 shows that the rescaling (10.23) and the conditions (10.24) 
and (10.25) imply on 6, 


Vio00 = * (T1000 — V~ *€00'()), (10.26a) 
Torir = #0? (Torii +9 e11/(9)). (10.26b) 
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Hence, by a suitable choice of dv and x it is possible to ensure that 
Mooo ~ 9, Ihr %0, edo (=’) È constant Æ 0. (10.27) 


A convenient way of prescribing the conformal factor V off @, follows from 
the transformation law for the trace-free part of the Ricci tensor ®,, under the 
rescaling (10.23): 


1 
P'a — Pab =— TGA — 29-1V,0V,9) — gI VeVe) = 20-1V.0V"0)) ; 


see Equation (5.6a). Transvecting this last equation with er Q eiv it follows 
that if V satisfies the equation 


eir (eir (®)) = 207" (ei (8)? S P2, (10.28) 


then 65, ~ 0. By means of the substitution z = J~', Equation (10.28) can 
be read as a second-order linear ordinary differential equation for 97! along 
the generators of .%+. Thus, this equation can always be solved, at least in a 
neighbourhood of @, on J+ to ensure that 


Bo. ~ 0. (10.29) 


This last construction also fixes the value of ep4, (V) on J+. 
The initial data for Equation (10.28) on the fiduciary cut @, is chosen so that 
e11 (8) © —To111 consistent with Equation (10.27); compare Equation (10.26b). 
Now, taking into account Equations (10.2la) and (10.29), one has that the 
Ricci identity — compare the conformal field Equation (8.35b) of Chapter 8 — 
gives for the values 44’ = 11’, BB’ = ov and cp = 11 that 


2 = 
eir (Tor11) + (Tor11) + Vora! vivy = 0- 


The latter equation can be interpreted as a homogeneous differential equation 
along the generators of Z+ for the reduced spin connection coefficient [ 4/41. AS 
a consequence of the initial condition (10.27) on @,, it follows that [94/41 œ 0. 

The construction described in the previous paragraphs provides a specification 
of the conformal factor V and of the function x which fixes the frame vector e4,, 
completely on Z+. Notice, however, that the vectors €5,, and ej, (tangent to 
the cuts Gu.) are determined up to a rotation of the form 


1 icp j —ico’ 
€o1/ re €01’) €10 re e190"; (10.30) 


with c a real phase on J+. A rotation on T(@,,) can be exploited to obtain 
additional simplifications in the spin connection coefficients. A calculation using 
the definition of the spin connection coefficients and taking into account that 
Vi1/e4, œ 0 gives that 

1 


7 710 / / 
Tiro = =e , Virer) 
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Under the rotation (10.30) the above relation transforms as 


i 1 
1 1 / + 
11/01 '* ger (c) — zl 11'01> on JT. 
Thus, given a particular choice of vectors eh, and ele on .%*, by solving the 
8 p 01 10 » BY 


equation 


elrc) & —Slivo1 with c © 0, 
along the generators of .4*, it is always possible to rotate the basis according 
to (10.30) so as to ensure that [44,9 œ 0. In the following, it will be assumed 
that e9,, and e4,, have been chosen so that the latter is the case. 

The choice of vectors eby and e49, has some further consequences. Evaluating 
the primed version of Equation (10.22) at J+ for 4a’ = or and BB’ = 10 One 
finds that Voy Vig = ~ —s’. Now, as =’ = 0 on J% and eb is tangent to SF, 
it follows from Vor Vig = = Voreio (=) & 0 that s ~ 0 and that 


Vaa Veg E 20. (10.31) 


This last expression can be regarded as a strengthened version of the asymptotic 
Einstein condition (10.4). In particular, for 44’ = 1v and BB = oo Equation 
(10.31) implies that V41 (€00 (2')) = 0 so that eoo (E') is constant along the 
generators of A. Moreover, setting 44’ = oo’ and ga = ory and using that 
eor (=) ~ 0 one finds that 


Lor? 0€go' (E) + Pie? veg (E) = 0. 


Expanding and using, again, that eox (2) ~ 0 and recalling (10.21b) one finds 
that T44-99€00' (2) œ 0. However, ego (2) # 0 so that one concludes that 
i100 ~ 0. 

To conclude, it is observed that although Equation (10.28) fixed the derivative 
e (0) along J+, the derivative ehg (V) still remains free. A convenient way of 
fixing egg (V) can be obtained from the transformation law for the Ricci scalar 
— see Equation (5.6c) — which, in the present context, takes the form 


Rig] = 9-7 Rig] + 12097? V 0V" V — 69-1 VV À. 


A natural requirement is to set R[g’] = 0 on J+ so that along the generators of 
J+ one obtains the equation 


eir (€o0/(9)) — 207 e441, (Veo (0) > F', (10.32) 


where 
1 
P' = Re( ebu (eto (W)) ~ overeiol®) ~ 20- teba (Jeta (9) + 7307 Rig] ). 


Equation (10.32) can be regarded as a linear differential equation for eĝo (Ù) 
along the generators of .%* with a non-homogeneous term F” which consists of 
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quantities which are already known along .%*. Equation (10.32) is supplemented 
by the condition eho: (V) = x01 1000 ~ 0 consistent with Equation (10.27). It 
follows that 


Rig'] = 0. (10.33) 


Using the Ricci identity, Equation (8.35b), taking into account the conformal 
gauge condition (10.33) and the conditions on the spin connection coefficients, 
gives for the values 44’ = 11x, BB’ = 10 and cp = oo a homogeneous ordinary 
differential equation for T% oroo along the generators of .4*. Observing the initial 
condition (10.27) the latter implies that [49,99 ~ 0. Finally, a further use of the 
Ricci identities gives ®{, = ®21 ~ 0. 

The construction of the previous paragraphs is rounded up with the introduc- 
tion of adapted coordinates. On the fiduciary cut @, ~ S? one chooses some 
coordinates 0 = (04) A = 2,3 and extends them along +t by requiring them 
to be constant along the null generators. On the hypersurfaces N,, transverse 
to JF it is natural to identify an affine parameter r’ of the null generators of 
these hypersurfaces in such a way that ebo (r) = 1 and r’ œ 0. The coordinates 
0 = (04) are propagated off Zt in such a way that they are constant along 
the generators of Nw. As a result of this construction one obtains Bondi 
coordinates x = (u',r’,04) in the neighbourhood U of J+. 


Summary of the construction 


The lengthy construction in this section can be summarised in the following 
proposition (for ease of presentation the ’ in the objects associated to the 
improved adapted frame has been dropped from the expressions): 


Proposition 10.1 (the NP gauge at J+) Let (M,g) denote an asymptoti- 
cally simple spacetime. Locally, it is always possible to find a conformal extension 


(M,g,=) for which 
Rig] ~ 0 


and an adapted frame {eaa} such that the associated spin connection coeffi- 
cients TAa’ gc satisfy 


Tou Bc ~ 9, Tivse ~ 9, 
To1'11 œ 0, T1000 œ 9, Tiva S0 


Pyoov +Torvor œ 0. 
In addition, one has that 
O12 ~ 0, Oo. ~ 0, 


and eoo (=) is constant on J+. 
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A quick inspection reveals that in the gauge associated to Proposition 10.1 
the only non-zero spin connection coefficients on .4* are given by 91/00, ['o0'01 
and T'y9’01 which in standard NP notation correspond, respectively, to a, a, p. 
On .%+ the connection coefficients a and 8 satisfy a + 8 ~ 0 and describe, 
essentially, the connection of the intrinsic metric of the cuts of %*; that is, 
the connection of the standard metric of S?, ø. The remaining spin connection 
coefficient, o = loroo, encodes the (non-trivial) dynamical degrees of freedom 
in the set up. Its relation with the notion of gravitational radiation will be 
briefly explored in the next subsection. 


10.3.2 The radiation field and the news function 


To explore the relation between the spin connection coefficient o and the notion 
of gravitational radiation it is convenient to expand the Ricci, Cotton and Bianchi 
identities — that is, the conformal field Equations (8.35b), (8.37a) and (8.37b) — in 
terms of the gauge given by Proposition 10.1. An inspection of the components 
of the Ricci identity not used in the derivation of the NP gauge, taking into 
account that Y ABcp œ 0, provides the relations 


Poo pias —0o0, Po, => —0do, Poz = o, 


where ° denotes differentiation with respect to the retarded time u. In addition, 
one also finds 


ıı ~ ĝa — 6B + 4ap. 


As a and 8 describe the Levi-Civita connection of the standard metric of S?, it 
can be readily verified that ©, corresponds, essentially, to the curvature of S? — 
recall that in two-dimensional manifolds the curvature is encoded in the Ricci 
scalar. 

The relation between g and the components of the rescaled Weyl tensor can 
be established by inspection of the Bianchi identity (8.37b) at J+. Choosing, 
for convenience = so that eoo (€) ~ —1, one finds that 


ga S —G, 03 ~ —da. 
Moreover, one also obtains the constraint 
b2 4064076 ~ ha +564 070. 

In view of the Peeling theorem, Theorem 10.4, the component ¢4 describes 
the leading term of the gravitational field — the so-called radiation field or 
outgoing field. In particular, if ¢ is constant along .4+ one has that ¢4 œ 0, 
3 œ~ 0, and one interprets this situation as describing the absence of gravitational 
radiation — that is why @ is sometimes called the news function. The 
component ¢2 is interpreted as describing the Coulomb part of the gravitational 


field while ¢; and ġo are associated with incoming radiation; see Szekeres 
(1965). 
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10.4 Other aspects of asymptotics 


The present chapter provides a minimalistic account of the theory of asymptotics 
of the gravitational field. A detailed account would go beyond the scope of this 
book. It is, nevertheless, of interest to briefly highlight certain topics. 


10.4.1 The Bondi mass 


The analysis of the asymptotics of the gravitational field allows one to describe 
in a rigorous manner the loss of energy of an isolated system due to gravitational 
radiation. This physical process is described in terms of the so-called Bondi mass; 
see Trautman (1958), Bondi et al. (1962), Sachs (1962b) and also Penrose (1965). 
In terms of the notation introduced in this chapter, the Bondi mass mg over 
a cut @ of J+ is given by the surface integral 


mg = = 1 (h2 + aa) ds. 


A concise deduction of the above expression can be found in Stewart (1991). 
Moreover, it can be shown that under suitable assumptions mg > 0; see 
Ludvigsen and Vickers (1981, 1982). A further calculation renders that 


1 
ina =—5 | |a|?dS <0. 
2 Je 


The above inequality is called the Bondi mass-loss formula and encodes the 
loss of mass of an isolated system due to the energy that is carried away by 
(outgoing) gravitational radiation. 


10.4.2 The Bondi-Metzner-Sachs group 


As already mentioned, one of the central objectives of the theory of asymptotics 
of the gravitational field is to identify universal structures in a wide class of 
spacetimes and, in turn, use these to extract physical insight into the behaviour 
of isolated systems in general relativity. An example of this type of universal 
structures is given by the so-called Bondi-Metzner-Sachs (BMS) group; 
see Sachs (1962a), Bondi et al. (1962)and Newman and Penrose (1966). 

In what follows let (u,r,0^) denote a Bondi coordinate system defined in 
a neighbourhood of the future null infinity .7+ of an asymptotically simple 
spacetime. The BMS group is defined by the following transformations on the u 
and 0 = (04) coordinates: 


u’ = K (0) (u — a(0)), (10.34a) 
g'A = 0'4 (02, 0°), (10.34b) 


where the map (04) +> (0'4) is a conformal transformation of S? onto itself, and 
K(@) is the associated conformal factor so that 


o' = K*o 


$ 
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and where a(9) is an arbitrary smooth real function on S?. The particular 
BMS transformations for which 6/4 = 64 are called supertranslations. Under 
a supertranslation, the system of null hypersurfaces Ma, with ue constant is 
transformed into a different system %4, . Expanding the function a(@) in terms 
of spherical harmonics Yım — see the Appendix to this chapter — one finds that 


oo l 
a(@) — 5 5 Alm Yim; 


l=0 m=-l 


with am € C. Thus, the supertranslations are an infinite-dimensional subgroup 
of the BMS group. The particular (four-dimensional) case for which aim = 0 for 
l > 2 is called the translations subgroup. 

Generic asymptotically simple spacetimes do not possess Killing vectors — in 
the conformal picture Killing vectors of the physical spacetime correspond to 
conformal Killing vectors. The BMS group arises from a notion of asymptotic 
symmetries which ensures the existence of non-trivial solutions for generic 
spacetimes, that is, a diffeomorphism y : Jt — Jt satisfying the conditions 


y*q=0"q, pN = 0N, (10.35) 


for some function V > 0 and where the tensor fields q and N are as given 
in Section 10.1.2. It can be verified that the BMS transformations (10.34a) 
and (10.34b) satisfy the conditions in (10.35) with K = ð. A particular type 
of asymptotic symmetries corresponds to those generated by an asymptotic 
Killing vector, that is, a field € on .%* satisfying the conditions 


Leq = 2vq, LeN=—-VUN. 


Given an asymptotically simple spacetime (M,g) endowed with a Killing 
vector €, let (M,g,=) denote a conformal extension thereof. Given that 0 = 
£29 = £:(= 79), it follows that 


£g = 2(271E(E)) g, (10.36) 


for = Æ 0, so that ra is a conformal Killing vector of g on M. Since this vector 
is determined by the smooth metric g, it extends smoothly to Z+ as a vector 
E. Now, the left-hand side of Equation (10.36) extends smoothly to J+, and, 
therefore, the right-hand side does so too. It follows that 
€(E) =a, (10.37) 
with a’ a smooth function such that a = O(=°) so that € is tangent to J+. 
From Equation (10.36) one concludes that 
£eq = 2a'q, £eN =d N. 


Accordingly, any Killing vector of (M,ğ) admits a unique extension to a 
vector on ¥* and which defines an asymptotic Killing vector. The maximum 
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number of linearly independent Killing vectors in a four-dimensional manifold 
is 10. Accordingly, Killing vectors can give rise, at most, to 10 asymptotic 
Killing vectors. By means of a direct calculation, it is possible to show that 
the function a’ in Equation (10.37) and the function a appearing in (10.34a) 
are the same. Thus, the BMS transformations (10.34a) and (10.34b) are 
asymptotic symmetries. In particular, the translations subgroup can be put in 
correspondence with the asymptotic Killing vectors arising from translations in 
the Minkowski spacetime. 

For further details on the structure and properties of the BMS group, see, for 
example, Penrose and Rindler (1986) and Schmidt et al. (1975). A discussion 
of the properties of Killing vectors in asymptotically simple spacetimes can be 
found in Ashtekar and Xanthopoulos (1978) and Ashtekar and Schmidt (1980). 


10.4.8 Newman-Penrose constants 


In Newman and Penrose (1965) — see also Newman and Penrose (1968) and 
Penrose and Rindler (1986) — it has been shown that in an asymptotically simple 
spacetime (M,g) there exists a set of ten quantities defined as integrals over 
cuts of null infinity which are absolutely conserved in the sense that their value 
is independent of the particular cut @ on which they are evaluated — the so- 
called Newman-Penrose constants. In terms of the adapted frame {e44} 
of Proposition 10.1 these constants are given by 


Gm = I 2Y2m€o0(¢0)dS, m= —2,...,2, 
C 


where 2Y>m is a spin-weighted spherical harmonic; see the Appendix to 
this chapter. A discussion of the relation between the above expression and the 
original formula of Newman and Penrose can be found in Friedrich and Kannar 
(2000a). 

There exists no general consensus about the physical meaning or interpretation 
of the Newman-Penrose constants. An explicit computation for stationary 
spacetimes shows that they are of the form 


(mass) x (quadrupole) — (dipole)?; 


see, for example, Backdahl (2009). Evaluations of the Newman-Penrose space- 
times for dynamic spacetimes can be found in Friedrich and Schmidt (1987) and 
Friedrich and Kannar (2000a). In particular, in the former reference it is shown 
that for spacetimes possessing a conformal extension which includes the points 
it and i~ the Newman-Penrose constants correspond, essentially, to the value of 
the rescaled Weyl spinor ¢aBcp at those points. Electrovacuum asymptotically 
simple spacetimes have a suitable generalisation of these absolutely conserved 
constants; see Exton et al. (1969). 
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10.5 Further reading 


An excellent introduction to the theory of asymptotics of the gravitational field 
is given in Stewart (1991) where the subject is called “asymptopia”. A related 
account can be found in Penrose and Rindler (1986). A convenient entry point to 
the extensive literature on the subject can be found in the review of Frauendiener 
(2004). A detailed discussion of the ideas and general philosophy behind the 
treatment of the asymptotics of the gravitational field by means of conformal 
methods can be found in Geroch (1976). Accounts similar in spirit to the latter 
can be found in Ashtekar (1980, 1987). A slightly different perspective on the 
subject can be found in Friedrich (1992); see also Friedrich (1998a, 1999). A 
recent review on the subject of asymptotics is given in Ashtekar (2014). 


Appendix: spin-weighted functions 


Let {o,e} denote a spinorial dyad defined on a spacetime (M,g) and let 
{l, n, m, Mm} denote the associated null tetrad. As discussed in Section 3.1.10, the 
null vectors m and m span a spacelike subspace of T(M) which is orthogonal to 
both l and n. Of particular interest is the case when this subspace corresponds 
to the tangent bundle of a compact two-dimensional submanifold @ of M. In 
the following it is assumed that this is the case. From the expression 


g=l9n+nQl-mQm-mMm 


of the metric g in terms of the null tetrad, it follows that the intrinsic metric øo 
induced by g on @ is given by 


o=-mgm-mQm. 


There is a certain gauge freedom in the above expression since spin-boosts of 
the form 


om e2o, tL eai, (10.38) 


kj 


with arbitrary c € R which imply the transition 


m= em, mm e “m 


? 


leave the metric ø unchanged. 

Given a spinor NA- An A4 An of valence n + m, it is natural to consider the 
behaviour of its components with respect to the dyad {o, e} under the spin boost 
(10.38). For example, given p, q, r, t E€ N such that p +q =n, r +t = m, the 
scalar 


Ap Bi...  Bagâi ... g4rgB1 ... cB 


OTe 
(10.39) 


= At 
N = Ay Ap Bi Bg Al ALB, BLO ttt OOP L 


has a transformation given by 


n= e2lett—a—r) Oy 
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One says, then, that 7 has spin weight s = $(pt+t—q-r). The spin weight of all 
the possible components of 774,...4,,4/--.4, lies in the range -m-n < s < m+n. 

In what follows, we adopt the standard Newman-Penrose conventions to denote 
the directional covariant derivatives with respect to m and m and let 6 = m°Va, 
ô = m°*Vq. Generically, the directional derivatives 6 and ô acting on a spin- 
weighted scalar do not give rise to scalars with a well-defined spin weight. To 
amend this deficiency it is convenient to define operators 6 and 6 which, acting 
on scalars with a given spin weight, give rise to new scalars with a well-defined 
spin weight. Given the spin-weighted scalar 7 of Equation (10.39), the action of 
ð and O is defined to be 


On = 041... o4p, Fa Bagi... gr zB... GB 

x O(N LA; °° 4A, OB, *** OB, LA! ++ Tar Opt +++ OB), (10.40a) 
On = 041... o4p, Pa Bad... gr pBi ... gB 

x O(n LA, *++LA,OB, ++: OB CA! +++ Tar Opt +++ Op). (10.40b) 


The operators ð and ð are complex conjugates of each other in the sense that 
dn = 07. If the scalar 7 has spin weight s, one can verify that 67 and 61 have, 
respectively, spin weights s + 1 and s — 1. Furthermore, 67 and 67 satisfy the 
Leibnitz rule. In order to obtain alternative expressions for 67 and On let 

a = oôta = 1^ĝo4, B=o*dt, = 14604, 


consistent with standard Newman-Penrose notation. Expanding (10.40a) and 
(10.40b) and using the above definitions one obtains 


On = (—1)?"" (ðn + ((q — p) + (t — r)a) n), 
ön = (—1)?*" (õn + ((q — p)B + (t — r)a) n) - 
A computation with the above expressions shows that 


(00 — 00)n = sn. 


The above expressions are convenient for the discussion of spin-weighted 
harmonics. In terms of standard spherical harmonics Yim, these are given by 


oYim = Yim, 
and for s £0 
/2°(1— s)! 
—1)*,/ ——— Ym 0 <l 
a (1+ s)! i oS 
sYim = (1+ s)! ms 
—— 0° Yim -l < 
E P 
0 otherwise; 


see, for example, Stewart (1991) for further discussion. 
Of special relevance for Theorem 10.3 is the following result: 
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Lemma 10.1 Assume @ to be diffeomorphic to S? and let n denote a smooth 
scalar on € having spin weight s. If dn =0 and s < 0, then n = 0. Similarly, if 


ön = 0 ands > 0, then n= 0. 


Proofs of this result can be found in Penrose and Rindler (1984) and Stewart 
(1991). Remarkably, the result depends on the topology (genus) of @; see 
Frauendiener and Szabados (2001). For example, the above result is not valid 
for surfaces diffeomorphic to the 2-torus S x S. It is of interest to point out 
that Lemma 10.1 is equivalent to the statement that there exist no non-zero 
symmetric trace-free, divergence-free, rank 2 tensor fields on S?; see Beig (1985) 
and Frauendiener and Szabados (2001). 


Part I] 


Methods of the theory of partial 
differential equations 


11 


The conformal constraint equations 


This chapter analyses the intrinsic equations implied by the conformal Einstein 
field equations on non-null hypersurfaces. These equations are known as the con- 
formal constraint equations. They play an essential role in the construction 
of initial data sets for the conformal field equations and in the identification of 
boundary conditions. Not surprisingly, these conformal constraint equations are 
closely related to the standard Einstein constraint equations — consequently, 
this chapter starts by considering the properties of the latter. 

The solvability and behaviour of solutions to the conformal constraint 
equations is closely related to the nature of the underlying three-dimensional 
manifold on which the equations are imposed. As a consequence, this chapter 
also provides a discussion of general properties of asymptotically Euclidean and 
asymptotically hyperboloidal 3-manifolds from a conformal point of view. The 
systematic analysis of the constraint equations relies on methods of elliptic 
partial differential equations. Hence, this chapter provides a discussion of some 
of the basic notions of this theory. 

An important aspect of the conformal constraint equations — the so-called 
propagation of the constraints — is discussed in Chapter 13. The analysis of the 
constraint equations on null hypersurfaces is treated in Chapter 18. 


11.1 General setting and basic formulae 


Let (M,g) denote a spacetime satisfying the Einstein field equations. In what 
follows, it will be assumed that (M,g) can be conformally extended to an 
unphysical spacetime (M, g). Accordingly, there exists an embedding ¢: M > 
M and a conformal factor E such that ¢*g = =2g. Now, let S denote a three- 
dimensional submanifold of M and let y :  — M denote the associated 
embedding. As the composition ¢o ọ : Š — M is also an embedding, the 
three-dimensional manifold S can be regarded, in turn, as a submanifold of M. 
As discussed in Section 2.7.3, the spacetime metric g induces a metric h on S via 
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h= y*g. Similarly, regarding Sasa hypersurface on M, the unphysical metric 
g also induces a metric h via the pull-back h = (¢0 w)*g. A calculation shows 
that 


h = ($ 0 p)"g =(v" o¢*)g = 9" (Els) = Vog 
where Q = ©?| ¢ is the restriction of = to the hypersurface S. Following the 
conventions of previous chapters, h = 0?y*g will often be written as 
h=7g. 


Now, let č and v denote, respectively, the g-unit and g-unit normals of S and 
define 


In accordance with the signature convention (+ — ——), the hypersurface S is 
spacelike if e = 1 and timelike if €e = —1. It follows that 


or, using index notation, Va = = and v* = 27 10%, In what follows, the indices 
of objects in M are raised/lowered using the metric g, while the indices of objects 
on M are moved using g. 


11.1.1 The transformation formulae for the extrinsic curvature 


Having discussed the relation between the 3-metrics and the unit normals to S, 
one is in the position to consider the relation between the extrinsic curvatures 
K and K. Given spatial vectors u, v € T(S) — so that (č, u) = (Č, v) = 0 — one 
has that 
K(u,v) = (Vap, v),  K(u,v) = (Vav, v); 
see Equation (2.43). Recalling that V — V = S(Y) one readily has that 

Vuy = Vu — S(Y,v;u); 


the minus sign arises from the fact that v is a covector. In abstract index notation 
S(Y,v;u) is given by Sa Yevau? from where a short calculation gives that 


d b dw Ta a,b 
Sas Yevau = Sar Vec=0q4u 5 


Sen bt bed =~ 
= Vba u” — Gab J| V EPa 


where 
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is the derivative of = in the direction of the g-unit normal to S. Accordingly, one 
has that 


S(Y,v;u) = u(=)v — EXg(u,:), 


from where, recalling that u, v € T(S) so that (u,v) = h(u, v), it follows that 
K(u,v) = (Vuv,v) — U(E) (Ù, v) + OX(G(u,-), v) 
= (Vu ù, v) + ODA(u, v) 
=Q (Klu, v) + Dh(u, v)) ; 


where to pass from the first to the second line it has been used that (Ù, v) = 0 


as T(S). 
Summarising, the calculations in the previous paragraphs show that 


hij = hij, (11.1a) 
Kij = Q( Kij + Dhi). (11.1b) 
These are the basic transformation formulae for the remainder of this chapter. 


Taking the trace of the transformation formula for the extrinsic curvature, 
Equation (11.1b), it follows that 


QK = K +35, 


where K = h Kij and K = h” Kij — these scalars are sometimes called, 
respectively, the physical and unphysical mean curvature of S . The scalars 
£, K admit a geometric interpretation: if & = K = 0, then, necessarily, K = 0 


and the hypersurface S is maximal in M with respect to both the metrics g 
and g — that is, it encloses a maximum volume for a given area. 


11.1.2 Decompositions in electric and magnetic parts 


A key ingredient in the analysis of the conformal constraint equations is the 
decomposition in electric and magnetic parts of tensors with antisymmet- 
ric pairs of indices. Let S denote a hypersurface on a spacetime (M,g), and let 
v denote the unit normal to the hypersurface. The projector to S is the tensor 
ha? given by 
ha? = ôa? — evar. 

It follows that 

hat% = 0, hath! = hat. 


Furthermore, using the properties of the spacetime volume form €abca — see 
Section 2.5.3 — one can deduce that 


1 
hah,” = A, (11.2) 
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where €qgbe = € fabe is the three-dimensional volume form. 


Now, let Fas denote an antisymmetric tensor of rank 2 and let F%, = 
=Z eab Fea denote its Hodge dual. Its electric and magnetic parts are defined, 
respectively, to be 


F, = Far he Fe = Fv’ has. 
It can be verified that 
Fav = Fev" = 0, ha? Fp = Fa, ha? Fý = F*, 


so that the electric and magnetic parts are said to be spatzal tensors. Together, 
F, and F% encode the same information as the original tensor Fy». In order to 
see this, one writes 


Fap = Fodôa 0t = Foal ha® + evar!) (hy? + mv") 
= Faha hy? + eFeaha vov? + €Feahy av 


= 2€FiaYy) + Feaha hy". (11.3) 
The term F.gha°hp? is, in turn, manipulated using the identity (11.2) as follows: 
Fedha hi? = Fodha hi” = -; edef V fEave 
= Fey eab? = Fo eab". (11.4) 
Thus, combining Equations (11.3) and (11.4), one concludes that 
Fay = 2€Fia) + Foe ab. 


The decomposition in electric and magnetic parts can be extended to tensors 
Wabca With the same symmetries as the Weyl tensor; such tensors are sometimes 
known as Weyl candidates. By analogy to the rank-2 case one defines the 
v-electric and v-magnetic parts of Wabca to be 


Wae = eppal v ha he, Ws = Wea pav’ vhat het, 


ac 


with Wed = — decaf Wares denoting the right Hodge dual of Wanca. In the 
subsequent discussion it is convenient to consider 


Wave = Wepgn haf hithe”. 


It can be verified that 
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As in the rank-2 case, the tensors Wap and W>, (or, alternatively, Wap 
and W,»-) encode the same information as Wabca. The argument to show this 
equivalence is similar to that of the rank-2 case: 


Wabea = Wefghôa ôb? 5-95a" 
= Wepgn(ha® + evar?) (hy! + evy? (he? + evev?)(ha” + evar”) 
= Wefghha haf het ha” + eWearva — €eWaebha Ve + Wacaro 
+ Wacova — Wade — €WoeaVa — WbcYaVa + WbdVaYe. (11.5) 


From the definition of the magnetic part W%, it follows that 
Wabe = E be W Ze- (11.6) 
Moreover, using that 
Cabet? = —6ôa 16e], (11.7) 
it follows that 


1 : 
Wepgnhac ho! hed ha” = 4 epee eau” Cds 


7 “W zst Yeah’ Ecd” = —W2z€ab Eca” 
= Weahoa + Wavhac = cbhad = Waahoe- (11.8) 


Combining Equations (11.5), (11.6) and (11.8) one obtains the desired decom- 
position of Wabca in terms of Wa, and W3: 


Wabca — 2e(lrjeWaja = lajeWajo) = 2(1j-Waje€ ab + Vja Wije€ ca), (11.9) 
where lap = hab — Val. A similar computation renders 


Weed = Wa Woje€ ca — 4Weja €b] [Ya — 4YfaWehoYaj — Wå abet ea. (11.10) 


e 


Expressions in terms of an adapted frame 


The decomposition discussed in the previous paragraphs acquires a particularly 
simple form when supplemented with a frame {€a} adapted to the hypersurface 
S. For such a frame, the projection of a particular index with respect to the 
normal corresponds to replacement of the corresponding frame index with 1 
while the spatial part of a tensor is given by the replacement of the spacetime 
frame indices a, b, c,... with the spatial frame indices ;, j, %,... In particular, 
the three-dimensional volume form satisfies €ijk = E€Lijk, and the electric and 
magnetic parts of the antisymmetric tensor Fab are represented, respectively, by 
F; = Fi, Py = Fe. 


a 
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In the case of the Weyl candidate Wabca one has that the tensors Wa», Wi, and 
Wabe correspond to 


* * 
Wij = Wij, Wi; = Wigs, Wijk = Wirje- 


11.2 Basic notions of elliptic equations 


Elliptic differential operators arise naturally in the study of the constraint 
equations of general relativity on spacelike hypersurfaces. In view of this, 
some basic properties of elliptic operators on Riemannian manifolds are briefly 
discussed. 

Let (S, h) denote a Riemannian three-dimensional manifold with h a negative 
definite metric. A linear differential operator of order M over S is a map 
between tensor bundles 


L: Tiis lS) — Speak (S), S, NE N, 


of the form 
M 
(Lv) i,k = ys APTI S ey Dja a D5, Viris» (11.11) 
r=0 


for a smooth vj,...ig E€ Ti;.is(S) and where the coefficients aft irit ts piky 
are smooth functions over S. The principal part of L consists of the terms in 
Equation (11.11) with the highest order derivatives, that is, 

gI SIMA ky-ky Dja abe Dj Viz-ig- 
Closely related to the principal part is the symbol of L, oL (€), defined pointwise 
on S, for € € T*|,(S) as the linear map 


ox(€) : Ti,.-is|p(S) = Thy---kwlp(S), 
given by 
(OL(E)0) ky ky = a aad E ea wand Sim Viris: 


Observe that the symbol is obtained by the formal replacement of the 
derivatives D; > &; in the principal part of the operator. The symbol o1(€) 
determines the nature of the differential operator. In particular, L is said to 
be underdetermined elliptic at p E€ S if o1(€) is surjective for all € 4 0; 
L is overdetermined elliptic at p € S if o1(€) is injective. Finally, L is 
elliptic if o1(€) is bijective, that is, if it is injective and surjective. If the 
coefficients a/1Jrt*sS,..,,, in the operator (11.11) depend not only on the 
point on S but also on the derivatives D;,---Dj,, 1 < r, then L is said to 
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be quasilinear. The definitions of (underdetermined, overdetermined) elliptic 
differential operators extend in a natural way to the quasilinear case. 

The paradigmatic example of an elliptic operator is the Laplace operator of 
the metric h: 


And = h D; Djo, PE X(S). 


In this case the operator is equal to its principal part. Moreover, its symbol 
is given by hE;E; < 0 for & # 0 (as a consequence of negative-definiteness), 
from where it follows that the symbol is a bijection and, hence, Ap is an elliptic 
operator. Particular examples of overdetermined and underdetermined elliptic 
operators are discussed in Section 11.3.3. 

Associated to the differential operator L in (11.11) one has its formal adjoint 
L* given by 


M 
(Lrujiis = S°(-1)'Dy, Dy, (a FMS E) 
r=0 


for smooth u*t""FN e Tk1"kv (S). The above expression comes from the identity 
between inner products 


J Torei ayn af uean "dn, (11.12) 
S S 
which is obtained by repeated integration by parts. In the previous expression, 
dun denotes the volume element of h. For simplicity, in the identity (11.12) 
it is assumed that S is a compact manifold so that the integrals are well 
defined. Important for the subsequent discussion is the fact (verifiable using 
the definitions given in the previous paragraphs) that L is an underdetermined 
elliptic operator if and only if L* is overdetermined elliptic. Moreover, if L is 
underdetermined elliptic, then L o L” is elliptic. 

The interested reader is referred to appendix IT in Choquet-Bruhat (2008) for 
further details on the theory of elliptic equations. An alternative summary can 
be found in the appendix of Besse (2008). 


11.3 The Hamiltonian and momentum constraints 


Before proceeding to analyse the conformal constraint equations, it is convenient 
to discuss the intrinsic equations implied by the Einstein field equations 


l=. z 
Rab Ea g Jab + AGab oan Tab 


on a non-null hypersurface of a spacetime (M,g) — the so-called Einstein 
constraint equations. 
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11.3.1 Derivation of the Einstein constraint equations 


Starting from the Gauss-Codazzi identity, Equation (2.47) and contracting with 
hî! one obtains 


Tat KK; = K"; Kp = hF Rijki 
= n? Rajbl = eRijut 
= Ry = eR gi. 
Contracting this last equation with hi! one finally obtains 
FLAK? — KaK! = h Ry — ch" Rigi 
= n Rab — Rit — en? Rare 
= R—2eR Seth. 
Similarly, starting from the Codazzt-Mainardi identity, Equation (2.48), and 
contracting with h’? one has that 
DIK 3 — DK = h Ris jk 
= ni Ris jr = Rik, 
where to pass from the first to the second line one uses that R Lijr =Q. 
Using the Einstein field equations in the frame component form 


a 1 a m 
Rab = plank + ANab = Tab 


one obtains the so-called Einstein constraint equations 


F+ R? — Kj KF = 2(\— eð), (11.13a) 
Di Ky; — Dk K = jk, (11.13b) 
where 
=T, jk = Tik 


are, respectively, the energy density and the components of the energy flux 
vector of the energy-momentum tensor in the direction of Ò. Equations (11.13a) 
and (11.13b) are known, respectively, as the Hamiltonian constraint and 
the momentum constraint. The tensorial version of Equations (11.13a) and 
(11.13b) is given by 


+R? — Ky Ko =2(\—€0), Di Ky; — Dy K = je. (11.14) 


Finally, it is observed that in index-free notation the constraint equations can 
be written as 


rih] + (tr; K} - |K? =2(\-€6), — div, K — gradtr; K = j. 
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In what follows, a collection (S,h, K ; õ, j) such that the negative definite 
metric h and the symmetric rank-2 tensor K satisfy the Einstein constraints 
(11.14) with € = 1 on the three-dimensional manifold & will be known as an 
initial data set for the Einstein field equations. If 6 = 0 and j = 0, one speaks 
of a vacuum initial data set. 

An important class of initial data sets is that for which K = 0 and j = 0, so 
that one is left only with the Hamiltonian constraint in the form 


r[h] = 2(\— ô). 


Such an initial data set is called time reflection symmetric (or time 
symmetric for short); it follows from the properties of the Einstein reduced 
equations that for this type of initial data one has rhag = O on the initial 
hypersurface S so that the resulting solution to the Einstein field equations is 
invariant under the replacement t > —t. 


11.3.2 The conformal Hamiltonian and momentum 
constraint equations 


Regarding, as in Section 11.1, the three-dimensional manifold Sasa hypersurface 
on both (M,g) and (M, g), it follows from a computation using the transfor- 
mation rules (11.la) and (11.1b) together with the transformation rules for the 
Ricci scalar, Equation (5.16c), that Equation (11.14) can be reexpressed in terms 
of unphysical quantities as: 


oe oa 
20D; D'N — 3D,QAD‘0 + z — 3X? 
1 T 
+ z (K? — Kij K”) +2QXK = à — Nto, (11.15a) 
QD (Q7? Kir) — (Dg K — 2071 D,¥) = Qjp, (11.15b) 
where 


o= Qto, 97.= 07 jg, (11.16) 


denote, respectively, the unphysical energy density and the flux vector. 


11.3.3 The Hamiltonian and momentum constraint 
as an elliptic system 


The Einstein constraint Equations (11.14) on a spacelike manifold S (i.e. € = 1) 
have been studied extensively in the literature; see, for example, Bartnik and 
Isenberg (2004) for a review of the topic and see also Choquet-Bruhat (2008), 
chapter 7, and Choquet-Bruhat and York (1980). In this section an adaptation 
of the so-called conformal method of Licnerowicz, Choquet-Bruhat and York 
to analyse the conformal Hamiltonian and momentum constraints (11.15a) and 
(11.15b) will be discussed; see, for example, York (1971, 1972). This approach 
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works directly on a compact unphysical manifold S which is a conformal 
extension of the physical manifold S. The key idea in this analysis is to show 
that these constraint equations imply an elliptic system of equations for suitable 
conformal fields. Proceeding in this way, one also obtains an insight into the 
nature of the freely specifiable data in the Einstein constraints. The use of a 
compact manifold S simplifies some of the technical aspects of the analysis. This 
approach to the Einstein constraint equations has been advocated in Friedrich 
(1988, 1998c, 2004, 2013), Dain and Friedrich (2001) and Beig and O’Murchadha 
(1991, 1994). 

Following the discussion of the previous paragraph, let (S, h) denote a compact 
Riemannian manifold with h negative definite and set €e = 1 so that S can be 
regarded as a spacelike hypersurface of an unphysical spacetime (M, g). In what 
follows, for simplicity, it is assumed that the matter fields 9 and j are known 
on S. 

The first step to transform Equations (11.15a) and (11.15b) into an elliptic 
system is given by the transformation law of the three-dimensional Ricci scalar, 
Equation (5.17), which suggests introducing a conformal factor V satisfying 
Q=v0-". By substituting this definition into Equation (11.15a) one finds that 


And — trfh]jð 


(K K” — K?)o + Too — 5A) + oe = SPPDK, 


(11.17) 


o1 
8 


where, as before, An = h’ DiD; and the notation r[h] has been used to make 
explicit the dependence of the Ricci scalar on the metric h. Following the 
standard use in the literature, this equation will be known as the Licnerowicz 
equation. If the fields h (and hence r[h]), Kij, K, o and X are known, this last 
equation can be read as a non-linear elliptic equation determining V. For future 
use, it is convenient to define the Yamabe operator Lp : (S) > X(S) as 


1 
Lao = And = gr hy, (11.18) 
so that Equation (11.17) can be rewritten as 


x 1 1 i; 
Lad = -(K K“ — K7)0 + qe dO + ze (x 5 705), 


1 
8 
The Yamabe operator has nice conformal transformation properties; see 
Equation (11.23) below. 

Equation (11.15b) suggests that the extrinsic curvature K;; should be split 
into a trace-free part multiplied by a power of the conformal factor and a pure 
trace part. In this spirit one writes 
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1 
3 
which, substituted into (11.15b), yields 


Kij = 8 big + Khi, nh big = 0, 


2 


z9 Dj (0 °K) — 20° °D;E + jj. 


Dp = 
In view of the latter, it is convenient to reintroduce the physical trace K=K = 
0~?K so that one obtains 


2 z 

D'biz = 30 DIK — 2074 D;E + jj. (11.19) 
This last equation is to be read as an equation for the trace-free tensor Yij. If 
K is a constant and © = 0, then Equations (11.17) and (11.19) decouple. 

Following the discussion of Section 11.2 it can be verified that the principal part 
of Equation (11.19) is underdetermined elliptic. To transform Equation (11.19) 
into an elliptic equation one makes use of a so-called York splitting; see York 
(1973). One considers an ansatz for w;; of the form 
2 

Wiz = Dis; + Djs — zhi Des" + Vij (11.20) 
where ¢; is some covector on S and Wij is a freely specifiable symmetric and 
trace-free tensor. The operator (Las); defined by 


2 


(Las): = Disi + Disi — 3 


hij Des", 

is called the conformal Killing operator. It can be verified to be the 
formal adjoint of the divergence operator acting on symmetric trace-free tensors. 
Substituting the ansatz (11.20) into Equation (11.19) one obtains 


2 2 y f 
Ans; + D Disi — 3 Da DeS” = 30 DK —29*D;U + jj — D'yij. (11.21) 


The symbol of this equation can be seen to be 
i i 2 
(Gaivoe (E)S)j = E'EiSy + E Eysi — 368 Sk: 
Contracting with ¿f one immediately finds that 


(Gaivoe (€)s) 567 = (E:€")(se*) + 5 (sit) >0 for Ši, Sj #0. 
Thus, it follows that (11.21) is a linear elliptic equation for the covector çi. 
The freely specifiable data for this equation is the symmetric trace-free tensor 

ij; As in the case of Equation (11.19) it decouples from the Licnerowicz 
Equation (11.17) if K is constant and © = 0. The analysis of the coupled system 
(11.17)—(11.19) is much more challenging; see, for example, Holst et al. (2008a,b). 
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Gauge freedom 


The conformal method described in the previous paragraphs has a conformal 
gauge freedom. More precisely, if ¢ is a positive function on S, then a direct 
computation shows that the transitions 


hij hi, vy Gedy, A690, Ky e Ki, (11.22a) 
rH Pd, omo, joo ji, (11.22b) 


yield another solution to the conformal constraint Equations (11.15a) and 
(11.15b) with the same physical data (h,K). This gauge freedom can be 
exploited to simplify certain specific computations. In particular, letting 
h' = ¢*h, a calculation using the transformation laws for conformal transfor- 
mations shows that 


bo? (An - arin) = (An — arth’) (69), (11.23) 
that is, 


o> Lp[0] = Ly (¢7* 0). 


11.3.4 The Yamabe problem 


A classic question of Differential Geometry is the so-called Yamabe problem 
which, given a compact three-dimensional Riemannian manifold (S,h), asks 
whether it is possible to conformally rescale the (smooth) metric h to a metric 
with constant Ricci scalar; see Yamabe (1960). This problem requires finding a 
positive conformal factor w and a constant rẹ satisfying the equation 


Anw = arth = raw"), (11.24) 


which follows from the transformation equation for the three-dimensional Ricci 
scalar Equation (5.17). The Yamabe problem has been solved in the affirmative; 
see Trudinger (1968), Aubin (1976) and Schoen (1984). In particular, one has 
the following (e.g. Lee and Parker (1987); O’Murchadha (1988)): 


Theorem 11.1 (resolution of the Yamabe problem) Let h be a smooth 
Riemannian metric on a compact manifold S. There exists a smooth, positive 
definite function w on S such that r[w*h] is constant. 


Theorem 11.1 allows the classification of Riemannian metrics according to 
whether they can be rescaled to a metric with constant Ricci scalar which is 
positive, negative or zero — a given metric h cannot be rescaled to two different 
metrics with constant curvature of different signs. Thus, the resulting Yamabe 
classes are conformal invariants. As will be seen in Section 11.5, this observation 
plays a role in the construction of initial data sets on compact manifolds. 
Remarkably, the analogous Yamabe problem on non-compact manifolds turns 
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out not to be true as shown by a number of counterexamples; see, for example, 
Zhiren (1988). 


11.4 The conformal constraint equations 


Having analysed the standard Einstein constraint equations, focus is now on the 
constraint equations implied by the conformal Einstein field equations. These 
equations can be regarded as an extension of the conformal Hamiltonian and 
momentum constraints (11.15a) and (11.15b). 


11.4.1 The derivation of the equations 


In this section the frame version of the conformal Einstein field equations, 
Equations (8.32a) and (8.32b), are considered. By making use of an orthonormal 
frame adapted to the geometry of the hypersurface under consideration, as 
described in Section 2.7.3, the split of the equations follows almost directly. 

In what follows, let (M,g) denote an unphysical spacetime and let S denote a 
hypersurface thereof. As in Section 11.1.1, let X denote the covariant derivative 
in the direction of the g-unit normal. The evaluation of a spacetime frame index 
in the direction of the unit normal (i.e. the values 0 or 3 depending on the causal 
character of S) will be indicated by the symbol |. 


The constraints implied by Zap. Given 


1 
Zab = Va Vb + ELab — Shab — 37 Fab}: (11.25) 


the information of the conformal equation Zab = 0 which is intrinsic to the 
hypersurface S is encoded in the components 


Zig =0, Zig =0. (11.26) 


In order to obtain explicit intrinsic expressions for these equations it is observed 
that 


VaVb= = €a“en’ VaVo= = €a(€v(=)) — Ta°nee(=). 
Hence, in particular, one has that 


ViVg= = e;(e;(E)) — T: jee(€) 
= e;(e;(E)) — Te*jen() — Tit jer) 
= e;(Dj=) — yif; DRE + Kij X 
= DiDj=+ €KizE, (11.27) 
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where, in the last term of the last line, Equation (2.45) for the extrinsic curvature 
has been used. A similar computation shows that 


ViViE = e;(e1 (E)) —Ti®1ee(S) 
= e;(d) = T;” Lek(E) = GPE 
= D;X — eK;" D,=, (11.28) 


where, in the third line, it has been used that T'a% = 0 as a consequence of the 


metricity of the connection and the fact that K,;* =T,F 1. 


Substituting the above expressions into Equation (11.26) and taking into 
account definition (11.25) one obtains the constraint equations 


1 1 
D;,D;Q = —ehKygd — OL; + Shij + 50(ts = ih). 
1 ; 
D;& = K; DRQ = QL; + zi 
where 


L; = Lin, Q= Ejs. 


The constraints implied by Za. Given 
_ (olen 1_, cz l-3 c 
Za = Vas + LacVoE— 27 V =T ac} = 57 V Tica}, (11.29) 
the intrinsic information of the equation Za = 0 is encoded in the components 
Z; = 0. (11.30) 
Now, the spatial components of the term La,V°Q in Equation (11.29) can be 
expanded as 
Lip VQ = Lion VaN 
= Lint t Via + Linn VQ 
=eLyu+ Lip DEQ. 
By similar arguments one concludes that 
= ; 1 
V°ET ficy = Eji — Tik DN — DT. 
1 
VT icy = €Viji + D"Tki — Dit. 


It is important to observe in V°T';.; the presence of the term Vij; which 
requires further information about the matter model in order to be cast in a 
form intrinsic to the hypersurface S. In the case of trace-free matter, one has 
that V°Ttie} = 0, so that no further considerations are required. 
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From the discussion in the previous paragraphs it follows that Equation (11.30) 
can be reexpressed as 


1 1 
Dis = el = Dg o> s” (€D9; — Tik DEQ — iT) 


1 1 
+ get (Vidi + D"Tpi — iT). 


The constraints implied by Acab. Given 
Acab = Velab — VaLeb — Vaid’ bea — =T cap, (11.31) 


the information intrinsic to the hypersurface S of the conformal equation 
Acab = 0 is encoded in the components 


Aij =0, Ags =O. (11.32) 
A calculation similar to that leading to Equations (11.27) and (11.28) yields 


Viljr = DiLjk + EKikLj, 
ViLj = DL; + K;" Day: 


Given the components dabca of the rescaled Weyl tensor with respect to the 
adapted frame {eq}, it is convenient to define 


dij = digi, dijk = diLjk- 


Following the discussion of Section 11.1.2, dj; corresponds to the components of 
the electric part of the rescaled Weyl tensor, while dijk encodes the information 
of the magnetic part. It can be verified that 


dig = dji, d =0, dijk = —dikj, diijk] = 0, (11.33a) 
dijrt = 2(hijkdjj + hjudeji). (11.33b) 


It follows from the latter expressions, together with (11.31), that the 
constraints (11.32) can be reexpressed as 


DiLjk — Dj Lik = —EYXdijk + D'Odikij — e(KikLj — KjkLi) + OTijk, 
DL; — Di = D!Oduig + K;" Ljk — Kj" Lik + QJij, 


where 
Jjk = Tih: 
The constraints implied by Apeg. Given 


Abed = Vad bea — Tedb, 
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as a consequence of the decomposition of the Weyl tensor in electric and magnetic 
parts, it follows that the information of the equation Apeg = 0 which is intrinsic 
to the hypersurface S is contained in the components 


hig SO. . Kage 0! (11.34) 
Observing that 
Vi daijk = N% (ealdbijk) —Ta bdcijk — la idbcjk — Ta jdbick — la kdbije), 


one concludes, by arguments similar to those used to obtain Equations (11.27) 
and (11.28), that 


Vad" 1 jk = D'dijr + e(K’kdji — Kt jdxi), 
Vad? 151 = Didi; — K” dijk. 


It follows from the previous discussion that the constraint Equations (11.34) can 
be reexpressed as 


Di disk = e(K* dis = K’ pdji) F Jjk, 
Didi; = KY dijk T Jj, 
where 
djip = Tyr; Jj = Tj... 


The explicit form of Jj, and J; depends on the matter model under considera- 
tion. In the case of the electromagnetic field, they can be expressed in terms of the 
electric and magnetic parts of the Faraday tensor and their spatial derivatives. 


The constraint Z = 0. Recall that 
= Sones Mg 
Z = 62s — 3V -=zV ae T — . 


As discussed in Section 8.2.4 the equation Z = 0 is, in fact, a constraint 
equation whose propagation is ensured by the other conformal field equations; 
see Lemma 8.1. Following the procedure employed in the decomposition of the 
other conformal equations, it can be expressed in terms of quantities intrinsic to 
the hypersurface S as 


1 
d = 6Ns — 3eD? — 3D,.QD*Q + ge. 
11.4.2 The Gauss-Codazzi and Codazzi-Mainardi equations in terms 


of conformal fields 


The intrinsic equations discussed in the previous section are supplemented by 
the Gauss-Codazzi and Codazzi-Mainardi equations, Equations (2.47) and (2.48) 
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Rijki = Tijkt + Kir Kyi — Kuk jr, 
Ristgre = DjKri — De Kyi, 
expressed in terms of conformal fields. As a consequence of the decomposition of 


the four-dimensional Riemann tensor Rabca in terms of the Weyl and Schouten 
tensor, Equation (2.21b), one has that 


Rabed = =dabed + Nacldb — NadLeb + LacNdb Pi LadNeb; 


while the three-dimensional Riemann tensor rijkķų can be expressed in terms of 
the three-dimensional Schouten tensor lij as 


1 
Tijkl = hinlig — haley + hjilki — hjklti, lig = Pag — grh; 


see Equation (2.40). A direct calculation using the above expressions yields the 
two additional constraint equations 
Dj Kei — DkKji = dijk + hijLk — hikLj, 
1 1 
lij = Odi; + Lij — Kp” (Kij — qh has) + Kri K3" — qh KN hij. 


These equations provide the link between the spatial curvature tensor li; and 
the spacetime curvature as described by dab, dabe, Lab and La. 


11.4.3 Summary of the equations and basic properties of the 
conformal constraint equations 


As a summary of the discussion of the previous sections, the conformal constraint 
equations are collected: 


Ble 


1 
D; DjQ = eXiK;; OL; t shag + z” & = Thy). (11.35a) 
1 
DiX = K; Dk — OL; + zii (11.35b) 
k 1 2 k 1 
Djs = —eL4 — Lik DQ + re Dji — Tin D N — qt 
Üz ET. 1 
+ z? EV 194 + D° Ti — oe P (11.35c) 


Di Lik = Dj Lik = —edidkij + D! Odinig 
— e(KikLj — KjkLi) + OTijk, (11.35d) 
D;Lj — DjLi = D'Qduj + Ki" Ljk — Kj" Lik + Tij, (11.35e) 
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D¥dpiz = e(K"idjk — K* jdik) + Jij, (11.35f) 

D’dij = K” dijk + Jj, (11.35g) 
1 

À = 6Qs — 3eD? — 83D, N.D*OD + gT (11.35h) 


1 1 
lij = Qdij + Lig — K(Kij — —Khiz) + Kri K3" — gK" hiz. (11.35j) 


4 
Using the identity (11.7) and recalling that dij = —tdine;™, Equations (11.35f) 
and (11.35g) can be rewritten in the alternative form 
i . 1 
D’ dij = —ecej' K’ kdu = 39 Tki (11.36a) 
D*dij = djk K di + Jj. (11.36b) 


The conformal constraint Equations (11.35a)—(11.35j) are not independent 
since integrability conditions have been used in their derivation. A list of various 
relations between the vacuum constraint equations can be found in Friedrich 
(1983). In particular, it can be shown that 


1 
Di (ns — 3X? — 3D, QD®N + 707) =0, 


consistent with the fact that the left-hand side of Equation (11.35h) equals the 
cosmological constant A. 
For future reference, it is observed that from Equation (11.35j) it follows that 


Tij = diz + Lig + Ly hig — KKij + Kin K*;, (11.37a) 
r = AL," — K? + Ky K”. (11.37b) 


The vacuum version of the conformal constraint equations is obtained by 
setting the matter fields Tij, T, Ji, Tijk, Ji, Jij equal to zero. In the derivation of 
the conformal constraint Equations (11.35a)—(11.35j), it has been assumed that 
the connection D is the Levi-Civita connection of the intrinsic metric h. Thus, 
by analogy to the full conformal field equations one also has the relations 


oi"; = 0, U” iij = sg, (11.38) 


where a," j 5 and weg denote, respectively, the components of the torsion, 
the geometric curvature and the algebraic curvature of the connection D. 
Explicitly, one has that 


oi* jen = [ei, ej] — (ifj — Vy *i)er, 
IFz = eili") — ez (i1) tm li ua) HIG im — V4 YG, 


Trig = hiklij — hiülkj + hjilki — hjklti- 
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Given a collection of matter fields on S, 
m, = (Tij, T, 0, ji, Vidi, Ji, Jaz), 


by a solution to the conformal constraint equations on S it will be 
understood a collection 


u, = (Q, x, S, €i, ifj, Kij, Lij, Li, dij, dijk) 


satisfying Equations (11.35a)—(11.35j) together with the supplementary condi- 
tions (11.38). 

The relation between the conformal constraint Equations (11.35a)—(11.35j) 
and the conformal Hamiltonian and momentum constraints (11.15a)—(11.15b) is 
summarised in the following lemma. 


Lemma 11.1 (relation between the solutions to the Einstein constraints 
and the conformal constraints) A solution to the conformal constraints 
(11.35a)-(11.35j) for a collection m, of matter fields implies a solution to 
the conformal Hamiltonian and momentum constraints (11.15a) and (11.15b). 
Conversely, a solution of (11.15a) and (11.15b) together with a collection of 
matter fields m, gives rise to a solution to (11.35a)—(11.35j) on the points of S 
for which QF 0. 


Proof Using Equations (11.35a) and (11.35h) to eliminate Lk? one readily 
obtains the conformal Hamiltonian Equation (11.15a). Similarly, starting from 
Equation (11.35i) and using Equation (11.35b) to eliminate L; one obtains the 
conformal momentum constraint (11.15b). Thus, any solution to the conformal 
constraints (11.35a)—(11.35j) implies a solution to the conformal Hamiltonian 
and momentum constraints, Equations (11.15a) and (11.15b). 

Assume now one has a collection (0Q,h,K,%,0,j;) satisfying Equa- 
tions (11.15a) and (11.15b) together with a collection (Tij, T, Ji, Jij, Vij) 
consistent with the matter fields o and j; . Let now {e;} denote an h-orthonormal 
frame. Using this frame one can compute the components li; and Ky; of the 
three-dimensional Schouten tensor and of the extrinsic curvature. If Q Æ 0, 
one can use the conformal constraint (11.35h) to compute the field s. Next, 
one makes use of Equations (11.35a) and (11.35b) to compute Lij and L;. A 
computation using the commutator of the covariant derivative D; shows that 
Equation (11.35c) is automatically satisfied. Once the components Lij and Li 
are known, one can use Equations (11.351) and (11.35j), respectively, to compute 
dijk and dij — it can be verified that the resulting fields are trace free. A final 
computation using the three-dimensional Bianchi identity in the form 


; 1 
D’rij = acim 
together with the irreducible decomposition of the three-dimensional Riemann 


tensor Tijkl, the decomposition of dijkı into the electric and magnetic parts 
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and the commutator of D; shows that Equations (11.35d)—(11.35g) are also 
automatically satisfied. Thus, the fields obtained constitute the required solution 
to the conformal constraint equations; see Friedrich (1983) for further details. 


Remark. In order to make assertions about the behaviour of solutions to 
the conformal constraint equations at points where Q = 0, the equations 
need to be supplemented with boundary conditions. Several different classes of 
boundary conditions on three-dimensional manifolds will be considered: com- 
pact manifolds, asymptotically Euclidean manifolds and hyperboloidal 
manifolds. 


11.4.4 The conformal constraints at the conformal boundary 


By construction, the conformal constraint equations can be evaluated in a regular 
manner at a non-null hypersurface belonging to the conformal boundary of 
spacetime. By definition such a hypersurface satisfies the conditions 


2=0, dO. 


Following the convention introduced in Chapter 6 this hypersurface will be 
denoted by -%. The null case will be discussed in Chapter 18. 

The defining properties of the hypersurface J lead to a number of simplifi- 
cations in the conformal constraint equations. In particular, dQ is normal to J 
so that, in terms of a tetrad adapted to the hypersurface, one has D;Q = 0. 
Assuming that the matter fields Tj;, T and Tijk are smooth at J one finds 
that on the hypersurface the conformal constraints (11.35a)—(11.35j) imply the 


equations 
shij ~ EXUKG;, (11.39a) 
Dd ~ 0, (11.39b) 
Djs ~ —eL,>, (11.39¢) 
DiL jn — Dj Lin ~ —Odijn — «(Kin Ll; — KjkLi), (11.39d) 
D,Lj — Djli ~ Ki*® Ljk — Kj" Lik, (11.39e) 
D¥ dpiz = e(K"idjr — K* jdik) + Jiz, (11.39) 
D?dij ~ K" dijk + Jj, (11.39g) 
Aw —3eL?, (11.39h) 
Dj Ki — De Kyi ~ hig Le — hikLj, (11.393) 
lig = Lig — K (Ks = ik hs) + KkiK;" — T KaK hi, (11.39j) 


where ~ denotes equality at the conformal boundary. From Equations (11.39b) 
and (11.39h) it follows that © is a constant on J with a value given by 
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E = \/—e€A/3 — observe that if e = 1, then à < 0, and if € = —1, then À > 0, 
for the previous expression to make sense. Moreover, from Equation (11.39a) the 
extrinsic curvature of J is proportional to the intrinsic metric. 

A procedure for constructing solutions to Equations (11.39a)—(11.39j) in the 
vacuum case (so that Jj~ = 0, Jj = 0) has been given in Friedrich (1986a, 1995). 
The fundamental idea is to identify the function s and the 3-metric h on J as 
freely specifiable data. Instead of working directly with s, it is more convenient 
to use a smooth function x € X(S) such that 


s x bx. (11.40) 


It follows directly from Equations (11.39a), (11.39c) and (11.39j) that 


1 
Kij Sa exhij, Li paa —€D;x, Lij SS lig + 9% hag: (11.41) 
Substituting these expressions into Equation (11.39d) one obtains, after some 
simplification, that 


dijk ce LD lYijk (11.42) 


where Yijk = Diljk — Djlik denote the components of the Cotton tensor of the 
metric h; see Section 5.2.2. Alternatively, one can write 


* AG —1 
dij pens =e} Yij, 


with Yij = — Synge the components of the Bach tensor. It can be verified 
that the integrability conditions (11.39e), (11.39f) and (11.39i) are automatically 
satisfied by (11.41) and (11.42). Finally, by substituting into Equation (11.39g) 
one obtains that 


This is the only differential condition that has to be solved in this procedure. 
This can be done by means of a York splitting so as to obtain an elliptic equation 
for the components of a covector. 

The discussion of the previous paragraph is summarised in the following: 


Proposition 11.1 (solutions to the conformal constraint equations 
at the conformal boundary) Given a three-dimensional metric h, an 
h-divergence-free and trace-free field dj; and a smooth function x, the fields s, 
Kij, Li, Lij, dijk as given by Equations (11.40), (11.41) and (11.42) constitute 
a solution to the vacuum conformal constraint equations with Q = 0. 


As will be seen in later chapters, a solution to Equations (11.39a)—(11.39j) 
constitutes, in the case of e = 1 (i.e. Y% spacelike), initial data at, say, past null 
infinity for de Sitter-like spacetimes. In the case « = —1 (ie. J timelike), the 
solution gives boundary data for an anti-de Sitter-like spacetime. 
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Remark. The procedure indicated in the previous paragraphs can be extended 
to the matter case if the field J; is known. 


Exploiting the conformal freedom 


The conformal freedom inherent to the conformal field equations can be employed 
to express the solution to the conformal constraint equations at the conformal 
boundary in an even simpler form. Recall the discussion in Section 8.2.5 on the 
transformation properties of the various fields appearing in the conformal field 
equations. In particular, it follows from Equation (8.29b) that, under a rescaling 
of the form g’ = 0?g which implies a rescaling 


h'~ wh 
of the intrinsic metric of X, the field s on Y transforms as 
git (07's + 0? VOVE). 
In particular, it is always possible to choose 0 at A so that locally 
s x0. 


Accordingly, in this particular conformal gauge one has that Equation (11.40) 
implies x’ = 0 and, moreover, 


K;ij = 0, L; 20, Lij ~ lij- 


11.5 The constraints on compact manifolds 


An important class of initial data sets for the Einstein field equations involves 
physical 3-manifolds Š which are compact. This type of initial data set is of 
relevance in the discussion of cosmological models. In particular, in the vacuum 
case with negative cosmological constant one expects these initial data sets to 
give rise to de Sitter-like spacetimes. Initial data sets on compact manifolds have 
been studied extensively in the literature, and there is a good understanding of 
the required conditions on the free data in order to ensure existence of solutions 
to the Einstein constraint equations; see, for example, Isenberg (1995). 

For this type of initial data one can set, without loss of generality, Q = 1 and 
© = 0 and let S = Š. For simplicity of the presentation, in the remainder of this 
section the discussion is restricted to the vacuum case. Furthermore, it is assumed 
that the physical mean curvature K is constant so that Equations (11.17) and 
(11.21) decouple from each other. The fundamental tool in the analysis of the 
solvability of the constraint equations is given by the maximum principle for 
the Laplacian of a Riemannian metric. A convenient formulation of this result is 
given by (see Isenberg (1995)): 
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Proposition 11.2 (maximum principle for compact manifolds) Let 
(S,h) denote a Riemannian manifold with S compact. Given a smooth y € X(S) 
such that Any% has the same sign on the whole of S, then y must be a constant. 


As a consequence of the above principle, the equation 
Any = F(z, %), 


with w > 0 has no solution if F(x,w) does not change sign on S except 
for the case where F(x,y) = 0. Using this observation it is easy to see that 
certain combinations of free data cannot give rise to solutions of the constraint 
equations. As an example, consider time-symmetric data (i.e. K = 0) with 
vanishing cosmological constant on a compact manifold S. As a consequence 
of the conformal gauge freedom given in Equations (11.22a) and (11.22b) and 
of the Yamabe theorem, Theorem 11.1, one can assume that r[h] is a negative 
constant on S — such a metric is said to be of positive Yamabe class. An 
example of this situation is S? with its standard metric. One is then left with a 
Licnerowicz equation of the form 


And = LD: 
8 
If ð is required to be positive everywhere on S, it follows that Anv < 0 everywhere 
so that no positive solution can exist since, as a consequence of the maximum 
principle, V must be a constant so that Apv = 0 which is a contradiction. To 
get around this situation one can consider initial data with a negative (i.e. de 
Sitter-like) cosmological constant. Keeping the time symmetry of the initial data 
and the condition r[h] < 0, one obtains the Licnerowicz equation 


And = riro — Lag. (11.43) 


The right-hand side of this equation has no definite sign for positive 0, so there 
is no obstruction to the existence of solutions. In any case, a further argument 
(not discussed here) is required to show that Equation (11.43) does indeed have 
a solution. 

The methods in Isenberg (1995) allow one to prove the following proposition: 


Proposition 11.3 (solvability of the Einstein constraints with cosmolog- 
ical constant on a compact manifold) Let (S,h) be a Riemannian manifold 
with S ~ S and h conformal to a metric with constant negative Ricci scalar 
(positive Yamabe class). Then the vacuum Einstein constraints with de Sitter- 
like cosmological constant have a solution for an arbitrary choice of the seed 
metric h, trace-free tensor Wij and constant physical mean curvature K. 


The initial data sets given by this proposition will be used to construct de 
Sitter-like spacetimes in Chapter 15. 
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11.6 Asymptotically Euclidean manifolds 


Spacetimes with A = 0 can be thought of as describing isolated systems for which 
the effects of cosmological expansion are neglected. An important class of these 
spacetimes consists of those solutions to the Einstein field equations which are 
asymptotically simple in the sense of Definition 7.1, that is, asymptotically simple 
and empty. Proposition 14.3 shows that these spacetimes are globally hyperbolic, 
suggesting a systematic procedure for their construction through suitable initial 
data prescribed on a Cauchy hypersurface. 

In order to develop intuition, it is convenient to look at the Minkowski 
spacetime (IR*,7). A foliation of this spacetime is given by the hypersurfaces 
of constant time t. These hypersurfaces are Riemannian manifolds of the form 
(R?,—6). It can be verified that these hypersurfaces are extrinsically flat; that 
is, their extrinsic curvature K = 0 vanishes. Of course, these are not the only 
possible types of Cauchy hypersurfaces in this spacetime. 

As a second example, consider the Schwarzschild spacetime. In terms of the 
so-called Schwarzschild isotropic radial coordinate 


TL l 
r= 5 m+ /r(r —2m)), 


the line element of the spacetime can be rewritten as 


Jy = pail cee (1+ ) (dro dr +70) 
= | ——__ - — F@dr+7o). 
97 ~\ 4 m/2F 27 


An example of a Cauchy hypersurface for this spacetime is given by the t = 0 
hypersurface. One can verify that the intrinsic metric and the extrinsic curvature 
of this hypersurface are given, respectively, by 


: maa ` 
hy =- (1+2) ô kg =0. (11.44) 


The most general form of the above initial data set is obtained by performing a 
translation of the radial coordinate to obtain 


4 
hee (1 + z) ô, (11.45) 
2|y — yol 


with |y — yol? = (y* — yo)? + (y? — yo)” + (y? — yò)” where (y*) = (y', y’, y") 
are standard Cartesian coordinates and (yẹ) € R? arbitrary. Observe that the 
metric hg is, in fact, conformally flat and that hy — —ô as r > oo. Moreover, 


one has that 
4 
(i+) =1+740(S). (11.46) 


2r r r2 


To understand the behaviour as 7 — 0, it is observed that under the coordinate 
inversion * = m?/47 one has that 


: m\4 
hy =-(1+ 5) (dř @ dř + %0). 
r 
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Figure 11.1 Embedding diagram of the Einstein-Rosen bridge in the standard 
time-symmetric Schwarzschild hypersurface. The diagram is obtained as the 
surface of revolution of the curve z = tln(1+ +r? — 1); see Morris and Thorne 
(1988) for more details. 


Thus, the behaviour of the metric h is identical for both 7, * —> oo. There 
is a discrete reflexion symmetry with respect to the two-dimensional surface 
{r = m/2}. Thus, the topology of the hypersurface is S ~ R x S?. One says that 
S has a non-trivial topology with two asymptotically flat regions (see next 
section) joined by a so-called Einstein-Rosen bridge. A representation of this 
is given in Figure 11.1. 

An example of an initial data set with non-vanishing extrinsic curvature is 
given by the family of conformally flat initial data sets for the Schwarzschild 
spacetime with extrinsic curvature given by 


Re = (ayy? + Pah), 
yl? 
where |y|? = dagy%y® and (y®) are, again, standard Cartesian coordinates; see 
Beig and O’Murchadha (1998), Estabrook et al. (1973) and Reinhart (1973). It 
can be verified that K = AP Kag = 0 as hagy*y® = —|y|?. This hypersurface 
has the nontrivial topology of R x S?. However, in contrast to the time-symmetric 
case, the conformal factor J cannot be written in a closed form. Nevertheless, the 
leading terms of its asymptotic expansion are the same as in Equation (11.46) 
with |y| playing the role of the radial coordinate 7. 


11.6.1 Definition in terms of physical fields 


The hypersurfaces discussed in the previous paragraphs are examples of asymp- 
totically Euclidean manifolds. Given a three-dimensional manifold S, an 
asymptotic end is a subset E c Š which is diffeomorphic to the complement 
of a closed ball on R?; that is, 


Ew {(y*) E€ R? | ly] > ro}, 


where ro is some positive real number and |y|? = dagy®y*. By identifying € with 
the complement of a ball, the triple y = (y®) can be used as coordinates on 
the asymptotic end — so-called asymptotically Cartesian coordinates. The 
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hypersurfaces of the Minkowski and Schwarzschild spacetimes have, respectively, 
one and two asymptotic ends. More generally, a three-dimensional manifold S is 
said to have N asymptotically flat ends if there exists a compact subset of 
S such that its complement is the union of disjoint subsets Ex, k = 1,2,...,N, 
each of which is an asymptotic end. In terms of the above concepts one can now 
introduce the key definition of this section: 


Definition 11.1 (asymptotically Euclidean manifolds) An initial data set 
for the vacuum Einstein field equations (S, h, K) is said to be asymptotically 
Euclidean if S is a three-dimensional manifold with N asymptotically flat 
ends EE k = 1,...,N such that on each E, the 3-metric and the extrinsic 
curvature satisfy, in terms of asymptotically Cartesian coordinates on the end, 
the asymptotic behaviour 


w 2Mk 1 
hag = — (1 + ) bag + O2 (ca) i (11.47a) 
: ae ly? 
~ 1 
Kag =O1 (=a) ; (11.47b) 
[yl 
where mg, k = 1,..., N are constants. 


The notation O; and O2 in Equations (11.47a) and (11.47b) is explained in the 
Appendix to this chapter. More general notions of asymptotic flatness for three- 
dimensional manifolds have been considered in the literature; see, for example, 
Chaljub-Simon (1982), Chaljub-Simon and Choquet-Bruhat (1980), Choquet- 
Bruhat and York (1980) and Christodoulou and O’Murchadha (1981). Their 
precise formulation require the use of the notion of weighted Sobolev spaces; see, 
for example, appendix I of Choquet-Bruhat (2008) and Bartnik (1986). These 
definitions are tailored for the analysis of the elliptic equations arising from the 
constraint equations. 

The asymptotic conditions in Definition 11.1 ensure the finiteness of the 
ADM-linear momentum and ADM-angular momentum! of each asymp- 
totic end. These asymptotic quantities are given, respectively, by the surface 


integrals 
Ws 3 ee 
Pa ge lim, f Kan ~ Rhos 00S, 
SOE Se x oys pys 
J= z i, : Expy? (KY — KAY )nsdS; 
with 


Sr = {(y*) € S|lyl=r}, 


1 ADM stands for Arnowitt-Deser-Miser, pioneers of the Hamiltonian formulation of general 
relativity; see Arnowitt et al. (1962) and Arnowitt et al. (2008) for a republication of this 
classical review. 
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n“ its outward pointing normal and dS; the surface element induced by hon Spe 
The constants mę in Definition 11.1 correspond to the ADM mass of each of 
the asymptotic ends. They are also computable as surface integrals of the sphere 
at infinity via the expression 
Sch h°? (Oyhgy — zhag) ndS; 

m On ra z (Oahgy — zhag) n” dSg,. 
Strictly speaking, m is the time component of a 4-vector, the ADM 
4-momentum, whose spatial components are given by P®; thus, it is more 
accurately described as an energy. 

Definition 11.1 can be extended to initial data sets with matter. In these 
situations, decay conditions for the matter sources which are compatible with 
the decay for h and K are given by (11.47a) and (11.47b). Direct inspection of 
the constraint Equation (11.14) suggests that 


1 3 1 
ME f ME 


These conditions can be refined via a more careful analysis of the constraint 
equations. 

It is possible to have an initial data set with several asymptotic ends, some 
of which are not asymptotically Euclidean. The simplest example is given by 
the extremal Reissner-Nordström spacetime; see Equation (6.43). The intrinsic 
metric of the hypersurface t = 0 is given, in terms of the extremal Reissner- 
Nordström isotropic radial coordinate T = r — m, by 


haz ys (11.48) 


Clearly 


Thus, for large 7, the extremal Reissner-Nordström 3-metric (11.48) has an 
asymptotically Euclidean end. To discuss the behaviour as 7 — 0, consider the 
new radial coordinate * = —In7, so that * > oo as fF > 0. It follows that in 
terms of this coordinate the metric (11.48) can be rewritten as 


h = - (m + e”) (dř @ dř + ø). 


This metric approaches a constant multiple of the standard metric of the cylinder 
Rt xS? as ř > oo. Accordingly, one speaks of a cylindrical asymptotic end. A 
similar type of asymptotic behaviour can be found, for example, in hypersurfaces 
of the extremal Kerr spacetime; see, for example, Dain and Gabach-Clement 
(2011). 
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11.6.2 Definition using conformal rescalings 


The notion of asymptotically Euclidean manifolds can be strengthened by 
requiring the physical hypersurface S to have a conformal extension which is 
a point compactification. This approach provides a more geometrical setting 
for the discussion of the asymptotic behaviour of the various fields, that is, 
independent of the use of particular asymptotically Cartesian coordinates. This 
point of view was first introduced by Geroch (1972b). 


Definition 11.2 (asymptotically Euclidean and regular manifolds) A 
three-dimensional Riemannian manifold (S, h) will be said to be asymptotically 
Euclidean and regular if there exists a three-dimensional, orientable, compact 
manifold (S,h) with points ik € S, k = 1,...,N with N some integer, a 
diffeomorphism y : S \ {i1,...,in} > Š and a function Q € C? such that: 


(i) Qlik) = 0, dO (ix) = 0, Hess O(ix) = —2h(iz). 
(ti) Q >0 on S\ {t1,...,iw}- 
(itt) h = O07 pth on S \ {i1,...,in} with h € C?2(S)N C%(S \ {i1,...,in}). 


More generally, a function A‘/? such that A satisfies conditions (i) in the above 
definition is called an asymptotic distance function. The function A does not 
need to be defined globally on S. 

When no confusion arises, condition (iii) in Definition 11.2 will simply be 
written as h = 07h so that S \ {i1,...,in} and S are identified. As will 
be seen in the following, for asymptotically Euclidean and regular manifolds, 
suitable neighbourhoods of the points i, — the points at infinity — are mapped 
to the asymptotic ends of S. Thus, one can use local differential geometry to 
discuss the asymptotic properties of the initial data set (S,h). The question 
of the differentiability of Q and h at i1,...,in will be addressed later in this 
subsection. Definition 11.2 is purely Riemannian; that is, it makes no reference 
to the extrinsic curvature. The behaviour of the extrinsic curvature at the points 
at infinity will be discussed in the subsequent paragraphs. 

There is some conformal gauge freedom in Definition 11.2. A replacement 
of the form 


hv oh, Q% ¢Q, (11.49) 


with (ik) = 1 gives rise to the same physical metric h = Q~*h and preserves 
the boundary conditions in point (i) of the definition. This gauge freedom can 
be used to select conformal metrics with special properties. For example, given 
a particular point at infinity 7, and choosing @ such that 
1 
Ang — gr hie =0 on B, (i), (11.50) 


with B.(i) the ball of radius € centred at i for some € > 0, it follows from 
Equation (11.23) that 
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r[h'] =0 on Be(i). 


A general property of elliptic equations with smooth coefficients is that they 
can always be solved locally; see, for example, Besse (2008) and Garabedian 
(1986). Thus, the requirement (11.50) can always be satisfied. In other words, the 
conformal metric h can always be chosen so that it vanishes in a neighbourhood 
of one of the points at infinity. In general, this statement is not true globally. 


Normal coordinates around i 


The consequences of Definition 11.2 are better analysed by means of normal 
coordinates. Consider the set of h-geodesics yy C S starting at a particular 
point at infinity i (i.e. y(0) = i) with initial velocity v € T|;(S). Moreover, let 
T denote the subset of T|;(S) defined by 


T = {veT\;i(S) | Ww is defined on an interval containing [0, 1]}. 


On the set T one can define the exponential map at i, exp; : T — S, through 
the condition exp,;(v) = yy(1); that is, the exponential map sends the vector v to 
the point at a unit parameter distance along the unique geodesic through 7 with 
initial velocity v. It can be shown that there exists a neighbourhood Q C T|;(S) 
of the vector O such that the exponential map ati gives a diffeomorphism onto a 
neighbourhood U C S of i; see, for example, O’Neill (1983) for a proof. If v € Q 
implies that Av € Q for all A € [0,1], then one says that Q is star shaped 
and U = exp,;(Q) is called a normal neighbourhood of i. In particular, if 
U = B.(i), the open ball of radius € > 0 with respect to h, one has a geodesic 
ball. 

In what follows, assume one has a normal neighbourhood U around i and that 
one is given an orthonormal basis {e;} for T|;(S). Given p € U and v such that 
p = exp(v), then writing v = «te; one can use the components x = (xt) € R? 
as coordinates for the point p — these are the normal coordinates determined 
by the basis {e;}. For consistency, the normal coordinates will be written as 
(2°) rather than (xt). In terms of normal coordinates a geodesic through the 
origin has the form x(s) = (sx) where s is an affine parameter. As & = (2%) 
and ë = 0, it follows from the geodesic equation that yg%,(i)x°x7 = 0 with 
ye°y being the Christoffel symbols of the metric h. As this has to hold for any 
geodesic on U, one concludes that yg°y(i) = 0. It also follows that ahg = 0, 
so that one can write 


hag = —ôag + O(|z|?) close to 4, (11.51) 
where |z|? = bapxrx. Moreover, from the above construction it follows that 


x“hag = —bagx™. (11.52) 
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For future use it is observed that, in terms of normal coordinates and sufficiently 
close to i, one has 


dun = |a|?do + O(|a|°), (11.53) 


where dun is the volume element of the metric h and do denotes the area element 
of the unit 2-sphere S?. 

For later use, it is convenient to define the (square of the) geodesic 
distance T? = |z|?. One has that T? is a smooth function of the normal 
coordinates. It can be verified that 


h°? DoT Del = —40 (11.54) 
and that 
T@)=0, DoT) =0, DoDI (i)=—-2hag,  DaDgD4T(i) = 0. 


Hence, I satisfies the boundary conditions (i) in Definition 11.2 so it is an 
asymptotic distance function. Observe that, in general, I is not defined globally 
on S. 


Remark. The results obtained using normal coordinates can be strengthened 
by exploiting the conformal freedom in (11.49). In particular, a conformal factor 
can always be found such that the Riemann curvature tensor of the resulting 
rescaled metric vanishes at i. In order to see this, given the metric h, let U = ef 
with f € X(S) such that 


1 
f= 572 lapli) on B,(t), 


where lag(i) denotes the components with respect to the normal coordinates of 
the three-dimensional Schouten tensor at i. A calculation shows that 


YOQ=% Ds =0;. Dy Dg0'@ = lagli). 


Hence, using the conformal transformation formula for the Schouten tensor 
(5.16b) one finds that the metric h’ = 07h satisfies U/,,(i) = 0. As in dimension 
3 the Riemann tensor is completely determined by the Schouten tensor one 
concludes that rg,5(t) = 0 as claimed. The metric h’ satisfies the improved 
expansion 


he = —Sap + O(a’) close to 4; 


compare with (11.51). 

The construction described in the previous paragraph is not the only possible 
way of exploiting the conformal gauge freedom. Depending on the particular 
analysis, other choices may be more convenient — for example, the conformal 
normal gauge introduced in Friedrich and Schmidt (1987) and Friedrich (1998c) 
or the central harmonic gauge used in Friedrich (2013). 
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Asymptotically Euclidean data versus asymptotically Euclidean 
and regular data 


It is useful to compare the two definitions of asymptotic flatness presented in 
this Section: Definitions 11.1 and 11.2. Condition (i) in Definition 11.2 restricts 
the form of the conformal factor Q in a neighbourhood 6,(i,) of a given point 
at infinity ig. More precisely, one has that 


Q = |x|? f(x) near iz, (11.55) 


where f is continuous with f(0) = 1. Given the normal coordinates (x®“) on 
Ba(ix), one can introduce inversion coordinates y% = x°/|x|? so that 


hop = hag = —dag + O(\y|~1) as |y| > oœ. 


Thus, to recover the mass term in the expansion (11.47a) one requires further 
information about the fields Q and h. 

With regards to the second fundamental form, it follows from the transforma- 
tion rules discussed in Section 11.1.1 that 


Kop = 271 Kop = Mag. 


Hence, if the physical field Kap satisfies the decay given by condition (11.47b), 
then 


Kag = O((|2|°), Pag = O(|2|~*), as |z| > 0. 


Consequently, the decay conditions of Definition 11.1 imply a tensor Yag which 
is singular at the points at infinity. To have a regular Yag one needs the stronger 
decay condition Kag = O(1/|y|®). This decay excludes the possibility of a non- 
vanishing ADM linear momentum and ADM angular momentum. 


The regularity at the points at infinity 


The regularity requirements on 2 and h of Definition 11.2 are given with respect 
to some suitable coordinate system. A natural choice is the normal coordinates 
x = (x®“) centred at the point at infinity — intuitively, one expects the regularity 
with respect to normal coordinates to be optimal. In these coordinates the 
function |x| is not smooth at i as its second derivative is not well defined there. 
More generally, even powers of |x| will be smooth, while odd ones will be only 
C*, for some k. 

Initial data sets for static vacuum spacetimes admit a conformal metric which 
is, in fact, analytic at the point at infinity; see Beig and Simon (1980b) and Beig 
and Schmidt (2000). Remarkably, this is not the case for stationary solutions 
which can be seen to be only C? at the point at infinity; see Dain (2001b). 
More precisely, any asymptotically Euclidean data set for a stationary spacetime 
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(and in particular for the Kerr solution!) has a conformal metric of the form h 
which, in a suitable neighbourhood Balik) of infinity, takes the form 

h=h' + a)?h”, 


with h’ and h” analytic tensors with respect to normal coordinates. 


11.6.3 Fundamental solutions and punctures 


Consider now, for simplicity, an asymptotically Euclidean and regular manifold 
(S,h) with a single point at infinity i. Suppose, for ease of the presentation, that 
the conformal factor Q = V7? satisfies the Yamabe equation 


And — Irho =0  onS\ {i}. (11.56) 


Condition (i) of Definition 11.2 implies a singular behaviour for the conformal 
factor v. Indeed, from Equation (11.55) it follows that 


dz} 41 as |x| > 0. (11.57) 


In order to develop a better understanding of the singular behaviour at i consider 


the integral 
1 
Ie = ii (ano = srk) dun 
B.(i) 8 


over an open ball B. (i) of a suitably small radius £ > 0 centred at 7. To simplify 
the evaluation of the integral it is assumed that the metric h has been chosen 
such that r[h] = 0 on B,(2); as seen in Section 11.6.2 this is is always possible 
locally. Using the divergence theorem (see the Appendix to this chapter), one has 
that 


Í- = Andun = -f (dv, n)dSp, 
Be (i) OB. (i) 


where n is the outward-pointing unit normal to 06,(i) and døp is the surface 
element of 0B.(i) implied by h. From the expansion (11.53) it follows for 
sufficiently small € that dS, = edo + o(e*) with do the surface element of 
S?. Moreover, as a consequence of (11.57) one has 


1 -2 
(dù, n) = E- +o(e7°). 
Putting everything together one concludes that 
r=- f do + o(£) — 4r as € — 0, 
OB. (4) 
so that 


| Anvdun = 4r. 
S 
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The latter implies that one can write 
And = 47 0(t), 


where 0(i) denotes the Dirac’s delta distribution with support at the 
point 7; see the Appendix to this chapter for more details and references. To 
obtain the expression for a generic metric with a non-vanishing Ricci scalar in 
a neighbourhood of 7 one makes use of the transformation law for the Yamabe 
equation, Equation (11.23), to obtain 


1 
(an — T) (o-'0) = 40g (i) with h’ = ¢'h. 
As 6(i) has support only on i and ¢(2) = 1 one finally concludes that 


(aw — T = 4rå(i) with Y = 7t. 
This expression provides an alternative description of the singular behaviour of 
solutions to the Yamabe equation which satisfy the boundary condition (i) of 
Definition 11.2. The previous discussion can be generalised to manifolds (S, h) 
with several points at infinity. For example, if S = S? and h = —fA the standard 
metric of S3, then the Yamabe equation 


(an z TEE Sl (stm + stis)). 


where (in) and (is) are supported, respectively, at the north and south 
poles of S3, describes the conformal factor V for time-symmetric data for the 
Schwarzschild spacetime. Letting ¢ = 1+ m/2r, it follows from combining the 
first equation in (11.44) with the conformal factor w compactifying R? into S3 
given in (6.5) that 


h=—OPh, Q = wg? 


Setting a = 1 in Equation (6.5), one has that 


One can verify that Q and dQ vanish at w = 0, m (the north and south poles of 
S3). Moreover, one has 


Q=% +04) Q= (p-r) +O- 7)’), 


so that the fundamental solution 0) = 0~!/? has the expected singular behaviour. 
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Conformal decompactification of initial data sets on compact manifolds 


From a geometric point of view, the purpose of introducing a conformal 
factor J which is singular at the point at infinity is to produce a conformal 
decompactification of the manifold S. As an example, consider a vacuum 
maximal initial data set (S,h,K) with S compact. Under these assumptions 
one has that the Einstein constraints (11.14) reduce to 


If given a point i € Š one can find a solution ® to the equation 


1 
<r 


z [h] — Laka = 4rô(i), 


Ae 


it follows from a calculation involving the conformal transformation properties 
of the various fields that 


h= dh, K=v0°K, 


gives rise to an asymptotically Euclidean and regular solution to the Einstein 
constraints 


r[h] = -Ky KY, D'K; = 0, K= h” Ki; = 0. 


As pointed out in O’Murchadha (1988), this construction can be used to argue 
that, in a certain sense, there are more asymptotically flat initial data sets than 
initial data sets on compact surfaces. 


The Yamabe invariant 


The possibility of conformally decompactifying a compact Riemannian manifold 
(S,h) to obtain a physical manifold (S,h) which is asymptotically Euclidean 
and regular depends on being able to solve the equation 


(an 5 TOE = An6(i). (11.58) 


The discussion in Section 11.5 suggests that this may not be possible for all 
cases. To explore this further, consider a test function ¢ € (S). A calculation 
shows that 


J 1royPaun = f (PID +6 ,D0P)dun + f ODD gdu 
S S S 


=| (8?|D¢|? + [DOP aun ~ | D'(OD0)éayn 
S S 


2 | 9|DéPdun — | 3d? AnOdun, 
S S 
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where the second equality follows by integration by parts on a compact manifold 
of the last integral in the first line. As |D¢|? = D;¢D*¢ < 0 and V > 0 it follows 
that 


= [ DOO Pamn > f 96? Anda 
S S 
2 - 1 2 2 
> ar | 0P dun + 5 | P8rlhldun 


> TOOP +5 | rA, 
S 


1 
> J r[h]0?¢7 dun, 
8 Js 

where the last inequality follows from the fact that ¢ is an arbitrary test function. 
Thus setting ¢ = g one concludes that 


— inf 8IDC|? + r[h]¢?) dun > 0, 
duty J, OIDE + rih]e) din 


where inf denotes the infimum, that is, the biggest lower bound. The latter is a 
necessary condition for the existence of a solution to Equation (11.58). Under 
some further technical assumptions, it can be shown to be a sufficient condition; 
see, for example, Friedrich (2011). The above expression can be reformulated 
in a conformal way by adding a suitable normalisation factor. Accordingly, one 
defines the Yamabe invariant (number) of h as 


L (8h DiCDj¢ + r[h]C7) dun 


inf 
cex(S) z 1/3 
(/ Ç dun) 
s 


The conformal invariance of the above expression follows from the transformation 


Y[h] = 


properties of the three-dimensional Ricci scalar and of the volume element. 
Accordingly, the Yamabe number is, in fact, a property of the conformal class 
[h]. In particular, if (S, h) is such that Y[h] > 0, then there exists h € [h] such 


that r[h] < 0 on S; see Lee and Parker (1987). 


11.6.4 Constructing solutions to the constraint equations using 
fundamental solutions 


As already mentioned, fundamental functions of the Yamabe equation on 
compact manifolds allows one to obtain solutions to the Hamiltonian and 
momentum constraints by means of a procedure of conformal decompactification. 
In this section an overview of some of the technical details of this construction 
is provided. 

In the first instance, attention is restricted to the time-symmetric case. 
Furthermore, it is assumed that there is only one point at infinity. Given a 
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compact Riemannian manifold (S,h) and a point at infinity i, the construction 
of a time-symmetric initial data set (S, h) requires a global solution to 
Equation (11.58). As already observed, the function T = |z|, defined only in 
a neighbourhood 6,(i) with a > 0, satisfies the required boundary conditions 
for a solution to Equation (11.58). Indeed, it can be shown that the solution % 
satisfies 


v= + T +0(T), near 4, 


where m is a constant; see Lee and Parker (1987). The above expansion is also 
valid for any other choice of asymptotic distance function — the constant m is 
independent of the particular choice. As T? is a smooth function on its domain 
of definition, it can be extended to a smooth function (to be denoted again by 
T?) on the whole of the compact manifold S; see the Appendix to this chapter 
for further discussion. To obtain the global solution to Equation (11.58), one 
considers the ansatz 


s= 14540, (11.59) 


with W some smooth function on S. To make effective use of this ansatz it 
is assumed, without loss of generality, that the conformal metric h satisfies 
Tapys(t) = 0 so that one can write 


hag =—Sap thas, hag = O(\z|’). 
Hence, using the identity 


1 
y— deth 


And = ða (VZ deth h*ag0) , 


it follows that 


Lar = An — ari 
=A- +L +r[h], 
with 
L = h°?A,0g +b%)q., RL =O(|a|?), B® = O(a) 


and r{h] = O(|2|). Using the above expressions one can compute that 


La (=) =A (=) +f with f =O(|z|°). 


Now, a calculation similar to the one discussed in Section 11.6.3 shows that 


a-a(2) en 
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so that substitution of ansatz (11.59) into L;V” = 4rô(i) leads to the regular 
equation 


AnW — Lraw =f — with f = O(|z|°), (11.60) 


for which a suitable existence theory is readily available. A unique smooth 
solution to Equation (11.60) exists if the Yamabe number of the metric h 
satisfies Y[h] > 0; see Beig and O’Murchadha (1991) and Friedrich (1998c). 
A further argument using the mazimum principle shows that J — as given by 
Equation (11.59) — with W solving Equation (11.60) is positive on S \ {i} and 
gives the unique global solution to Equation (11.58). It follows that (Š, 94h) is 
an asymptotically Euclidean and regular time-symmetric initial data set. 


Data with a non-vanishing extrinsic curvature 


The procedure to solve the Yamabe equation described in the previous section 
can be extended to the case of an initial data set with a trace-free extrinsic 
curvature. One first needs a solution to the momentum constraint. Several 
procedures to construct solutions to the maximal momentum constraint (and in 
particular of the elliptic Equation (11.21)) have been considered in the literature; 
see, for example, Beig and O’Murchadha (1996), Chaljub-Simon (1982) and Dain 
and Friedrich (2001). In particular, it is well understood how to specify the 
free datum yj; in Equation (11.21) so as to ensure non-vanishing ADM linear 
momentum and ADM angular momentum. 

In what follows, assume that Equation (11.21) has been solved for a particular 
choice of the free datum Wij: Substituting the transverse and trace-free tensor Wj 
obtained from the York splitting (11.20) into the Licnerowicz Equation (11.17) 
yields the equation 


1 1 3 
And — zrih]ð = zvat o. 


As in the case of the Yamabe equation, one can incorporate the singular 
behaviour of the conformal factor required to decompactify the compact manifold 
S via a Dirac’s delta. This leads to the equation 


And — rino = 4rô(i) + sete (11.61) 


To construct a solution to this equation one first considers a solution Ve to 
Equation (11.58) — such solution exists if Y[h] > 0. One uses J, to write the 
ansatz 


v=o ty 


with V a smooth function to be determined. Equation (11.61) yields 


1 1 ji 
AnV = Sr[A]V = Epy oz V). (11.62) 
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Observe that if yj; = O(|a|~*), then, in principle, ipy 07T = O(\a|~+) so 
that the right-hand side of Equation (11.62) is still singular. This singularity is, 
nevertheless, mild, and suitable existence results are available; see theorem 12 
in Dain and Friedrich (2001) and also the appendix in Beig and O’Murchadha 
(1994). The solution %® is smooth, and, again, it can be verified that it satisfies 
0>0onS \ {i}. 


11.7 Hyperboloidal manifolds 


In certain applications of the conformal field equations it is convenient to consider 
initial data sets prescribed on hypersurfaces similar to the hyperboloids of 
the Minkowski spacetime discussed in Section 6.2.4. Hyperboloidal 3-manifolds 
arise in the construction of asymptotically simple spacetimes with vanishing 
cosmological constant and in the construction of anti-de Sitter like spacetimes. 


11.7.1 Hyperboloidal initial data sets 


For the sake of the presentation, the discussion in this section is restricted to 
the vacuum case with vanishing cosmological constant. Based on the intuition 
gained through the analysis of hyperboloids in the Minkowski spacetime one has 
the following definition (see Friedrich (1983) and Kánnár (1996a)): 


Definition 11.3 (hyperboloidal initial data sets) A triple (S, h, K) satisfy- 
ing the vacuum Einstein constraint equations is called a hyperboloidal initial 
data set if: 


(i) There exists a conformal compactification whereby Š is diffeomorphically 
identified with the interior of a manifold S with boundary OS such that S 
is diffeomorphic to the closed unit ball in R? (whence OS is diffeomorphic 
to S?). 

(ii) There exist functions Q and X on S such that Q > 0 on Š and Q=0 and 
u>0 on dS. 

(iit) The conformal fields 


h=h, K=Q0(K+4+Eh), 
extend smoothly to S. Moreover, one has that h*(dQ,dQ) = £? on 8. 


The simplest type of hyperboloidal initial data sets consists of the case where 
the physical extrinsic curvature is pure trace; that is, one has 


K = TRÌ. (11.63) 


As a consequence of the momentum constraint and assuming (11.63) it follows 
that K must be a constant. From the conformal Hamiltonian constraint (11.15a) 
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one concludes that 
4Q.D;D'Q — 6D; QD'O + 20? r = K?. (11.64) 


In order to encode the right behaviour of the conformal factor Q at OS one 
introduces a so-called boundary defining function p, that is, a real function 
over S satisfying 


plas = 9, dplas # 0. 


Given a Riemannian manifold (S, h), such a function can always be constructed. 
Making use of the ansatz Q = p97? with V > 0 on S, it follows from (11.64) that 


1 1 l- 
PAn — pD;pD'3 + (3p — zrlh]opo — zo” Anp)o = sake. 


(11.65) 


The latter is an elliptic equation for 0 which becomes singular at OS as its 
principal part vanishes at this set. 

The properties of solutions to Equation (11.65) have been analysed in 
Andersson et al. (1992). One has the following: 


Theorem 11.2 (existence of hyperboloidal initial data sets) Let (S,h) be 
a smooth Riemannian manifold with boundary OS. Then, there exists a unique 
positive solution 0 to Equation (11.65). Moreover, the following are equivalent: 


(i) The function 0 and the tensors 


1 1 2 
24 1 


determined on Š by h and Q = pd~? extend smoothly to all of S. 

(ii) The Weyl tensor Cea computed from the data on S vanishes on OS. 

(iit) The conformal class |h] is such that the extrinsic curvature of OS with 
respect to its embedding in (S,h) is pure trace. 


The expressions for the fields Lij and dj; correspond to the spatial part 
of the Schouten tensor and the electric part of the rescaled Weyl tensor as 
determined by the conformal constraint equations of Section 11.4.3. Observe 
that the expressions for the fields are formally singular at Q = 0, so that the 
conclusion of the theorem is non-trivial and ensures the existence of regular 
hyperboloidal data for the conformal field equations. Extensions of Theorem 
11.2 to more general forms of the extrinsic curvature have been analysed in 
Andersson and Chruściel (1993, 1994). 
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Initial data for anti-de Sitter-like spacetimes 


By making the identification K? ÀA with \>0 in Equation (11.64), hyper- 
boloidal initial data sets can be interpreted as initial data sets for anti-de 
Sitter-like spacetimes. Thus, all available knowledge about the existence of 
hyperboloidal initial data sets can be transferred to this setting. This idea has 
been investigated for a larger class of data than the one considered in this section 
in Kánnár (1996a). 


11.8 Other methods for solving the constraint equations 


The analysis of the Einstein constraint equations carried out in the previous 
sections relies on a systematic use of the conformal method of Licnerowicz, 
Choquet-Bruhat and York. There are, however, other alternative procedures, 
each providing a different insight into the properties of the solutions to the 
constraint equations; see, for example, Bartnik and Isenberg (2004). In this 
section, methods of particular relevance for the analysis of the conformal field 
equations are briefly discussed: the first one based on the so-called extended 
constraint equations, and the second one being the so-called exterior gluing 
procedure. 


11.8.1 The extended constraint equations 


Given a solution to the conformal constraint equations, Lemma 11.1 shows 
how to construct initial data for the conformal Einstein field equations. It 
is, nevertheless, of interest to directly obtain a solution to the conformal 
constraint equations without having to solve the Einstein constraint equations. A 
construction of this type is of importance as the expressions for the rescaled Weyl 
tensor and the Schouten tensor in terms of the conformal factor and the intrinsic 
3-geometry of the hypersurface are formally singular at the points where Q = 0; 
see, for example, Equations (11.66a) and (11.66b) in Theorem 11.2. Currently 
available results in this direction are restricted to the case where the 2 = 1; 
see Butscher (2002, 2007). Despite this limitation, they provide insight into the 
properties and structure of the conformal constraint equations and lead to a 
procedure for the construction of initial data sets by perturbative methods. 

Assuming that the matter fields vanish, and setting Q = 1, X = 0 in the 
conformal constraint equations (11.35a)—(11.35j) one finds that the essential 
equations of the system can be rewritten in tensorial form as 


l * 
Dj Kri — Dr Kji = € jkdi, 
k jkl * 
De digg = K" E kidi 
k pe il pe k 
D dki = —e;) Kj Tkl, 


Tij = dij + KK — K;" Ky;. 


11.67a 
11.67b 
11.67c 
11.67d 


~~ oa aA 
a * SEER, SATIS AEE 
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These equations are known as the extended Einstein constraints since a 
solution thereof implies a solution to the Einstein vacuum constraints; see 
Lemma 11.1 in this chapter and lemma 1 in Butscher (2007) for a more detailed 
discussion. The first three equations constitute an underdetermined elliptic 
system for the fields K;;, dij and dij- 

A direct computation shows that the formal adjoint of the operator in the 
principal part of Equation (11.67a) is the divergence with respect to the index 
j- Applying this divergence to the equation and writing 


1 : ij 
Ki = Wij —= gh hay with pizh I= 0 
one obtains the equation 
1 ; 
DID je; — Dİ Dydyi = ejr DI dý + z D’ DjK — DiD; K). 


If the fields dj; and K are known, this equation can be verified to be an elliptic 
equation for the trace-free part pij. 

Equations (11.67b) and (11.67c) can be transformed into fully elliptic equa- 
tions by means of a York splitting of the fields d;; and dj;; see Section 11.3.3. 
Hence, writing 


2 
dij = Dv; +r Dui — 3 Drv" hij + dij, 


di, = Dju; TT. Djui = = Dyubhiy + dij, 
where d;; and dj; are freely specifiable symmetric trace-free tensors, one obtains 
elliptic equations for the fields v; and u; whose principal part is identical 
to that of Equation (11.21). Finally, Equation (11.67d) can be transformed 
into an elliptic equation for the components of the 3-metric h by introducing 
harmonic coordinates x = («*), Apx® = 0; compare the analogous use 
of wave coordinates in the case of a Lorentzian metric to obtain the reduced 
Einstein field equation discussed in the Appendix to Chapter 13. 

The system of elliptic equations for the fields K;;j, ui, ui, hij discussed in the 
previous paragraphs is called the auxiliary system. Solutions to the auxiliary 
system could be obtained, in principle, by means of perturbative methods relying 
on the use of the implicit function theorem — see, for example, Ambrosetti and 
Prodi (1995) — if some background solution is known. The solutions thus obtained 
are not a priori solutions to the original Equations (11.67a)—(11.67d). Hence, in 
a second step, one needs to investigate the conditions under which a solution to 
the auxiliary system implies a solution to the extended Einstein constraints and, 
consequently, a solution to the vacuum Einstein constraints. This strategy has 
been investigated in Butscher (2002, 2007) to obtain asymptotically Euclidean 
solutions to the extended constraints which are close to data for the Minkowski 
spacetime. The particular details require the use of weighted Sobolev spaces 
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to control the decay of the various fields. These methods can be adapted, in 
principle, to obtain data on S? corresponding to perturbations of de Sitter initial 
data. 


11.8.2 Exterior asymptotic gluing 


The exterior asymptotic gluing is a method to construct solutions to the 
Einstein constraint equations by gluing the interior region of an asymptotically 
Euclidean solution to the Einstein vacuum constraints to an asymptotic end of 
initial data for the Kerr spacetime or, in fact, of any stationary solution; see 
Corvino (2000), Chrusciel and Delay (2003), Corvino and Schoen (2006) and 
Corvino (2007). More precisely, given a smooth asymptotically Euclidean initial 
data set for the vacuum Einstein field equations (S, h,K ) and a given compact 
subset U C S such that S \U is an asymptotic end, it is possible to show that 
there exists another smooth asymptotically Euclidean solution to the vacuum 
Einstein constraints (S ,h, K) which is identical to the original solution on U 
and coincides with initial data for the Kerr spacetime on S \U for some U C 5: 
In addition, the initial data set (S ,h, K) contains an annular transition region 
in which the initial data can be controlled. In the case of time-symmetric initial 
data sets this method glues any interior region to an exterior region of a slice of 
the Schwarzschild spacetime. 

The underlying idea in the asymptotic exterior gluing method is to exploit the 
underdetermined character of the Einstein constraints as a system of partial 
differential equations for the fields (h,K). Prior to the development of the 
asymptotic exterior gluing methods Cutler and Wald (1989) have shown that it is 
possible to make use of the standard conformal method to construct solutions to 
the time symmetric constraints containing a Minkowskian interior region and a 
Schwarzschildean exterior region joined together by an annular region containing 
a purely magnetic solution to the Einstein-Maxwell constraints. 

As will be discussed in Chapter 20, initial data sets obtained by means of 
asymptotic exterior gluing play a key role in the construction of Minkowski-like 
asymptotically simple spacetimes. For simplicity, in the remainder of this section 
attention is restricted to the time-symmetric case for which the Einstein vacuum 
constraints reduce to r[h] = 0. In the present context, one regards the Ricci 
scalar as a map between the space of Riemannian metrics over Š and ¥(S). Under 
certain circumstances this mapping is an isomorphism; that is, given a metric h 
and f € X(S) such that r[h] = f and given a further g € X(S) close enough to f, 
then there exists another metric h close to h such that r[h] = g. This property 
of the Ricci scalar operator is the essential ingredient in the gluing procedure. 
As part of the gluing construction, one connects the inner region (U, h) and an 
asymptotic region (€,h.y) with hy as given in Equation (11.45) for some choice 
(so far undetermined) of the constants m and (a) through an annular region. 
A positive definite symmetric tensor h is defined on S by requiring it to be 
identical to h on U and to hy on € , while on the asymptotic region it is chosen 
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so that it interpolates smoothly between h and hg. By construction r[h] = 0 in 
both U and £, while r[h] 4 0 in the transitional annular region. Nevertheless, by 
moving U suitably into the asymptotic region, one can make r[h] small enough 
so that the isomorphism properties of the Ricci scalar operator can be used to 
ensure the existence of a tensor k with support on an annular region such that 
h = h +k is a Riemannian metric with r[h] = 0 on S. 

The asymptotic exterior gluing construction requires a careful analysis of the 
properties of the linearised Ricci operator 


%,\h| = -An (trn (h)) + div; (diva (h)) — h(h, Ric[hl). 


For a fixed metric h, the latter is an underdetermined elliptic operator. It can 
be transformed into an elliptic system by composition with its formal adjoint 


Ap (f) = —(Anf)h + Hess(f) — fRic[h]. 


The composite elliptic operator 2%, o Zp is a fourth-order partial differential 
operator. Once the linearised problem is controlled, the non-linear problem is 
then solved by means of an iteration. To conclude, one needs to show that the 
metric h is indeed a solution to r[h] = 0. It is in this part of the construction 
that the value of the constants m and (a) are fixed. A refined version of the 
original construction in Corvino (2000) has been given in Corvino (2007), from 
which the following result has been adapted: 


Theorem 11.3 (exterior asymptotic gluing construction) Let (S,h) 
denote an asymptotically Euclidean initial data set for the Einstein vacuum 
equations. Let E C Š be any asymptotically flat end ofS. Given ro > 0 let E,, C E 
be an exterior region in E expressed in asymptotically Cartesian coordinates by 
Er = {(x%) € R? | |x| >r > ro}. Suppose, furthermore, that in these coordinates 
the metric h has the form 


P 2 
SE (1 , T) bp - Os (lel-2). 


Let k be a non-negative integer. Then for any e > 0 there exists rą > 0 and a 


smooth metric h satisfying r[h] = 0 and |\hag —has||cx(e) < € so that h is equal 
toh onu=S8 \ Er, and identical to an asymptotically flat end of a standard 
Schwarzschild slice on Ezr, . 


The precise definition of the supremum norm || ||cx,¢) is discussed in the 
Appendix to this chapter. A schematic depiction of the construction of Theorem 
11.3 is given in Figure 11.2. In the applications of this result to the existence of 
asymptotically simple spacetimes, it is important to control the location of the 
exterior region €,, and to ensure that rą 4 co as one moves along a family of 
initial data sets tending, say, to data for the Minkowski spacetime. This possible 
degeneracy has been dealt with by imposing some reflexion symmetry properties 
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ü 


Figure 11.2 Schematic depiction of the exterior gluing construction given by 
Theorem 11.3. It contains an inner region U where the 3-metric has a fixed 
arbitrary value h, an annular transition region between Er, and Ezr, and an 
exterior region € where it is equal to data for a member of the Schwarzschild 
family of solutions. 


on the metric h; see Chruściel and Delay (2003). An alternative solution has 
been provided in Corvino (2007). This result makes use of symmetric (0, 2)- 
tensors k satisfying the condition @_5(k) = 0. Making use of a York splitting 
the tensor k can be decomposed in a unique way into a traceless term with 
vanishing divergence, a trace part and a part which is the conformal Killing 
operator of a covector; see Chaljub-Simon (1982). The tensor k is said to be non- 
degenerate if its transverse-traceless part is non-zero. Using this terminology 
one has the following stability result (see Corvino (2007) for further details and its 
proof): 


Theorem 11.4 (stability of the exterior gluing construction) Let k be any 
smooth, compactly supported symmetric (0,2)-tensor on RÌ with @_s(k) = 0. 
Moreover, for sufficiently small € > 0 let 


h = —0*(6 + ek) 


be asymptotically flat and satisfy r[h] = 0. If k is non-degenerate, there exists 
rą > 0 so that for alle small enough there is a metric h with r[h] = 0 which 
agrees with h in the closed ball B,, (0) and is exactly Schwarzschild on Eo,,. 
Consequently, the Riemannian manifold (RÌ, h) admits a smooth conformal point 
compactification in the sense of Definition 11.2. 


This theorem guarantees the existence of time-symmetric solutions to the 
vacuum Einstein constraint equations which are both close to data for the 
Minkowski spacetime and exactly Schwarzschildean in a non-trivial exterior 
region; see Section 20.5. 

Versions of the asymptotic exterior gluing construction for initial data sets 
with non-vanishing extrinsic curvature can be found in Chrusciel and Delay 
(2003) and Corvino and Schoen (2006). There are adaptations of the exterior 
gluing method to the case of hyperboloidal initial data sets with constant scalar 
curvature; see Chruściel and Delay (2009). 
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11.9 Further reading 


The best point of entry to the extensive literature on the Einstein constraint 
equations is through reviews such as those of Bartnik and Isenberg (2004) or 
Isenberg (2013). An older, classical review on the topic is given in Choquet- 
Bruhat and York (1980). An alternative review aimed at applications in 
numerical relativity is Cook (2000). A detailed account of the conformal method 
to solve the constraint equations, as seen by one of the main contributors of 
the topic, can be found in Choquet-Bruhat (2008) — this reference contains, in 
addition, a discussion of the basic aspects of weighted Sobolev spaces. Closely 
related to the latter is the reference Choquet-Bruhat et al. (2000). A discussion 
of basic aspects of the theory of elliptic differential equations and its application 
to the analysis of the Einstein constraints can be found in Rendall (2008). An 
alternative account of the basic aspects of the analysis of elliptic equations with 
a number of worked-out examples is Dain (2006). Finally, a detailed account of 
the conformal equations under the assumption of spherical symmetry is given in 
Guven and O’Murchadha (1995). 

By contrast, the accounts on the conformal Einstein constraints are much more 
restricted in number. The original references are Friedrich (1983, 1984, 1986a, 
1995, 2004); see also the discussion in Frauendiener (2004). A systematic analysis 
of hyperboloidal initial data sets can be found in Andersson et al. (1992) and 
Andersson and Chruściel (1993, 1994). 

The notion of asymptotically Euclidean and regular manifolds can be traced 
back to the discussion in Geroch (1972b). These ideas have been further 
elaborated in Friedrich (1988, 1998c). Accounts of the use of Dirac’s deltas to 
represent the points at infinity can be found in Beig and O’Murchadha (1991, 
1994). A neat application of this approach to the construction of initial data 
sets with a conformal toroidal symmetry is given in Beig and Husa (1994). 
Applications of the method to the construction of initial data for the collision 
of Kerr-like black holes can be found in Dain (2001a,c). Finally, a detailed 
construction of initial data sets admitting expansions in powers of the geodesic 
distance is given in Dain and Friedrich (2001). 


Appendix: some results of analysis 


As in the main text of this chapter, let (S,h) denote a Riemannian manifold. 
Moreover, let p € S denote a point and consider normal coordinates z = (x) 
centred at p; that is, *(0) = 0. 


Order symbols. The behaviour of functions f:S—R near p can be conve- 
niently described by means of the big O and small o notations. More precisely, 
given f,g : S > R, if for some x = (x%) sufficiently close to 0 there exists a 
positive constant M such that 


|f(x)| < Mg(z)|, 
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one writes f(z) = O(g(x)), and one says that f is at most of the order of g. If, 


in addition, one has that 


ða f(x) = O(0ag(2)), pe Oey +++ Oa F(Z) = O(a *** Oa G(Z))s 


for some integer k one writes f(x) = Ox(g(x)). 
If given f,g one has f(x)/g(x) > 0 as x“ — 0, then one writes 


f(x) = o(9(@)), 
and one says that the order of f is bigger than that of g. Again, if 


af (x) = 0(Oag(Z)), soi Oey *** Oar F(E) = 00o *** Pax G(Z)), 


one writes f(x) = ox(g(x)). For further discussion, see, for example, Courant 
and John (1989). 


Taylor expansions. If a function f : R” — R is of class C! on the open ball 
Ba(0) C R” one has that 


F(E) = f(0) + daf(O)x® + Aa, 3an f (0)1% a° 


1 al... p%k-1 k 
Hot gala Bans f(t e+ O(|2|*). 


For further discussion, see, for example, Courant and John (1989). 


Supremum norm. Given U C R” and f € C*(U), one defines the supremum 
norm as 


lfern = J. sup{|da, +++ Aa, f(x)|, £ €U} 


0<I<k 


where U denotes the closure of U. For further discussion on this and other related 
norms, see, for example, Ambrosetti and Prodi (1995). 


Extension of smooth functions. Let U C S denote a closed subset and f : 
U — R* a smooth function. There exists a smooth function f : S > R* such 
that f lu = f and whose support is contained in S \ M; in other words, f is 
non-vanishing in S \U. In a slight abuse of notation f will be denoted, again, by 


f. For more details on this result, see Lee (2002). 


Dirac’s delta. Let now S denote a compact manifold and p € S a fixed point 
within. The Dirac’s delta 6(p) with support on p is the distribution (i.e. a linear 
functional C°(S) — R) satisfying 


f f(a)6(p)dun = f(p), for all f € ©%(8). 


In particular, one has that 


J iini 
S 
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If f(p) = 0, one has the distributional equality 


f(x)6(p) = 0. 
For further details, the reader is referred to Appel (2007). 


Divergence theorem. Given (M,g) a manifold with metric (Riemannian or 
Lorentzian) and, within, U C M a compact subset and a smooth covector w, 


one has 
[ aivwaun = f (w, Vv) dSn, 
u ou 


with v the outward pointing unit normal to OU; see, for example, Frankel (2003) 
for further details. 


12 


Methods of the theory of hyperbolic 
differential equations 


This chapter discusses the notions of the theory of hyperbolic differential 
equations and the existence theorems employed to construct solutions to the 
conformal Einstein field equations. Conformal methods allow, under suitable 
circumstances, the use of very general theorems of the theory of partial 
differential equations (PDEs) to obtain conclusions of a global nature about 
solutions to the Einstein field equations. The results presented in this chapter 
have been tailored to fit the general discussion of this book. 

The basic result of the theory of hyperbolic PDEs that will be used in this 
book is Kato’s existence, uniqueness and stability result for symmetric hyperbolic 
systems; see Theorem 12.4. In view of applications to the construction of anti- 
de Sitter-like spacetimes a basic existence and uniqueness result of the initial 
boundary value problem of symmetric hyperbolic equations is also discussed; 
see Theorem 12.6. The chapter concludes with an overview of the basic theory 
behind characteristic initial value problems; see Theorem 12.7. 


12.1 Basic notions 


As will be seen in Chapter 13, the conformal Einstein equations give rise to 
quasilinear evolution equations which, in local coordinates x = (x) on an 
open set U C M of the spacetime manifold, take the form 


A” (z, u)d,u = B(x, u) (12.1) 


where u is a C™-valued unknown for some positive integer N and A“, u = 0,...3, 
are (N x N) matrix-valued functions of the coordinates and of the vector-valued 
unknown u; thus, one has as many equations as components in the vector u. 
Finally, B(x, u) is a vector-valued function of x and u. In what follows, it will 
be assumed that the components of u are scalars. The functions A” (x,u) and 
B(x, u) are, in principle, non-linear functions of the entries of u. If the matrices 
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A” do not depend on u, one has a semilinear system. Without loss of generality, 
U can be regarded as some suitable subset of R4. 
Following the terminology of Section 11.2 the term 


A*(x,u)d,u 


is known as the principal part of Equation (12.1). The symbol with respect 
to the unknown u at the point p € U with coordinates x = x(p) for a covector 
€ € T*|,(U) is given by the matrix 


a(x, u, €) = A! (x, u)én. 


Under a coordinate transformation x’ = x'(x), it follows from Equation (12.1) 
that 


AM (a, u)dO,/u = B(x’, u), 


with 


A” (z(2'),u). (12.2) 


It then follows from the transformation law of covectors under coordinate 
transformations and Equation (12.2) that the symbol of the differential 
Equation (12.1) is an invariant. 


12.1.1 Symmetric hyperbolic systems 


The basic properties of the PDE (12.1) and of its solutions depend on the 
structure of its principal part. Given a matrix A, the operation of taking the 
transpose of its complex conjugate will be denoted by A*. One has the following 
definition: 


Definition 12.1 (symmetric hyperbolic systems) Given a solution u(x), 
the system (12.1) is said to be symmetric hyperbolic at (x,u) if: 


(i) the matrices A” (x,u) are Hermitian; that is (A#)* = A” 


(ii) there exists a covector € such that o(x,u,€) = A”(x,u)£„ is a positive- 
definite matriz. 


Given two vectors u, v € C%, their inner product is defined by 


(u, v) = u*v. 
It follows then that (u, v) = (v, u) with the overbar denoting the usual complex 
conjugation of scalars. Moreover, if A is a Hermitian N x N matrix, then 


(u, Av) = (Au, v), (u, Au) = (u, Au). 
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Spacelike and timelike hypersurfaces with respect to a 
symmetric hyperbolic system 


In what follows, let S denote a hypersurface on U C M defined in terms of a 
smooth scalar ¢ € ¥ (M) as 


S= {pE€U|¢(p)=0}, (12.3) 


where it is assumed that dọ Æ 0 so that S has everywhere a well-defined normal. 
The positivity condition (i) in Definition 12.1 allows one to define the causal 
nature of the hypersurface S with respect to solutions of Equation (12.1). 
More precisely, the hypersurface S is said to be spacelike with respect to 
a solution u to the symmetric hyperbolic system (12.1) if o(x,u,døọ) 
is positive definite for p € S. If o(x,u,dọ) has a non-vanishing determinant 
and is not positive definite, one says that S is timelike for the solution u. 
Finally, if øo (x, u, dọ) has a vanishing determinant, one says that S is null — this 
case is tied to the notion of characteristics to be discussed in the next section. 
These causal definitions are, in principle, independent of the homonymous notion 
defined in terms of a metric g on M. However, as discussed in Chapter 14, for 
evolution equations arising from the Einstein field equations, the geometric and 
PDE notions agree; see Theorem 14.1. 


12.1.2 Initial value problems and characteristics 


Of particular relevance for a symmetric hyperbolic system of the form (12.1) is 
the so-called initial value problem whereby some initial data on a hypersurface 
S is prescribed and one purports to obtain the solution to the equation away 
from the initial hypersurface. 

An initial data set for Equation (12.1) on a hypersurface S which is spacelike 
with respect to Equation (12.1) consists of a C’-valued function u, on S which 
is interpreted as the value of the solution u to Equation (12.1) on S. A question 
which arises naturally in this context is whether all the components of the vector 
u, can be specified freely on S. 

It is convenient to introduce on U coordinates x = (x°,x) = (x°, xt, x7, x3) 
adapted to S so that the hypersurface is represented by the condition z? = 
Using these adapted coordinates and the initial data u, one can compute the 
spatial derivatives au, of u on S. In order to determine the time derivatives 
ðu on S one substitutes the above into Equation (12.1) to obtain 


A°(0,@; ux) (Oou)s + A° (0, z; u,)Oou, = B(0, x; ux), (12.4) 


where it is observed that (0,u), = au. This equation can be read as a linear 
algebraic system for (Ogu), = Oou|s which can be solved if A°(0,z,u,) can be 
inverted, that is, if 


det (A°(0, z; u,)) Æ 0. 
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If det A°(0, z; u,) = 0, then M = rank A°(0,z,u,) < N, and one can make 
linear combinations of the equations in (12.4) to obtain a new system on S of 
the form 


A? (0,2; ux)(Oou)s + A“ (0, x; u,)ðau, = B(0, z; u,), 


where 
aĵ, (0, x; u,) aad af y (0, z; u, ) 
A : pe? aÀ l 
A? (0, z, uy) = ayy (0, z; Ux) ee 
0 - i 


has N — M rows consisting of zeros. Hence, not all the derivatives (Ou), are 
determined by the initial data, and one has N—M constraint equations which 
have to be satisfied by the initial data u,. 

The discussion of the previous paragraphs leads to the following general 
definition which also applies to evolution systems of the form (12.1) which are 
not necessarily symmetric hyperbolic: 


Definition 12.2 (characteristic surfaces of a first order PDE) A 
hypersurface S defined by a condition of the form (12.3) is said to be a 
characteristic of a solution u of Equation (12.1) if 


det (a(z, u, d¢)) =0 forpes. (12.5) 
If 
det (a(z, u, d¢)) #0 forpes, 


then S is said to be nowhere characteristic for the solution u of 
Equation (12.1). 


On a characteristic, the system (12.1) implies M transversal equations and 
N — M interior equations on S. If M = 0, so that the full system (12.1) 
reduces to interior equations, one says that S is a total characteristic of the 
system. More generally, given a point p € U, one defines its characteristic set 
(or Monge cone) with respect to a solution u of Equation (12.1) as the subset 
Cy C T*|p(U) defined by 


Cj = {E €T*|,(U) | det(o (x,u, €)) = 0, € 4 0}. 


That is, the elements of C% are in the kernel of the symbol. The covectors € 
are sometimes called the null directions at p. The quantity det(o (x, u, €)) can 
be read as a polynomial for the components of the covector € — the so-called 
characteristic polynomial. 
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Well-posedness 


An initial value problem for a system of the form (12.1) (not necessarily 
symmetric hyperbolic) with data prescribed on a hypersurface S which is nowhere 
characteristic and timelike with respect to the evolution system at the prescribed 
data u, will be called a Cauchy initial value problem. If the initial data 
is prescribed on a hypersurface M which is characteristic, one speaks of a 
characteristic initial value problem. 

The definitions given in the previous paragraph are motivated by the notion 
of well-posedness. In broad terms, an initial value problem is well posed if: 


(i) There exist solutions to all initial data. 
(ii) The solutions are uniquely determined by the initial data. 
(iii) The solutions depend continuously on the initial data. 


The first step in the analysis of the well-posedness of an initial value problem for 
a given class of PDEs is the formulation of the above requirements in a precise 
manner; see, for example, Rendall (2008) for further discussion on this. Initial 
value problems which are not well posed are said to be ill-posed. 

The Cauchy problem for a symmetric hyperbolic system of the form (12.1) 
is well-posed. By contrast, an initial value problem with data prescribed on a 
timelike hypersurface is ill-posed. A further example of an ill-posed problem is 
the Cauchy problem for elliptic equations. In the case of characteristic initial 
value problems the well-posedness of the problem depends on the causal relation 
between the region where one wants to obtain the solution and the initial 
characteristic surfaces; see Section 12.5.1. Although well-posed initial value 
problems are of natural importance in general relativity, ill-posed problems also 
arise in applications such as the uniqueness of stationary black holes; see, for 
example, Ionescu and Klainerman (2009a,b). 


12.1.3 Some examples 


The discussion of the previous paragraphs is best illuminated by a couple of 
explicit examples. Many of the features of these examples are generic and arise 
in the analysis of the evolution equations implied by the (conformal) Einstein 
field equations. 

In what follows, let (M,g) denote a spacetime. On U C M consider some 
local coordinates x = (a) and a null frame {e44} with associated cobasis 
{w44'}. In terms of the local coordinates one writes eaa’ = eaa“O, and 
wad’ — wid’ dat. Moreover, let {e44} be a spinorial frame giving rise to the 
vector frame {eax }; see the discussion in Section 3.1.9. 


A spinorial curl equation 
As a first example consider on U C M a spinorial equation of the form 


VÈ a ~Qa..D = FA'A--D, (12.6) 
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for the components yqga...p of a spinor Yyga...p With respect to the spin frame 
{ea^}. The spinor yga...p is not assumed to have any particular symmetries 
and the field F4’ A...p may depend on the coordinates or any other field. Notice 
that the unknowns of Equation (12.6) are scalars. 

It is claimed that the combination 


Ve? ~Qa--D = Fya.-D, (12.7a) 
- Vey ¢Qa..D = -Fv A-D, (12.7b) 


is a symmetric hyperbolic system. In order to see this, observe that 
VÈ a'vQa..D = V1a/foa--D — Voa'P1A--D: 


Thus, the principal part of the system (12.7a) and (12.7b) can be written in 
matricial form as 
ey" —eor" YOA-.-D 
A“ O,.~ = ( Ja ( ; 
S —e10'" eov” g P1A---D 
The matrices A” are Hermitian as €g99 and e11 are real vectors and €91 = €10- 
Letting €,, = w% , +wt ,, a calculation shows that 


1 + T + 
AMe, = ey hw? + erwt p —eor”w®? ,— eor”wtt , 
ra + a + + 
g —ey9/ Hw? uT eyg” wit eoo Hw” u + eog'w!! u 


BB = ceaPeg P it follows that 


el 


which is clearly positive definite. Thus, the system (12.7a) and (12.7b) is 
symmetric hyperbolic as claimed. Given a generic covector &, the characteristic 


Using ea ay' "w 


polynomial is given by 


det(A"E,,) = det ( ers Ey = Con Ey ) 


—ey0'"E), eoo” Ey, 


= (ef eov” — €01'"e10”) EE 
1 
= go Sube, 


where, in the last equality, Equation (3.30) relating the null frame and the 
metric has been used. Thus, the characteristics of Equation (12.6) are given 
by null hypersurfaces with respect to the metric g. Furthermore, spacelike 
hypersurfaces with respect to solutions to the equation coincide with the 
g-spacelike hypersurfaces so that the causal notions given by Equation (12.6) 
and the background metric g coincide. 
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The wave equation as a symmetric hyperbolic system 
As a second example consider the wave equation 
VV ad =0 (12.8) 


on a region U C M. In contrast to the previous example, this equation is second 
order, and thus, it does not fit into the scheme discussed so far. Nevertheless, 
the wave equation can be recast as a symmetric hyperbolic system for the scalar 
field ¢ and some further auxiliary fields. 

The spinorial version of Equation (12.8) is given by 


VAA Vaa = 0. (12.9) 


As a first step one introduces the auxiliary variable d44’ = Vaso. Reading 
this definition as an equation for the scalar field ¢ and contracting with a spinor 
TAA’ representing a timelike vector 7%, one obtains the evolution equation 


Pe=~4, (12.10) 


where py = TAA’ baa and P = TAA YT aa is the directional derivative 
along 7°; see Section 4.3.1. Now, defining yap =p aya’ one obtains the 
decomposition 


a 
PAA! = <ytaa — TÊ APAQ. (12.11) 
2 


Having introduced the auxiliary variable ¢,4 4’ one needs to consider a suitable 
field equation for it. A convenient choice is given by the no torsion condition 


Vaa'V BB? — VepV aad = 0, 
which, in view of the definition of ¢ 4a’, can be rewritten as 
Vaa'¢pp' — VBB baa = 0. (12.12) 


Contracting the indices 4’ and p’ and using the see-saw rule one obtains 
Via? op)q’ = 0, 


which, as a result of the hermicity of @,4,4’ is completely equivalent to 
Equation (12.12). Finally, using the identity 


1 , 1 1 
VA? Bg = Va? bB — zt4B V°? QQ’ 


and observing that from Equation (12.9) it follows that Ve? dog = 0, one 
concludes that 


Va? bq’ =0. 
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Using Equation (12.11) one can perform a space spinor split of this equation. 
After some calculations one obtains the pair of equations 


Pp t+2D4¥ yap =0, (12.13a) 
Pyan —Dapet 2Dia? pB = 0, (12.13b) 


where Dap denotes the directional derivative associated to the Sen connection 
relative to 744’; see Section 4.3.1. Equations (12.10), (12.13a) and (12.13b) 
are the basic evolution equations. For simplicity of presentation in Equations 
(12.13a) and (12.13b) the covariant derivatives of 744’ have been assumed to 
vanish. To obtain a system which is symmetric hyperbolic, some normalisation 
factors have to be added. Some experimentation renders 


Po=p, 
Poet 2047 oaB = 0, 
4 


(A+ B)\(2— A-B)! (Peas - Pane +2D(4°PBg) = 0 


which is claimed to be symmetric hyperbolic. From these equations, a calculation 
similar to the one carried out for the Maxwell equations yields the following 
matricial expression for the principal part: 


TH 0 0 0 0 $ 
0 T” 2e11" —4e91" 2€o0" p 
Að p= | 0 —2eoo” 2T” -— 4eo1” 4eoo” 0 ôu | Po 
0 —4e91" —4e11” 4r¥ 4eoo" pı 
QO —2e11” 0 —4e11” 2T” + 4eo1” p2 


where yo = Yoo, %1 = Yo1 and yo = 11. Taking into account the reality 
conditions satisfied by the various frame coefficients one concludes that the 
matrices are Hermitian. Moreover, a short computation shows that A”7, is 
positive definite so that, indeed, one has obtained a symmetric hyperbolic 
system for the wave equation. Finally, a further computation shows that the 
characteristic polynomial of the system is given by 


det(A"€,,) = S(T EL (GAEE). 


Accordingly, g-null hypersurfaces are characteristics of the system. 


12.2 Uniqueness and domains of dependence 


An important property of the Cauchy initial value problem for symmetric 
hyperbolic systems is the uniqueness of solutions for a given prescription 
of initial data. The discussion of the uniqueness of solutions is naturally carried 
out in subsets of R* known as lens-shaped domains. A lens-shaped domain 
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Sı 


So 


Figure 12.1 Schematic depiction of a lens-shaped domain G. The hypersurfaces 
So and Sı are spacelike with respect to a solution u of a symmetric hyperbolic 
system of the form (12.1). 


with respect to a solution u to a symmetric hyperbolic system of the form (12.1) 
is an open subset G C R* with compact closure and whose boundary is given 
by the union of two subsets Sg and Sı of hypersurfaces which are spacelike with 
respect to u; see Figure 12.1. In terms of these domains one has the following 
result which exploits all the algebraic conditions in Definition 12.1: 


Theorem 12.1 (uniqueness of solutions of symmetric hyperbolic sys- 
tems) Let G be a lens-shaped domain. If u; and ug are two solutions to the 
initial value problem for the symmetric hyperbolic system 


A” (a, u)d,u = B(x, u), uls, = Us 
then uy = Ug on G. 


Proof This proof follows closely the discussion in Friedrich and Rendall (2000). 
Assume one has a symmetric hyperbolic system of the form (12.1) such that the 
matrices A“ and B are C! functions of their arguments. Moreover, let u; and 
uy denote two C! solutions. Let G denote a lens-shaped region with respect to 
u; and uz whose boundary is given by the union of two hypersurfaces Sp and Sj. 
Using a refined version of the mean value theorem (see the Appendix to this 
chapter for further discussion) it follows that there exist continuous functions 
M” and N such that 


A” (x,u) — A” (x, u2) = M” (a, uz, u2)(uy, — ua), 


B(x, u1) — B(x, u2) = N(x, u1, u2)(u; — u2). 
It follows then from Equation (12.1) that 
A” (x, u1)ð (U1 — ug) + (0 (c, uy, u) ðu + N(x, u, w)) (uy, — ug) = 0. 
This equation can be written in a more compact form as 
AM (x, uy )O, (U1 — u2) = Q(x, u1, U2, 0U2) (U1 — u2) 


with Q(z, u1, u2, dug) a continuous function of its arguments. 
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Now, choosing coordinates such that x = (t,x) and using the evolution 
Equation (12.1) one can verify the identity 


0, (eM (ay — us, A“ (2, u)(as — u) 


= e*t (u — Ug, P(z, u, U2, Ouz) (uz = u2)), (12.14) 


where 

P(x, uj, U2, ðU2) = —k A? (x, u1) + 0, A” (x, u) 

+ Q(x, u1, U2, ðu2) + Q* (x, u1, u2, Ou). 

Integrating the identity (12.14) over the lens-shaped region G and using the 
Gauss theorem one has that 

i ð (e7** (ay — uz, A” (a, u1) (uy — u2)))dfzx 

G 
= | e (u; — us, A” (a, u1) (uy — u2)) 7,45 
Sı 


= i eft (uy — ug, A” (a, uz) (uy = u2)) dS, (12.15) 
So 


where dfx is the standard volume element in R* and Vv, denotes the outward 
pointing unit normal to 0G. 

As S; is spatial with respect to the symmetric hyperbolic system, it follows that 
A*"(x,u1)|s, is positive definite. Hence, the integral over Sı in Equation (12.15) 
is non-negative. By assumption one has that (uy —uz2)|s, = 0 so that the integral 
over So in (12.15) vanishes. Hence, one concludes that 


Í gah (u — Ug, P(z, u, U2, Ouz) (uz = uy))d*z = 0. (12.16) 
G 


Finally, as the matrix A°(z,u,) is positive definite and G is compact, it follows 
that the constant k > 0 can be chosen so that P(x, u1, u2, u2) is negative 
definite uniformly on G. In other words, there exists a positive constant C' such 
that 


0> C(u u2, U1 u2) > (uy — Uo, P(x, u1, U2, uz) (U1 = Up)). 


Accordingly, the integral over G in inequality (12.16) can be made negative by a 
suitable choice of k. This is a contradiction unless uy = ug in G. 


A corollary of the above theorem is the following: 


Corollary 12.1 If ujs, = 0 and B(az,u) is homogeneous in u, then u = 0 


in G. 


Proof The result follows directly from the previous theorem, observing that 
u = 0 is a solution. 


304 Methods of the theory of hyperbolic differential equations 


The uniqueness Theorem 12.1 shows that, in a neighbourhood of an initial 
hypersurface S, the solution of a symmetric hyperbolic system is determined 
by initial data on a compact subset of S as any point sufficiently close to S 
is contained in a lens-shaped region. This consideration leads to the notion of 
domain of dependence. 


Definition 12.3 (domain of dependence) Let R C S. The domain of 
dependence D(R) of R is the set of all points p e€ U C Rt such that the 
value of a solution u to Equation (12.1) at p is determined (uniquely) by the 
restriction of the initial data to R. 


Remark. The term “domain of dependence” is sometimes used in the PDE 
literature to denote the set of points determining the value of a solution u at a 
given point. The notion of domain of dependence used in this book is then called 
domain of influence; see Rendall (2008) for further discussion. 


The main property singled out by Definition 12.3 is that the solution of 
a symmetric hyperbolic system is determined at a given point by data on 
a proper subset of the initial hypersurface. Thus, the process of solving the 
Cauchy problem for the symmetric hyperbolic system (12.1) can be localised in 
space. This is a particular property of hyperbolic differential equations which 
distinguishes them from other types of PDEs. More precisely, if two initial data 
sets u, and u, coincide on an open subset R C S, then the corresponding 
domains of influence and the solutions u and ū coincide as well. In other words, 
in the domain of influence D(R) a solution u is independent of the behaviour 
of the data u, outside R. In particular, there is no need to impose boundary 
or fall-off conditions away from R. This observation is usually known as the 
localisability property of symmetric hyperbolic systems; that is, the theory 
does not depend on the global knowledge of the initial data in space. A related 
observation is that if on S one has two different intersecting coordinate patches 
R and R’ such that on RMR’ one has 2’ = x'(x), then, as a consequence the 
transformation rule of Equation (12.1) and the uniqueness of the solution on 
D(RA R’), one has that u(x’) = u(x(x')). 


Finite speed of propagation of solutions 


A consequence of the existence of a domain of dependence for symmetric 
hyperbolic systems is the so-called finite speed of propagation of their 
solutions. A rough estimate of this phenomenon can be constructed using an 
argument given in Rendall (2008). 

As in previous sections, let u denote a solution to a symmetric hyperbolic 
system of the form (12.1) with initial data u, prescribed on the hypersurface 


So = {p €U|t(p) = 0}. 


In what follows, assume that the support of u, is contained on a ball of radius 
rą around the origin. 
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Now, given a point p E U with coordinates (te, £e) = (t, z$) and a constant 
8 > 0 consider the paraboloidal hypersurface 


Sp:(t.,2,) = {P €U|t(p) = te — B dap (x*(p) — x2) (x? (p) — zf) }- 
The normal to these hypersurfaces is given by 
v = dt — 2bõagr|drÊ. 
Hence, assuming that A? (x, u) is positive definite on Sọ it follows that 
A“(x,u)v, = A? (x,u) + 285a92°A4 (x,u) 


can be made positive definite by choosing p sufficiently small, say, 6 < Bo, so 
that Sg.t,,2,) is spacelike with respect to Equation (12.1). For this choice of 8 
the region G bounded by So and S¢.(¢,,«,) is a lens-shaped domain. Now, it can 
be verified that the intersection of S¢.(¢,,2,) with So lies outside a ball of radius 


te 
b ? 


te 
[zel — 4/ got 


then the solution satisfies u(t.,z,) = 0 as (te, £e) lies on the boundary of a lens- 
shaped region with trivial data. Accordingly, the support of u on the hypersurface 


Sı, = {p EU |t(p) = te} 


r = |ze|— |x|? = bop tras. 


Thus, if 


must lie within a ball of radius r, + \/t./3; see Figure 12.2 for further details. 
Thus, the support of the solution gradually spreads in space at finite speed. 


av 


supp u, So 


Figure 12.2 Schematic depiction of the rough estimate of the spread of the 
support of a solution to a symmetric hyperbolic system. The solution at (te, £e) 
is determined by trivial data at the initial hypersurface So; see the main text 
for further details. 
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12.3 Local existence results for symmetric hyperbolic systems 


The purpose of this section is to analyse the basic existence and stability results 
for symmetric hyperbolic systems of the form (12.1). The precise formulation 
of existence results is more technical than the one for uniqueness and requires 
a certain number of notions from the theory of functional analysis. These are 
discussed in the following subsection. 


12.3.1 Sobolev spaces 


The precise discussion of existence results for symmetric hyperbolic systems is 
carried out in terms of Sobolev spaces. The purpose of this section is to introduce 
some of the basic ideas concerning these function spaces. In a first step, the 
discussion will consider Sobolev spaces of functions over R?. These notions can 
be suitably extended to three-dimensional manifolds with a different topology. 

In what follows, let x = (x®“) denote some particular choice of Cartesian 
coordinates and let dz be the standard volume element of R3. The discussion 
of solutions of symmetric hyperbolic systems of the form (12.1) leads to consider 
C^ -valued functions on R?; that is, w : R? > CN. The space of smooth 
functions of this type will be denoted by C®(R?, C™). On C®(R?, CX) one can 
introduce, for m € N, a Sobolev norm via 


Wi 3 1/2 
l|w||R3m = (>: 5 f ay daw) , (12.17) 
—1 YR? 


k=0 Q1,...@,= 


for w = (wi,...,ww) € C®(R?,C™) where |w|? = (w, w) is the standard norm 
in C^. For example, if u = (u) is a C-valued function, one has that 


lulz. = f (ia Pom E EE &: 
R3 


Not all functions w € C™®(R?,C%) satisfy ||w]|rs,m < oo. For example, a 
constant function from R? to C% will have infinite Sobolev norm. In order for a 
function to have finite Sobolev norm, it must decay suitably at infinity. In view 
of the localisability property of hyperbolic equations discussed in Section 12.2 
this restriction does not pose a problem in the subsequent considerations. Thus, 
in what follows, attention is restricted, for given m € N, to the space 


{w = C” (R?,C™) | I|W||R3 m < oo} 


of CN-valued functions over R with finite Sobolev norm of order m. This set 
is clearly a vector space, but not a Banach space; that is, not all Cauchy 
sequences of functions in the set have a limit in the space. To obtain a 
Banach space one needs to complete the space by including the limit points 
of its Cauchy sequences. The completion of the space under the norm || ||R3,m 
defined by Equation (12.17) is called the Sobolev space H™(R*,C). Given 
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we € H™(R?,C%), the (open) ball of radius £ centred at wẹ with respect to the 
norm || ||R3,m is defined as the set 


B-(w.) = {w € H™(R?,C™) | [|w — we llR3,m < e}. 


When discussing symmetric hyperbolic systems of the form (12.1), it is 
convenient to consider their solutions u as H™ (R3, C™)-valued functions of the 
time coordinate t. This point of view is expressed by writing 


u(t, -) : [0, T] — H” (R?,C™). 
If a C-valued function u is such that for every t € [0, T], u(t, -) € H™ (R3, C™) 
with C*-dependence on t, one writes 

w € O* ([0, T]; H™ (R?, C™)). 


For further details on Sobolev spaces, the reader is referred to Evans (1998). 


Embedding theorems 


Functions in the Sobolev space H™(R3,C™) are not necessarily smooth. The 
reason for this is that by completing the space one has included functions with 
lower regularity. There is, nevertheless, a relation between functions in H™ and 
C* spaces. This relation is expressed in terms of so-called embedding theorems. 
For the particular case under consideration one has the following: 


Proposition 12.1 (Sobolev embedding theorem) If m > 2+ k, then 
H™ (R3, C) cer, C^). 


In other words, if a function belongs to the H™ space, then it has at least 
m — 2 continuous derivatives. A proof of this result can be found in Taylor 
(1996a), chapter 4, section 1. It follows from Proposition 12.1 that a function 
over R° is smooth (i.e. C°°) if it belongs to H™ for every m. 


Extensions of functions 


To exploit the localisability property of hyperbolic equations it is often conve- 
nient to extend functions which are defined only on bounded subsets R C R? to 
functions with domain on the whole of R. Defining in a natural way the norm 
| |lz,m and the Sobolev space H™(R,C%) one has the following result: 


Proposition 12.2 (extension of functions on a compact domain) 
Assume that R C R? is bounded with smooth boundary OR. Then there exists a 
linear operator 


E : H®(R,C™) — H” (R?,C™) 


such that for each u € H™®(R,C™): 
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(i) Eu = u almost everywhere in R. 
(ii) Eu has support in an open bounded set R'D R. 
(iii) There exists a constant C depending only onU and R such that 


|l£ullr,m < Cllullrm. 


The C -valued function £u is called an extension of u to R. 


A discussion on how to prove this result can be found in Evans (1998). 


12.3.2 Kato’s existence and stability theorems 


Using the terminology introduced in the previous subsections, it is now possible 
to discuss the basic existence and stability result for quasilinear symmetric 
hyperbolic systems of the form 


A°’(t, x, u)du+ A° (t, x, u)ðau = B(t, x, u). (12.18) 


In what follows, it will always be assumed that the matrices A” are smooth 
functions of their arguments. 


The basic local existence theorem 


As it can be seen from the proof of the Uniqueness Theorem 12.1, the positive- 
definiteness of the matrix A°(t,z,u) plays a key role in determining the 
properties of solutions to the equation. On an initial hypersurface S, this 
positivity can be set by fiat by choosing suitable initial data. However, in view 
of the quasilinearity of the equation, the positive-definiteness could be violated 
at some time as the solution evolves. Intuitively, one would expect this to lead 
to some sort of problems in the solution. For fixed (t, x), and given a C’-valued 
function w, one says that A°(t,2,w) is positive definite and bounded away 
from zero by 6 > 0 if 


(z, A? (t,£, w)z) > 5(z,z) 


for all z eC. 
The basic local existence result for the Cauchy problem of symmetric 
hyperbolic systems to be considered in this book is the following: 


Theorem 12.2 (local existence of solutions to symmetric hyperbolic 
systems) Consider the Cauchy problem 

A?’ (t, 2, u)ðu + A(t, z, u)O.u = B(t, x,u), 

u(0, 2) = u, (z) € H™(R°, CN) m > 4, 


for a quasilinear symmetric hyperbolic system. If 6 > 0 can be found such that 
A°(0,z,u,) is positive definite with lower bound 6 for all p € RÌ, then there 
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exists T > 0 and a unique solution u to the Cauchy problem defined on [0, T] x R° 
such that 


u € C™-?([0, T] x R?, C7). 


Moreover, A?(t,x,u) is positive definite with lower bound 6 for (t,x) € 
[0, T] x R. 


This theorem is an adaptation of similar theorems given in Kato (1975a) and 
Friedrich (1986b). A proof of this result falls beyond the scope of this book. The 
interested reader is referred to references given above. 


Remarks 


(a) For convenience, the regularity of the solution has been stated in terms of 
CF spaces. However, the conclusions of the theorem can be expressed in a 
more detailed manner. In particular, one has that the solution satisfies 


u € C! ([0, T], H®™1(R?,C™)). 


The latter can be shown to imply u € H™((0,7] x R3, C^) which, in turn, 
using a Sobolev embedding theorem in four-dimensions gives the regularity 
stated in the theorem. 

(b) In most of the applications given in this book, the initial data u, will be 
assumed to be smooth, so that u, € H™(R?,C™) for all m. However, as 
R? is an unbounded set, one cannot simply assume that u, € C% (R3, CY); 
compare the remark after Equation (12.17). 

(c) As A? is a smooth function of its arguments, it follows from the regularity 
of the solution u that (z, A? (t, x, u)z) for z € CN depends continuously on 
(t,£). 

(d) As A?(t,xz,u) is positive definite for (t,x) € [0,T] x R3, it follows that 
the hypersurfaces of constant t are spacelike with respect to the symmetric 
hyperbolic system (and the solution). 

(e) The value of the lower bound ô can often be determined by inspection. 


The basic stability result 


Of great relevance is the notion of Cauchy stability — namely, the idea that, 
given a symmetric hyperbolic system, initial data which are close to each other 
should lead to solutions which are close in some sense and have a common 
existence time interval. In view of the inherent error in the physical process of 
measurement, Cauchy stability is fundamental for the applicability of differential 
equations to describe physical phenomena. In mathematical terms, the precise 
formulation of the closeness of initial data and solutions is expressed in terms 
of Sobolev norms. 

In the remainder of this section let D be a bounded open subset of H™ (R, C^) 
such that for w € D the matrix A°(0,z,w) is positive definite bounded away 
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from zero by 6 > 0 for all p € R4. The basic result describing the Cauchy 
stability of the symmetric hyperbolic system (12.18) is the following theorem, 
adapted from Kato (1975a): 


Theorem 12.3 (basic Cauchy stability for symmetric hyperbolic sys- 
tems) Let m > 4. If u, E€ D is given as an initial condition for the system 
(12.18), then: 


(i) There exists € > 0 such that a common existence time T can be chosen for 
all initial conditions in the open ball B-(u,) C D. 

(ii) If the solution u with initial data u, exists on [0,T] for some T > 0, then 
the solutions to all initial conditions in B-(u,) exist on [0,T] if € > 0 is 
sufficiently small. 

(iii) Ife and T are chosen as in (i) and one has a sequence u? € B.(u,) such 
that 


|u} — uy||R3m 70 asn—->oo, 
then for the solutions u"(t,-) with u"(0,-) = u? it holds that 
\lu"(t,-) — u(t,-)||R3m > 0, asn—- ov, 


uniformly for t € [0, T]. 


Remarks 


(a) Point (i) in the previous theorem essentially states that, given a sufficiently 
small ball in the space of data on which the Existence Theorem 12.2 can be 
applied, then a common existence time for the solutions arising from this 
data can be found. Observe, however, that one has no control over the size 
of the common existence time; one only knows there is one. 

(b) If the existence of a particular solution is known, then point (ii) states that, 
by shrinking the ball on the space of data, one can choose the known existence 
time as the common existence time. 

(c) Point (iii) states that data close to certain reference data give rise to 
developments which are also close to the reference solution; this is the 
statement of Cauchy stability. 

(d) The convergence stated in (iii) is uniform on [0,7] x R°. 


12.3.8 Localising solutions 


The localisability property of hyperbolic equations allows one to apply the 
existence and stability results discussed in the previous sections to the case of 
an initial data problem where data are prescribed only on a compact region R. 
Given smooth initial data u, for a symmetric hyperbolic equation of the form 
(12.1) on a region R C RË, one can make use of Proposition 12.2 to extend the 
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Figure 12.3 Localised solution arising from data prescribed on an open set 
R C R?. The associated domain of dependence is denoted by D(R). 


initial data u, to the whole of R? in a controlled manner. Denoting this extension 
by @uy, one has that by point (iii) of Proposition 12.2, Gu, € H™(R°,C%). 

In order to make use of Theorems 12.2 and 12.3 it is necessary to assume that 
A°(0, x, £u,) is positive definite with some non-zero lower bound uniform on Rè. 
Thus, one obtains a solution to Equation (12.1) with initial data on R? given 
by u(0,2) = @u,(x). As a consequence of the uniqueness of solutions on the 
domain of dependence, the solution u on D(R) is independent of the particular 
extension of the initial data u, on R to R°; see Figure 12.3. 


12.3.4 Existence and stability result on manifolds with 
compact spatial sections 


The existence and stability Theorems 12.2 and 12.3 can be modified so as to 
apply to Cauchy problems where data is prescribed on compact, orientable three- 
dimensional manifolds. In what follows, the main ideas behind this construction 
are discussed. 


Patching together solutions 


In the remainder of this section let S denote an orientable, compact three- 
dimensional manifold — in most of the applications to be considered in this book 
one has S ~ S; however, any other compact, orientable topology will work as 
well. As a result of compactness, there exists a finite cover consisting of open 
sets Ri,...,Ru C S; that is, one has UM,R; = S. On each of the open sets 
Ri, i = 1,...,M, one can introduce local coordinates x; = (x¥) which allow 
one to identify R; with open subsets B; C R3. As S is assumed to be a smooth 
manifold, the coordinate patches can be chosen so that the change of coordinates 
on intersecting sets is smooth. 

Now, assume that a smooth function u, : S + C% has been prescribed on S. 
In what follows, the restriction of u, to a particular open set R; will be denoted 
by uj;,. Using the local coordinates x;, the function u;, can be regarded as a 
function u; : Bi > C”. 
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Figure 12.4 Construction of a solution by patching localised solutions to data 
prescribed on open sets Di, D2, D3 C R?. 


The strategy is now to use the same procedure as described in Section 12.3.3 
to ensure the existence of a solution on the domain of dependence of 6;. 
Accordingly, one makes use of Proposition 12.2 to extend u;, to a function @uj;, 
defined on the whole of R?. Using the extended functions @u,;, one defines the 
norm 


M 
lasls, = X. [Wiel lee m- (12.19) 


i=1 


Assuming, as in Section 12.3.3, that A°(0,z,@uj,) is positive definite with 
lower bound 6; > 0, one obtains a unique solution u; of Equation (12.1) with 
initial data u(0,2) = u(x) with existence interval [0,7]. The solution on 
D(B;) is independent of the particular extension &u;, being used, so that one 
can speak of a solution u; on a domain D; C [0, T;] x Ri; see Figure 12.4. 

Now, given two solutions u; and u; defined, respectively, on intersecting 
domains D; and D; one has — following the discussion on the change of 
coordinates given in Section 12.1 and as a consequence of uniqueness — that 
u; and uj must coincide on D; N Dj. Proceeding in the same manner over the 
whole finite cover of S, one obtains a unique solution u on [0,7] x S with 
T = minj=1,..w{T;} which is constructed by patching together the localised 
solutions u,,..., Um defined, respectively on the domains D;,..., Dm. Observe 
that the compactness of S ensures the existence of a minimum non-zero existence 
time for the whole of the domains D;. 


A general existence and stability result 


Using the ideas of the localisation of solutions discussed in the previous 
subsection, one can formulate a quite general existence and stability result for 
symmetric hyperbolic systems on manifolds whose spatial sections are given by 
orientable, compact three-dimensional manifolds. The hypotheses of this theorem 
are very similar to the ones in Theorems 12.2 and 12.3. 
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Theorem 12.4 (existence and stability result for symmetric hyperbolic 
systems on compact spatial sections) Given an orientable, compact, three- 
dimensional manifold S, consider the Cauchy problem 


A°(t, x, u)Qu+ A“ (t, x, u)O,u = B(t, x,u), 
u(0, £) = u, (x) € H”(S,C™) for m> 4, 


for a quasilinear symmetric hyperbolic system. If 6 > 0 can be found such that 
A°(0,z, ux) is positive definite with lower bound 6 for all x € S, then: 


(i) There exists T > 0 and a unique solution u to the Cauchy problem defined 
on [0,T] x S such that 


uec™?((0,T] x SCX). 


Moreover, A°(t,x,u) is positive definite with lower bound 6 for (t,x) € 
[0, T] x S. 

(ii) There exists € > 0 such that one common existence time T can be chosen 
for all initial conditions in the open ball Be(u,) and such that B-(u,) C D. 

(iii) If the solution u with initial data u, exists on [0,T] for some T > 0, then 
the solutions to all initial conditions in B-(u,) exist on [0,T] if e > 0 is 
sufficiently small. 

(iv) Ife and T are chosen as in (ii) and one has a sequence u? € B-(u,) such 
that 


|u} —ur|lsm 70, asn —> oo, 
then for the solutions u” (t,-) with u” (0, -) = u? it holds that 
llu” (t, -) — u(t, -)Ilsm > 0, as n > o 
uniformly in t € [0, T]. 


Remarks similar to the ones after Theorems 12.2 and 12.3 apply to this result. 
Further discussion and details can be found in Friedrich (1991). 


12.4 Local existence for boundary value problems 


As will be seen in Chapter 17, the construction of anti-de Sitter-like spacetimes 
leads one to consider initial boundary value problems for symmetric hyperbolic 
systems of the form (12.1). In this type of problem one prescribes initial data 
on a spacelike hypersurface S and boundary data on a timelike hypersurface T. 
These two hypersurfaces intersect on a two-dimensional hypersurface € = SNT, 
the edge, on which the initial and the boundary conditions need to satisfy some 
compatibility conditions; see Figure 12.5. In view of the localisation property of 
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E=SNT 


Figure 12.5 Geometric setting of the initial boundary value problem for 
symmetric hyperbolic systems. The initial data are prescribed on the three- 
dimensional spacelike hypersurface S; boundary data are prescribed on the 
three-dimensional timelike hypersurface 7. The initial and boundary data 
must satisfy certain compatibility conditions (corner conditions) on the edge 
E=SNT. 


symmetric hyperbolic systems, it is sufficient to analyse the problem close to the 
edge. The solution away from the boundary is obtained by patching domains of 
dependence. 


12.4.1 Basic setting 


In a neighbourhood of a point p € E, one can introduce coordinates x = (a) 
such that the domain MU in which the solution to the boundary value problem 
takes the form 


U = {x € R |x? > 0, z? > 0}, 
while the initial hypersurface and the boundary are given, respectively, by 


S={xreU]|zx’ =0}, 
T={rE€U]|z? = 0}. 


The normal matrix A?(x,u) in a symmetric hyperbolic system of the form 
(12.1) plays a crucial role in the specification of admissible boundary conditions 
leading to a well-posed initial boundary value problem. Due to the use of 
coordinates adapted to the boundary, the properties of the matrix A? determine 
the relation between the timelike boundary 7 and the characteristics of the 
hyperbolic evolution equation. 

In what follows let T(x) denote a smooth map from 7 to the vector subspaces 
of CX and require as boundary condition that 


u(x) € T(x), LET. 
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The map T is restricted by the requirements: 


(i) The set T is a characteristic of (12.1) of constant multiplicity; that is, 
dim Ker(A*) = constant > 0, LET. 

(ii) The map T satisfies the non-positivity condition 
(u, A’ (x, u)u) < 0, ué T(z), rET. 


(iii) The dimension of the subspace T(x), x € T, is equal to the number of 
non-positive eigenvalues of A(x, u) counting multiplicities. 


An important property of Hermitian matrices is that they can be diagonalised 
by unitary matrices and that all their eigenvalues are real. Accordingly, after a 
redefinition of the dependent variables one can assume that, at a given point 
x € T, the normal matrix A3(a,u) has the form 


-ljx; 0 0 
A3(x,u) =k O Okk 0 |], k >Q, 
0 0 Ty 


where Ij; and Ij; are, respectively, j x j and l x l unit matrices and O; xx is 
the k x k zero matrix. Moreover, one has that 7 + k +1 = N. Writing 


u(x) = | blz) | € C x C? xC, 


one finds that the linear subspaces admitted by condition (ii) are of the form 
c—Ha=0 
with H = H(z) an l x j matrix satisfying 
—(a,a) + (Ha, Ha) < 0, acC. 


This condition can be reexpressed, alternatively, as H*H < I;jx;j. The key 
observation is that the above procedure gives no freedom to prescribe data for 
the component b of u associated with the kernel of the normal matrix A? (x, u). 
In particular, if A(x, u) = 0, one has that the boundary is a total characteristic 
(see Section 12.1.2) and no boundary conditions can be specified on T — the 
solution u on 7 is directly determined by the initial conditions on the edge €E. 
More generally, by a further redefinition of the dependent variables one obtains 
the inhomogeneous maximally dissipative boundary conditions 


q(x) = c(x) — H(z)a(z), LET, 


with q(x) a C!-valued function representing the free boundary data on T. 
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Corner conditions 


To obtain a smooth solution to an initial boundary value problem for a symmetric 
hyperbolic system of the form (12.18), the initial data prescribed on S and the 
boundary data at 7 must satisfy certain compatibility conditions at the edge 
E = ðS = SNT - the so-called corner conditions. More precisely, if one has 
initial data of the form 


u(0,z) =u,(z) on S, 
with u, smooth and maximally dissipative boundary conditions of the form 
T(t,xz)u(t,z) =q(t,xz) onT, (12.20) 
then one requires that 
T(0, x)uyle = q(0, 2). 


Higher order corner conditions can be obtained by considering the system (12.18). 
Evaluating at € one obtains 


A*(uy)le(Au)le +A°(us)/e(Aous)le = Blun)le- 


As A?(u,)|e is positive definite, the above equation can be used to solve for 
(ôru)|e. The result should be consistent, upon substitution, with what is obtained 
from differentiating the boundary condition (12.20). Namely, 


(0,T)leule + Tle(ju)le = (Aq)le- 


Further higher order boundary conditions are obtained in an analogous manner 
by differentiating (12.18) successively with respect to t. 


12.4.2 Uniqueness of the solutions to the boundary value problem 


Insight into the role of the maximally dissipative boundary conditions can be 
obtained from the analysis of the uniqueness of solutions to the boundary 
value problem. The argument follows a strategy similar to the one employed in 
Theorem 12.1 with a domain G whose boundary consists of portions of the initial 
hypersurface Sg, the boundary 7 and a hypersurface Sı which is spacelike with 
respect to the symmetric hyperbolic system; see Figure 12.6. Set M = [0, 00) x S 
such that S and 7 can be identified, in a natural way, as the boundary of M. 
Define the coordinate x° = t in such a way that Sp = {pE M |t = 0}. 


Theorem 12.5 (uniqueness of solutions of the initial boundary problem 
with maximally dissipative boundary conditions) Let G be a domain as 
given above. If u; and ug are two solutions to the initial value problem for the 
symmetric hyperbolic system 


A*(z,u)d,u = B(z, u), uls, = Ux, 


with the same maximally dissipative boundary conditions, then u = u2 on G. 
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Sı 


So 


Figure 12.6 Integration domain for the uniqueness argument for initial 
boundary value problems. The boundary 0G consists of portions of the initial 
hypersurface So, the timelike boundary 7 and a spacelike hypersurface S1. 


Proof Starting from the identity (12.14) one integrates over a domain G as 
depicted in Figure 12.6, where Sı is spacelike with respect to the symmetric 
hyperbolic system. Applying the Gauss identity one obtains 


[ e (u — ug, A” (x, u1 )(u; — u2))v dS 
— [ e (u; — ug, A” (x, u1 )(u1 — u2)jv, dS 
— f — uz, A” (x, u1 )(u; — u2))¥,.dS 
= i e™Ăt (u; — uz, P(x, uy, u2, 0U2) (u1 — u2))d*z, 
with 


P(x, u, u2) = —kA’ (x, u1) + ô A” (x,u) 
+ Q(x, u1, u2, Juz) + Q* (x, u1, U2, Juz) 
and Q obtained as in Theorem 12.1 using the mean value theorem. Exploiting 


the positive definiteness of A? (x, u1), one can make the volume integral over G 
negative. Moreover, as u; and uz coincide on Sp one obtains 


Í eft (uy — ug, AM (a, uz) (uy = u2))Y,dS 
Si 
< I e7 (u — Ug, A” (x, u1 )(u; — u2))v,dS < 0, 
T 
where the last inequality follows from the negative definiteness of the maximally 
dissipative boundary conditions. Thus, one obtains a contradiction with the fact 


that the surface integral over the spacelike hypersurface Sı is positive unless 
uı = U2. 
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12.4.8 The basic existence result for the initial boundary value 
problem of symmetric hyperbolic systems 
One has the following basic local existence theorem for the initial boundary value 


problem with maximally dissipative boundary conditions: 


Theorem 12.6 (local existence for initial boundary value problems) 
Given the initial boundary value problem 


A°(t, 2, u)Ou + A“ (t, z, u)O,u = B(t, x,u), (12.21a) 
T(t,z)u=q(t,z) onT, (12.21b) 
u(0, x) =ux(z), on S, (12.21c) 


with (12.21la) symmetric hyperbolic, A°(0,z,u,) positive definite and q, ux 
smooth, assume that the boundary condition (12.21b) is maximally dissipative 
with respect to the normal matrix A? (t, x,u) and that the boundary data satisfy 
corner conditions at E = SMT to all orders. Then, the initial boundary value 
problem has a unique smooth solution u(t, x) defined on 


Mr = {p € [0, œ) x S|0 < t(p) < T}, 


for some T >Q. 


The reader is refereed to Guès (1990), Friedrich (1995) and Friedrich and 
Nagy (1999) for details and remarks concerning the proof. As a consequence 
of the localisability property of hyperbolic equations, the problem can be split 
into two parts: an interior one away from the boundary in which the standard 


Figure 12.7 Construction of a solution to an initial boundary value problem 
which is global in space by patching domains. The solution patch D; near the 
boundary 7 is obtained using Theorem 12.6. The existence on the domains D2 
and D3 away from the boundary are obtained by means of Theorem 12.3. The 
uniqueness of solutions ensures that the solution on the intersections “match 
together”. Due to the compactness of the initial hypersurface it is possible to 
obtain an existence time T common to all domains. 
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local existence for the Cauchy problem (as described in Section 12.3) is used, 
and a boundary part in which the boundary and edge conditions play a role; see 
Figure 12.7. The local solutions are then patched together to obtain the solution 
on the whole of Mr. 


Remark. The question of the stability of solutions to the initial boundary value 
problem will not be analysed here. Stability questions for initial boundary value 
problems are much more complicated than for the Cauchy case. At the time of 
writing, there are no applications of stability results for boundary value problems 
involving the conformal field equations. 


12.5 Local existence for characteristic initial value problems 


Characteristic initial value problems arise naturally in applications to general 
relativity; see Chapter 18. The purpose of this section is to discuss a method to 
analyse the local existence of solutions to the characteristic initial value problem 
for symmetric hyperbolic equations due to Rendall (1990). The idea behind this 
method is to reduce the characteristic problem to a standard Cauchy problem 
where the standard theory of Section 12.3 can be applied. 


12.5.1 General remarks on the characteristic problem 


In what follows, consider a quasilinear symmetric hyperbolic system of the form 
given by Equation (12.1) on R4. In contrast to the analysis of the Cauchy problem 
where it is convenient to single out one of the coordinates as a time coordinate, 
in the characteristic problem it is convenient to make use of coordinates adapted 
to the characteristic hypersurfaces. 

As discussed in Section 12.1.2, for quasilinear equations like (12.1), the notion 
of characteristic hypersurfaces depends on the solution u. Thus, it is, in principle, 
unclear on which hypersurfaces one can prescribe the characteristic initial data. 
There are two approaches to get around this difficulty: 


(i) Fiz the data first, then look for the hypersurface. Choose a smooth 
function v on U C Rf such that the matrices A” (x, v) are defined at each 
point of Rt, and choose a smooth function ¢ € ¥(U), dd 4 0 in U, such 
that the hypersurface 


N ={x EU | d(x) =0} (12.22) 
is characteristic with respect to A” (x, v), that is, such that 
det(A“(x,v)0,¢) = 0. 


The characteristic data on N is then given as the restriction of v to M; that 
is, u, = vl. 
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N" N 


Z 


Figure 12.8 Initial hypersurfaces M and N” on a characteristic initial value 
problem. The set Z # Ø is the intersection of N and N”. 


(ii) Choose the hypersurface first, then look for suitable data. Alterna- 
tively, one can choose some hypersurface M in U C R* defined as in (12.22), 
and then consider only those smooth functions u, such that 


det(A” (x, u,)O,¢) = 0. 


Approach (ii) is more natural in applications where geometric information of 
the initial hypersurface is available. This point of view will be adopted in the rest 
of this section. 

A peculiarity of characteristic initial value problems for the system (12.1) is 
that data need to be prescribed on two intersecting characteristic hypersurfaces 
N and N’; see Figure 12.8. Intuitively, this is a consequence of the existence of a 
subsystem of equations in (12.1) which is intrinsic to the hypersurface M, so that 
one does not have enough evolution equations transverse to the hypersurface for 
all the components of u. Alternatively, one can formulate characteristic initial 
value problems by prescribing initial data on a cone. This is a more technically 
involved problem and will not be discussed here. The interested reader is referred 
to Cagnac (1981) and Dossa (1997) for further details. 


Well- and ill-posed characteristic problems 


In what follows, let M and N’ denote two hypersurfaces on U C R* with non- 
empty intersection Z = NON’. One can introduce coordinates u and v such 
that, at least in a neighbourhood of N MN’, one can write 


N ={p€U|u(p) = 0}, N' = {p €U|v(p) = 0}. (12.23) 


Given suitable initial data on M UN’ one would like to make some statement 
about the existence and the uniqueness of solutions to Equation (12.1) on some 
open set 


V C {p EU | u(p) > 0, v(p) > 0}. 
By symmetry, one could also look for a solution in the region 
{p € U | u(p) < 0, v(p) < 0}; 


see Figure 12.9 (a). 
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(b) 


u<0,v<0 


well-posed ill-posed 


Figure 12.9 Schematic representation of well-posed (a) and ill-posed (b) 
characteristic initial value problems. 


The problem of looking for solutions in domains of the form 
Vc {p EU |u(p) <0, v(p) = 0} 
or 
Vc {pEUl|u(p) > 0, v(p) < 0} 


is įill-posed — the reason will become clear once the Rendall’s reduction procedure 
to a Cauchy problem is discussed in Section 12.5.3. Under suitable circumstances, 
it may be possible to establish uniqueness of a solution — but not existence — for 
this ill-posed problem. These ideas have been used by Ionescu and Klainerman 
(2009a,b) to obtain a new strategy to prove the uniqueness of stationary black 
holes. 


12.5.2 Interior equations on the characteristic hypersurfaces 


As seen in Section 12.1.2, on a characteristic surface, a system of the form (12.1) 
implies a subsystem of interior equations on the hypersurface. Assuming that the 
freely specifiable part of u is smooth on the characteristic hypersurface, these 
interior equations can be used to compute the remaining components of u and 
their derivatives to any arbitrary order. For conciseness, the subsequent analysis 
is restricted to the characteristic M as given by (12.23). The situation on M” is 
completely analogous. Letting x = (u,y) with y = (y*) = (v, x°, x) and using 
the chain rule, Equation (12.1) can be rewritten as 

o(u,y;u,du)O,u + A“ (u, y; u)ðau = B(u, y; u) (12.24) 


with 


ðu 


a (u, y; u, du) = A" (u, y 0) 
= aa x 
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If NV is a characteristic hypersurface for some function u,, then one has that 
det (o(0, y; u,, du)) = 0. 


Let m = dim Ker ø (0, y; ux, du). It follows that there exist m vectors ki), i = 
1,...,m such that 


o (0, y; ux, du)ki) = 0. 


That is, the kọ) are eigenvectors of ø (0, y; ux, du) with zero eigenvalue. Thus, 
one has that 


(ka), o (0, y; Ux, du)O,u) = (0 (0, y; uy, du)k (i), uu) = 0, 


since ø (u, y; u, du) is Hermitian as a consequence of the symmetric hyperbolicity 
of (12.1). Thus, from Equation (12.24) one obtains 


(ka) A®(0, y; Ux)OaUs) = (kii), B(0, y; u,)), t= Tem; (12.25) 


a system of m (scalar) interior equations for the components of u. In what 
follows, it will be assumed that the components of u have been chosen such that 
the free data on M consist of N — m variables ù, — the so-called u-data. The 
remaining m variables, u,, constrained by the equations in (12.25), are called 
the u-variables. Thus, one obtains the split 


u, = (ù, U,) on N. (12.26) 


In terms of this split, the scalar intrinsic equations (12.25) can be rewritten in 
matricial form as 


A“(y, ty, Ur )Oot = Bly, ty, Uy), (12.27) 


for some (m x m)-matrix valued smooth functions A® and an m-vector valued 
function B. For simplicity, it will assumed that the system (12.27) is a symmetric 
hyperbolic system on N which can be solved, at least locally, in a neighbourhood 
W CN of the two-dimensional surface Z where initial data for the u-variables 
ū, is prescribed. In this way, one obtains the value of the whole components of 
u, on W. Assuming that ù, is smooth on M, higher intrinsic derivatives can be 
obtained in a similar manner by formally differentiating Equation (12.27) with 
respect to Og an arbitrary number of times, say, M. In this manner, one obtains 
a system of the form 


A“(y, Jatt, Jatx)Oatla = Bly, laŭ, ða Üx, üa), (12.28) 
where multi-index notation has been used so that 


an= (ALO Mss) e a a ay) 


al, = (ü, dalz, Oar Oaz Ux, ERA , Ôa ae amı Ux 
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and 


Ug = a, 0. 


QM u,. 

By assumption, Equation (12.28) is a symmetric hyperbolic system on M 
so that by prescribing initial data for Ug on Z and assuming that the lower 
order intrinsic derivatives 0g have been solved for, one obtains a solution in a 
neighbourhood of Z on M. Thus, one can obtain, recursively, the interior partial 
derivatives 


Us, Oa lig On, Ong Urs- - -p On, Ow Ux on WCN, 


with W D Z. 

Now, not only the interior derivatives on M can be computed. Using the split 
(12.26), the subset of N — m equations in (12.1) which are transversal to M can 
be written as 


C” (0, y, Wy, U,)O, üs + C7 (0, y, ùr, Ux )3aŭ = D(0, y, Uy, T), (12.29) 


with C” smooth (N — m) x (N —m)-matrix valued functions and D an (N — m)- 
vector valued function of their arguments. For clarity of the presentation it is 
convenient to write 0,0, = (3 ù). By construction, the matrix C*# is invertible, 
so that Equation (12.29) can be regarded as an algebraic linear system of 
equations determining the transversal derivatives Lù on M in terms of u, 
and 0,u,. To compute the transversal derivatives of the u-variables t,, one 
differentiates the interior system (12.27) to obtain a system of the form 


A“ (y, ty, Ur )Oo(Ouitx) = Bly, ty, Ou üx, Dx, Out). 


As in the case of the system (12.27), the above system can be solved in some 
neighbourhood of Z on N if initial data for 0,0, are given on Z. This procedure 
can be repeated to obtain higher order transversal derivatives. 

The procedure described in the previous paragraphs can also be implemented 
on the characteristic hypersurface NV’. By analogy to the case of N, one can split 
the unknown u as 


u = (u,v), on N’, 


where wi’, are v-data which can be specified freely on N’ and wi’, are v-variables 
constrained by interior equations analogous to (12.28). In what follows, these 
interior equations are assumed to be symmetric hyperbolic on N”. Applying a 
procedure similar to that used on M, all the derivatives of u on M” to any desired 
order can be computed if ù, is suitably smooth, and the required initial data are 
supplied on Z. 

The discussion described in the previous paragraphs is summarised in the 
following proposition: 
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Proposition 12.3 (evaluation of derivatives on the initial characteristic 
surface) Let N and N' denote two characteristic hypersurfaces for the symmet- 
ric hyperbolic system (12.1) having a non-empty two-dimensional intersection 
Z=NOAN". If smooth u-data and v-data are prescribed, respectively, on N and 
N” and the values of the u-variables and v-variables are prescribed on Z in such 
a way that the freely specifiable data are smooth on N UN", then all derivatives 
ofu on NUN’ to any desired order can be computed in a neighbourhood W C N 
of Z. 


12.5.8 Reduction to a standard Cauchy problem 


The observations summarised in Proposition 12.3 are the cornerstone of a 
reduction procedure of the characteristic problem on M UN’ to a standard 
Cauchy problem for which the theory discussed in Section 12.3 is applicable. 
This approach to analysing the characteristic initial value problem for hyperbolic 
equations was originally introduced by Rendall (1990). 

In what follows, suppose that characteristic initial data have been prescribed 
on NMUN” in a manner consistent with Proposition 12.3 so that the values of 
u and its derivatives to any order are known in a neighbourhood W of Z on 
N UN". Rendall’s reduction proceeds first by constructing an extension of u to 
a neighbourhood U of Z in R*. This type of extension of functions is different 
from the one discussed in Section 12.3.1 where functions defined on open subsets 
of a certain space are extended to functions on the whole space. In the present 
case one needs to extend a function defined on a closed set of R*. There exists a 
general result, Whitney’s extension theorem, which allows one to obtain the 
required extension; see the Appendix to this chapter for more details. 

To apply Whitney’s extension theorem to the collection of fields 


{uy (Ont) 5 (Ou, Oust) ass ey (Op, ++ On) a} (12.30) 


on W C NUN’ for some non-negative integer M, one has to verify that the 
various fields in this collection are related to each other in the same way as the 
derivatives of a function are related to each other in a Taylor expansion. The key 
condition on these Taylor-like expansions ensuring the existence of an extension 
is a requirement on the vanishing rate of the remainder of the expansions. Given 
two points on N away from Z this vanishing of the remainder follows from 
smoothness of the free data on the characteristic hypersurface, and the fact that 
the derivative candidates in (12.30) have been obtained solving hyperbolic 
differential equations on M and algebraic equations. The functions thus obtained 
are smooth on M and admit a standard Taylor expansion on the characteristic 
hypersurface. This also holds for two points on N” away from Z. Thus, the 
difficulty is to verify Whitney’s condition for two points, respectively, on M and 
N”, so that one writes 


x = (0,v, 27, x), az’ = (u,0,2”?, x°). 
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The complication arises from the fact that the characteristic initial hypersurface 
N UN’ is continuous only at Z. It is convenient to define a point 7, € Z as 


z = (0,0, 3(2" + 2°), 5(@* +2")). 
Using the cosines law, it follows that there exists a constant C > 0 such that 
|e = #3|? + |r — r|? < Cle — x'|?. 


To apply Whitney’s extension theorem it is necessary to establish that the 
remainder of the Taylor-like expansion about x vanishes at x’ as fast as it would 
do if the function had an extension as x and x’ tend to a common point, say, £x. 
The inequality above shows that the points x and x’ cannot get closer to each 
other without getting close to a point on Z. This idea, together with the Cauchy 
stability of solutions to the interior equations which determine the constrained 
components of the data on M U N” yields the required vanishing rate. 

Applying Whitney’s extension theorem to the collection of derivative candi- 
dates (12.30) one obtains a smooth function in a neighbourhood U of Z on R4. 
The function 0 satisfies 


û=u, pů = (Apu), pð Ô = (Ong uy Way 


on W C N UN”. In general, û is not a solution to Equation (12.1) away from 
N UN’. Nevertheless, 


A = A” (x, û)ð û — B(x, a) 
vanishes to all orders on W C NUN" and 


‘= 0 u>0, v>0, 
~ | A elsewhere, 


is smooth in a neighbourhood of M N N” where ù exists. 
The desired reduction to a Cauchy problem is now obtained by considering 
the equation 


A” (x, û + v)ð (a+ v) — B(x, û + v) = ô, (12.31) 
for the unknown v together with the initial data 
v,=0, on S={peER*|u(p) +v(p) = 0}. (12.32) 


By assumption, the hypersurface S has a neighbourhood around V N N’ which 
is spacelike with respect to Equation (12.31) so that the Cauchy problem given 
by (12.31) together with the initial data (12.32) is well posed and the theory of 
Section 12.3 is readily applicable. In particular, one obtains a unique solution v 
in a neighbourhood V of Z on Rį; see Figure 12.10. 

Outside the intersection of V with the quadrant 


{p € R*|u(p) > 0, v(p) > 0}, 
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Figure 12.10 Schematic reduction of a characteristic initial value problem to 
a Cauchy problem. The data on M UN’ (thick line) are extended by means 
of Whitney’s extension theorem to a neighbourhood U (light gray region) of 
Z = NAN”. This extension implies data for an auxiliary initial value problem 
on the spacelike hypersurface S. The solution to the characteristic problem is 
found in the upper and lower quadrants (dark gray areas). 


Equation (12.31) takes the form 


A” (x, û + v)ð (ù + v) — B(x, û + v) = A” (x, û)ð 0 — B(x, a) 


so that v = 0 is clearly a solution — by uniqueness, it is the only solution. In 
contrast, on VN {p € R*|u(p) > 0, v(p) > 0} one has the equation 


A” (x, û + v)ð (û + v) = B(x, û + v). 


As û + v coincides with u, on MUN” one concludes, again by uniqueness of the 
solution of the reduced Cauchy problem, that 


u=td+v 


is the required solution to the posed characteristic initial value problem. 
The discussion in this section is summarised in the following theorem: 


Theorem 12.7 (local existence for the standard characteristic problem) 
Let N and N’ denote two characteristic hypersurfaces for the symmetric 
hyperbolic system (12.1) with smooth, freely specifiable data on N and N’ as given 
in Proposition 12.8. Then there exists a unique solution u to the characteristic 
initial value problem in a neighbourhood V of Z with u > 0, v > 0. 


Remark. If one were to attempt a similar reduction procedure to construct 
a solution on the regions for which either u > 0, v < 0 or u < 0, v > 0, 
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Z 


Figure 12.11 Characteristic cones M and M” intersecting on a two-dimensional 
hypersurface Z which is diffeomorphic to S?. 


one would end up with an initial value problem with data prescribed on a 
timelike hypersurface. This is an ill-posed problem. Accordingly, the original 
characteristic problems are, themselves, also ill-posed. 


The case Z x S? 


A case that occurs naturally in applications of conformal methods in general 
relativity is an initial characteristic problem where the intersection Z = NNN’ is 
diffeomorphic to the 2-sphere S?. This is the case, for example, of the intersection 
of two light cones; see Figure 12.11. The method discussed in the previous section 
can be adapted to this case; see Kánnár (1996b). 

Assuming in what follows that Z ~ S?, consider an atlas {(U1, 61), (U2, 2) } of 
Z and closed sets Vij C U; and V2 C U2 which also cover Z; that is, Z = Vi U V2. 
Furthermore, define two smooth functions 7, and 72 with compact support on 
R? by 

E 1 x E€ (V1) = Í z E ġ2(V2) 
TPS { 0 z E€R?\g¢ (U), mls) = { 0 x €R?\ (U2). 


In what follows, denote by 1, and t,, respectively, the restriction to U and 
Uz of the freely specifiable data on M UN’. It follows that the functions 7,01, 
and 72U2, define a smooth initial value data set on the initial hypersurfaces 
Mı = R* x {0} x R? and No = {0} x R* x R? which coincides with ui, and uz, 
on Rt x {0} x ġı(Vı) and {0} x R* x $2(V2). 

The intrinsic equations on M, and M can now be solved in a manner similar 
to what was done in Section 12.5.2. In this way, one obtains two complete 
characteristic initial data sets uj, and ug, on Mı U M2. The (interior and 
transversal) derivatives of these data can be computed to any desired order. 
Using Theorem 12.7 one obtains two solutions u; and ug in a neighbourhood VY 
of Ny N N2. Their restrictions to the Cauchy development of Rt x R* x ¢1(Vi) 
and Rt x R* x ¢2(V2) are local solutions to the original problem. The solutions 
u; and uy can be glued together to obtain a global solution on Z ~ R?. As a 
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consequence of the uniqueness of the local solutions u and us, it follows that 
their restriction to a part of the Cauchy development of Rt x R x $1(Vi N V2) 
and Rt x Rt x ¢2(V; N V2) — where both solutions exist — must be related by a 
coordinate transformation. In this manner, one obtains a smooth function in a 
neighbourhood of Z. 


12.6 Concluding remarks 


This chapter has provided a succinct discussion of the theory of the local exis- 
tence and uniqueness of quasilinear symmetric hyperbolic evolution equations. 
Of course, this is not the only way the subject can be approached. Nor are the 
issues raised the only relevant ones in the analysis of the evolution problem in 
general relativity. Thus, it is important to make some remarks concerning some 
ideas and approaches which have been omitted. 


12.6.1 Wave equations 


The analysis of Section 12.1.3 gives a hint on how the theory of second- 
order hyperbolic equations (wave equations) can be reduced to the analysis of 
symmetric hyperbolic equations. There is, however, a well-developed theory for 
the local existence and stability of systems of quasilinear equations of the form 


g*” (x, u)0,0,u = B(x, u, ðu), (12.33) 


which does not rely on the reduction to a first order system; see Hughes et al. 
(1977). Equation (12.33) is quasilinear in the sense that g”” is the contravariant 
version of a Lorentzian metric which is allowed to depend not only on the 
coordinates but also on the unknowns. This “stand alone” theory relaxes the 
differentiability assumptions made on the equation and data; see, for example, 
Rendall (2008) for more details. 

The results of Hughes et al. (1977) are similar, in spirit, to the results given in 
Theorems 12.2 and 12.3: given suitably smooth initial data for Equation (12.33) 
one obtains a unique solution for some existence time T; moreover one also 
has a Cauchy stability result. It should be pointed out that this theory applies, 
in fact, to a class of second-order equations more general than that given in 
Equation (12.33). 

Systems of quasilinear wave equations of the form (12.33) arise naturally in 
the reduction procedure for the Einstein field equations based on the use of wave 
coordinates; see the Appendix to Chapter 14. Historically, this was the first 
approach to the Cauchy problem in general relativity; see Fourés-Bruhat (1952). 


12.6.2 Global existence of solutions 


Conformal methods allow the reformulation of several questions on the global 
existence of solutions to the Einstein field equations as a local existence question 
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for symmetric hyperbolic systems. Accordingly, the issue of global existence 
of solutions to symmetric hyperbolic equations has not been addressed in this 
chapter. Nevertheless, this question is at the heart of current research work in 
the area; see, for example, Klainerman (2008) for a discussion. 

As already pointed out, the local theory of solutions to hyperbolic equations 
depends solely on the properties of the principal part of the equations. To 
construct a theory of global existence one has to include the lower order terms of 
the equations into the analysis. Under certain circumstances, the analysis of the 
eigenvalues of the matrix arising from the linearisation of the lower order terms 
of a quasilinear system gives a strong indication of whether one can expect global 
existence and stability of solutions; see, for example, Kreiss and Lorenz (1998). 
More generally, one can identify structures in the evolution equations which 
allow one to prove global existence. One of these structures is the so-called null 
condition; see, for example, Klainerman (1984). 


12.7 Further reading 


The theory of hyperbolic differential equations, in general, and their application 
to the analysis of solutions of the Einstein field equations, in particular, is an 
extensive area of research so that any list of references can provide only a partial 
impression of the field. For an overview of the whole field of the theory of PDEs 
and the interconnection between the various types of equations the reader is 
referred to Klainerman (2008). 

Readers interested in further details of the basic aspects of the theory of PDEs 
are referred to the classical references by Garabedian (1986) and Courant and 
Hilbert (1962). A modern introduction to the subject is given in Evans (1998). 
A comprehensive exposition of the subject is given in the three-volume treatise 
of Taylor (1996a,b,c). Detailed accounts of the theory of the Cauchy problem 
for symmetric hyperbolic systems are discussed in the original references by 
Kato (1975a); Fischer and Marsden (1972) for first-order symmetric hyperbolic 
systems and Hughes et al. (1977) for second-order equations. A review of the 
ideas contained in these works can be found in Kato (1975b). 

A comprehensive discussion of the role of PDEs in general relativity is given 
in Rendall (2008). A more compact review is Friedrich and Rendall (2000). 
Complementary discussions on the topics covered in these references can be 
found in Rendall (2006) and Reula (1998). 


Appendix 
A generalised mean value theorem 


In the proofs of the uniqueness of solutions for symmetric hyperbolic systems, 
Theorems 12.2 and 12.5, the following generalisation of the mean value theorem 
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has been used; see Hamilton (1982). In the following result, M(N x N, C) denotes 
the set of N x N matrices with complex entries. 


Lemma 12.1 Let UC RN, and let F:U —> CN be aC! map. Then there exists 
a continuous map M:U xU —> M(N x N,C) such that 
F(u) — F(v) = M(u, v)(u— v). 


The proof is an application of the fundamental theorem of calculus. 


Whitney’s extension theorem 


In what follows, let œ = (a1,...,Qn), B = (b1, - - - , Bn) denote multi-indices. The 
factorial a! is defined as a! = a1!---a,!. Moreover, let 


|B| = Bi +--+ Bn. 


In terms of this notation one has the following: 


Theorem 12.8 (Whitney’s extension theorem) Given a non-negative 
integer k, suppose {fa}, |a| < k is a collection of real valued functions defined 
on a closed set A C R” satisfying 


falz) = PS Fife ra gje + Re(z, 2’), 


[B|<k—|a| 


for every x, x! E€ A and each multi-index a with |a| < k such that for every 
LOE A 


Ra = 0(|x — dla as x, £ — To. 
Then there exists a C* function g : R® —> R such that 


g= fo, Oag = fa on A. 


In other words, for a closed set A, if one is given a function f and candidates 
fa for its partial derivaties on A, then f can be extended to all of R” in such a 
way that the candidates are indeed the derivatives of f as long as the remainder 
has a suitable behaviour. A priori, it is not possible to identify the functions fa 
with the derivatives of f as A is a closed set and transversal derivatives f to 0A 
may not be defined. For further details on Theorem 12.8 and its proof, see, for 
example, Abraham and Robbin (1967). 


13 


Hyperbolic reductions 


This chapter discusses several methods for the construction of symmetric 
hyperbolic evolution systems out of the conformal Einstein field equations. Once 
suitable evolution systems have been obtained, the methods of Chapter 12 
allow, in turn, one to make statements about the existence of solutions to 
the equations. Direct inspection of the conformal field equations reveals that 
these are overdetermined — there are more equations than unknowns, even if the 
symmetries of the various tensorial and spinorial fields are taken into account. 
Thus, the process of hyperbolic reduction for the conformal field equations 
necessarily requires discarding some of the equations. The discarded equations 
are then treated as constraints. It is a remarkable structural property of the 
conformal field equations that these constraints satisfy a system of evolution 
equations — a so-called subsidiary evolution system — from where it can be 
concluded that the constraint equations will be satisfied if they hold at some 
initial hypersurface and the evolution equations are imposed. This construction 
is called the propagation of the constraints. The solution of the evolution 
system together with the propagation of the constraints yields the required 
solution of the conformal Einstein field equations. 

In this chapter, two different procedures for the hyperbolic reduction of the 
conformal Einstein field equations are considered. The first method, based on the 
notion of gauge source functions, exploits the fact that certain derivatives of 
the conformal fields are not directly determined by the equations and, thus, can 
be freely specified. In the spinorial formulation of the equations, once the required 
gauge source functions have been specified, the irreducible decomposition of the 
various zero quantities leads to the required evolution equations. The equations 
obtained by this procedure include the conformal factor as an unknown. 

The second hyperbolic reduction procedure presented in this chapter exploits 
the properties of congruences of conformal geodesics to construct conformal 
Gaussian gauge systems. As discussed in Chapter 5, the connection coeff- 
cients and components of the Schouten tensor with respect to a frame which is 
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Weyl propagated along the congruence satisfy certain relations which lead to a 
particularly simple system of equations in which the evolution of all the geometric 
unknowns, save for the components of the rescaled Weyl spinor, are either fixed 
by the gauge or given by transport equations along the congruence. Moreover, 
as a consequence of the properties of the conformal geodesics one gains an a 
priori knowledge of the location of the conformal boundary; see Proposition 5.1. 
Despite these attractive features, this method is less flexible than the one based 
on the use of gauge functions and may not be readily extended to non-vacuum 
situations. 


13.1 A model problem: the Maxwell equations on a fixed background 


To illustrate the various aspects of the construction of evolution equations for 
the conformal Einstein field equations, it is convenient to analyse the analogous 
problem for the Maxwell equations on a fixed background. 

In the remainder of this section, let U denote an open region of a spacetime 
(M,g). It will be assumed that U is covered by a non-singular congruence of 
curves with tangent vector T satisfying the normalisation condition g(t, T) = 2. 
The vector T does not need to be hypersurface orthogonal. Let 744" denote the 
spinorial counterpart of T°. As discussed in Section 4.2.5, the spinor rás 
rise to a Hermitian structure, and, accordingly, one can introduce a space spinor 
formalism. Let {e44} denote a spin basis such that 


gives 


T 1 + 
T^^ = elegi + gree 7 (13.1) 


and with {e,,’} its associated null frame. At every point p € U a basis of the 
subspace (T)}|p C T|p(U) orthogonal to 7 is given by eaB = B^ eaya’. In 
terms of local coordinates x = (a) in U one writes 


€AB = CAB" Oy. (13.2) 


In principle, it is possible for the frame vectors eap to have components with 
respect to the time coordinate. The frame components e apg” satisfy the reality 
conditions 


e01” — €o1", eoo” = —e44"'. (13.3) 


All spinorial objects will be expressed with respect to the spin basis {e4“}. 
In particular, the spinorial Maxwell Equation (9.15) is written as 


VÈ y YBQ =0. (13.4) 
In what follows, it will be convenient to introduce the zero quantity 
wap = V? A'YPBQ, 


so that (13.4) can be expressed as wa’g = 0. Here and in the remainder of this 
chapter, zero quantities such as wa’pg serve as convenient bookkeeping devices 
to denote the various field equations. 
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13.1.1 Space spinor description of the Maxwell equations 
and hyperbolic reductions 


The space spinor version of Equation (13.4) leads to a decomposition into 
evolution and constraint equations. Following the discussion of Chapter 4 one 
considers the unprimed zero quantity wga = TBA w A’A. One then has that 


1 
WBA = V? BYAQ = 56 APYBQ T DÌ aya 
1 Q 
= 5 PAB +D™* APBQ, 


where P is the covariant directional derivative along T, Dap is the Sen covariant 
derivative implied by V aa’ and VAB = tp” Vaas. In the above expressions, 
the decomposition 


1 
VAB = 3cABP + DAB (13.5) 


has been used; see Section 4.3.1. The spinor wga can, in turn, be decomposed 
in irreducible parts as 


1 
WBA = EBAY + W(AB); 


with 
1 
w = wg? = DPS ppQ, W(AB) = -3 YAB + DÊ (AVB)Q: 
Thus, the Maxwell Equations (13.4) imply the equations 


w = DPR ppo = 0, (13.6a) 
—2waB) = Peas — D®avpyg = 0. (13.6b) 


The decomposition of the spinorial Maxwell equation given by (13.6a) and 
(13.6b) shows that Equation (13.4) is overdetermined. Equation (13.6a) will 
be interpreted as a constraint equation on the orthogonal subspaces of the 
distribution generated by the vector field 7, while (13.6b) will be regarded as 
suitable evolution equations for the symmetric spinorial field yap. 


13.1.2 The symmetric hyperbolicity of the Maxwell 
evolution equations 


To apply the theory of Chapter 12 one needs to verify that the evolution 
Equations (13.6b) give rise to a symmetric hyperbolic system for the independent 
components of yag. One considers the slightly modified version 


2 
a) (Peas — D? (apeg) =0, (13.7) 
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where the binomial coefficient in front of the equation has been included to 


make the expression manifestly symmetric hyperbolic. The principal part of 
Equation (13.7) can be written as 


2 
G È p) (T3 pas — e? (4" ôu PB)Q) - 


As a result of the symmetry of yap, the above principal part contains three 
independent expressions. These can be arranged in the matricial expression 


T + e10” — eoo” 0 Po 
A" OLY = €11” 27} eoo” On pı $ 
0 e11” T" — ep1” p2 
with 
Yo = fo0; Pı = £01; p2 = P11- 


Thus, making use of the reality conditions (13.3), it follows that the matrices 
A” are Hermitian. Moreover, the matrix 


2 0 0 
A't,={ 0 4 0 
0 0 2 
clearly is positive definite. Thus, Equation (13.7) implies a symmetric hyperbolic 


system for the independent components of yas. Finally, a direct computation 
shows that given an arbitrary covector £, 


det(A“E,,) = 2(7"E,,)(7"7* + eo0”e11* — €0110°) EE 
ht 


2 
A(T Eu) (g *EEa), 


II 


where in the last line Equation (4.14) for the 1+3 decomposition of the 
spacetime metric has been used. Thus, g-null hypersurfaces are characteristics 
of Equation (13.7) — these types of characteristics are often called physi- 
cal characteristics. By contrast, the factor (T”£„) is associated to gauge 
characteristics. 

For completeness, it is observed that the principal part of the constraint 
equation is given, explicitly, by 


eoo” 0 po + e01” 0 p1 + e11” One, 
so that, in general, it will contain derivatives in the time direction. More 


generally, if the vector T is not hypersurface orthogonal, then the constraint 
equation w = 0 will not be intrinsic to the leaves of a foliation. 
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13.1.3 The subsidiary system for the spinorial Maxwell equations 


The hyperbolic reduction for the Maxwell equations discussed in Section 13.1.1 
splits Equation (13.4) into three evolution equations and one constraint equation. 
Thus, if one wants to obtain a solution to Equation (13.4) through a Cauchy 
initial value problem, one uses, in first instance, the theory of Chapter 12 to 
show the existence of a unique solution to the evolution equations. In a second 
stage, one has to show that if the constraint equation is satisfied initially, then, 
by virtue of the evolution equations, it must be satisfied also at later times. 
This last argument requires the construction of a suitable hyperbolic evolution 
equation for w. 

To obtain an equation for the zero quantity w one considers the expression 


VAM waa. Using that wa, = —T? WWwea one has that 


VAM wala = eae (12 awa) 


= VAQugA = (VAAT awa. 
Now, using Equation (4.17), a calculation yields 
VAAR a = —V 2x4 pre, (13.8) 
so that 
Wa aia = VAeQwWgA + V2x4 pPeuga. 
Thus, the split (13.5) leads to the expression 
Pw + 2D4B wy apy + 2V2x4 pPewga = 2V44 waa. 


If the evolution equations hold — that is, w(aB) = 0 - then wap = SEABW and 
one obtains 


Pw + V2xyaB^Pw = 204" waa 


The next step is to evaluate yaa’ 


definition of the zero quantity one has that 


waa in an alternative manner. Using the 


VAS wya = VAA YA APAQ. 
From the commutator 
P P 
VaAA'VBB oop — VBB'VAa' oD =—R CAA'BB'YPD— R DAA'BB'YOCP, 


suitably contracting indices one obtains 


VIA V2 pag = —2RP 4449 appo — 2R? Q/A Paar. 
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Thus, combining the above equation with the decomposition 


Rasca pp = Vascpveéc'p' + Lpoc'pp'eca — LBD'CC'EDA, (13.9) 


where Vaspcop and Lgc’pp: denote, respectively, the spinorial counterparts of 
the Weyl and Schouten tensors, one concludes that vA44've A'YAQ = 0. Hence, 
the evolution equation for w takes the form 


Pu+V2xap4Bw=0 if wap) =0. 


The form of this equation implies, in together with Corollary 12.1, that if w = 0 
on some spacelike hypersurface S, in U, then w = 0 on lens-shaped domains 
having S, as base. 


13.2 Hyperbolic reductions using gauge source functions 


In this section hyperbolic reduction procedures for the conformal Einstein field 
equations based on the notion of gauge source functions are considered. 
Gauge source functions naturally arise in the analysis of frame formulations 
of the conformal Einstein field equations written in terms of the Levi-Civita 
connection V of an unphysical metric g. The present analysis will be restricted 
to the spinorial version of the conformal field equations: Equations (8.36a) and 
(8.36b) or, alternatively, Equations (8.38a) and (8.38b). 


Basic set up and assumptions 


As in the analysis of the Maxwell equations in Section 13.1, all the calculations 
will be performed in an open subset U C M of an unphysical spacetime (M, g) 
which is conformally related to a spacetime (M, g) satisfying the Einstein field 
equations. On U one considers some local coordinates x = (x) and an arbitrary 
frame {cg} which may or may not be a coordinate frame. Let {a@%} denote 
the dual coframe so that (@%,cp) = 6,%. In what follows, let V denote the 
Levi-Civita covariant derivative of the metric g. 

It will be assumed that U is covered by a non-singular congruence of curves 
with tangent vector T satisfying the normalisation condition g(T,T) = 2. The 
vector T does not need to be hypersurface orthogonal. Let TAA" denote the 
spinorial counterpart of r°. In what follows, only spin bases {e44} satisfying 
condition (13.1) will be considered. All spinors will be expressed in components 
with respect to this spin basis. 

Let {eax} and {w44’} denote, respectively, the null frame and coframe 
associated to the spin basis {e44}. By definition, one has that (w^^' epp’) = 
eptep. At every point p € U a basis of (r)+|,, the subspace of T|,(U) 
orthogonal to T is given by eap = yB eas. The spatial frame can be 
expanded in terms of the vectors Ca as eAB = €aBCa. If the basis {ca} is a 
coordinate basis, the last expression reduces to the one given in Equation (13.2). 
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A model equation 


The general strategy behind the procedure of hyperbolic reduction using gauge 
functions is best understood through a model equation. 
In Section 12.1.3 it has been shown that spinorial equations of the form 


VÈ a vepic..p = Fx BCD (13.10) 


imply a symmetric hyperbolic system for the components of the field ygp'c...p 
which is not assumed to have any special symmetries. This equation is now 
contrasted with the equation 


V AA'YBB'C...D — VBB'PAA'C--D = FAA'BB'C--D- (13.11) 


Exploiting the antisymmetry in the pairs 4,4’ and gp it follows that 
Q loQ 
VY (W PIQIB’)C--D = zE” AQB'CD. (13.12) 


Thus, while Equation (13.10) determines the full derivative VÈ 4’ yaqp'c...D; 
Equation (13.12) determines only its symmetric part. More precisely, writing 


1 


VÈ a fapic..D = VPA ¥\Q|B)C-.D — zarg VOS 


Yaqic..p; (13.13) 
one has that the first term in the right-hand side is determined by Equa- 
tion (13.12), while the divergence Ve? veaic...p remains unspecified. Thus, 
in the absence of other equations providing information about this term, the 
latter observation suggests completing Equation (13.13) by setting 


VEL veaic..p = fe.-p(2), 


where fo...p E€ ¥(M) are smooth freely specifiable functions of the coordinates. 
In what follows, functions of this type will be known as gauge source 
functions. Thus, from (13.13) one obtains the equation 


1 
V? a PQAc--D = oe 


A'QB'AC..-D — zA B fac--D(2), 

for which one can extract a symmetric hyperbolic evolution system for the 
components of y,a/c...p; see the discussion of Section 12.1.3. In particular, the 
characteristics of this evolution system are null hypersurfaces of the spacetime 
metric g. 

As will be seen in the following subsections, several of the conformal Einstein 
field equations admit an analysis similar to that of Equation (13.11). A detailed 
discussion of the resulting evolution equations exploits the particular symmetries 
of the field appearing in the principal part. 
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13.2.1 Coordinate gauge source functions 


The purpose of this subsection is to analyse the evolution equations arising from 
the no-torsion condition in the frame and spinor formulations of the conformal 
field equations; see Equations (8.31a), (8.35a), (8.44a) and (8.53a). This leads to 
the first class of gauge source functions that will be considered in this chapter: 
the coordinate gauge source functions. Following the general discussion of 
Chapter 8, the no-torsion condition will be regarded as a differential condition on 
the coefficients of the frame {e44’}. Thus, the ultimate purpose of this section 
is to derive a symmetric hyperbolic subsystem for these quantities. 

In Section 8.3.2 an expression for the spinorial counterpart of the torsion tensor 
SAA’ cc’ Bp’ in terms of the spinorial connection coefficients TA wee BB’ has 
been given; see Equation (8.35a). In what follows, it is more convenient to make 
use of an expression involving the reduced spin connection coefficients. Using the 


relation 
Taa IS pe =Taa pen +P aa’ wes®, 
— compare Equation (3.33) — it can be seen that 


QQ Q Q 


A’€ AQ’ 
‘BieBQ’- (13.14) 


aega’ -Bp 
Q 


+ 
Laa’** Bp'egog = lesn, eas] -TBB 


+raa C Begog +l aa’ 
Using the frame {Ca} one can write 
= a 
CAA’ = CAA’ Ca, 


so that for fixed frame spinorial indices 4,4’, the coefficients e44’% have the 
natural interpretation of the components of eaa with respect to cg. However, 
there is an alternative interpretation: for fixed frame index a, the coefficients 
e€aa’™ correspond to the components of the covectors œ? with respect to the 
coframe w44", That is, one has 


ri 
al = eaa tws A , 


from where it follows that ena tw’, = 6p%. In view of this interpretation, it 


is convenient to define 


Q Q 


‘peg’; 
(13.15) 


a b a a T 
Voc'eBs'” = eco" legn?) — Too" Begog? — Tec 


so that Voqa® = (Vecrepp?)wP® Expression (13.15) corresponds to the 
formula one would use to compute the covariant derivative of egy” if it were 
the components of a tensor — which, of course, it is not. 

Intuition into this general discussion is gained by considering the particular 


case of a coordinate frame for which eaa’ = eaa” ð, so that 


ena (T") = eaa"0,(2") = eaa dy” 5 eaa”. 
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Moreover, writing w44’ = wae pdx" one has that 
dx’ = eaa wa^, 
That is, for fixed coordinate index #, the coefficients ea a/” are the components 
of the coordinate differential dz” with respect to the coframe wa’ 
Returning to the general discussion, using the identity 


[fv u] = flv, u] — u(f)e 


for v, u € T(M) and f E€ X(M), together with expression (13.15) one can 
rewrite Equation (13.14) as 


QQ 


+ 
Daa’? BB'egoQ'? = VBB CAA’ — VAA CBB? — EAA EBB Ca o, (13.16) 


where Ca%p are the commutation coefficients defined by 
[Ca, Co] = Cable. 


In the case of a coordinate frame one obtains the simpler expression 


QQ 


f 
ZAA BB'EQQ'] = Veseaa" — VAs EBB", 


as [0,,, ðL] = 0. 

A final simplification is obtained by exploiting the antisymmetry of Equa- 
tion (13.16). Contracting the indices 4; and g and symmetrising in ag one 
concludes that 


Va? eng? + Zeal tepo Cote = SAB", (13.17) 


with 

A Oe aes eco. 

As the frame eaa is Hermitian, that is, €aa = eas’, one has that (13.17) 
is completely equivalent to Equation (13.16). Moreover, if XaB® = 0, then 
XA wee Bp’ = 0 and the connection is torsion free. 

The structure of Equation (13.17) is similar to that of the model Equation 
(13.12), suggesting that by introducing a gauge source function one will 
obtain a symmetric hyperbolic system for the frame coefficients e4,4’%. Now, 
Equation (13.17) does not impose restrictions on the divergences Ve? egg? so 


that one can set 
VE egg? = F%(2), (13.18) 
where the coordinate gauge source functions F(x) are smooth functions of 


the coordinates x = (x). In the case of a coordinate frame the above expression 
reduces to 


VE Vog! = F! (x), (13.19) 


the so-called generalised wave coordinates condition. 
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Combining the identity 
1 + 1 1 
Via® eBo? = Va® epg’? + (ABV. epp? 


with Equations (13.17) and (13.18) one finally obtains, for X4g® = 0, the 
equation 


i a 1 a 1 i cma 
Va? eBQ' + 5€aBh (2) + Zea? bego Cp c=), 


from which a symmetric hyperbolic system for the frame components of ego’? 
can be deduced. 


Geometric interpretation 


The generalised wave coordinate condition (13.19) shows that a particular choice 
of coordinate gauge is, implicitly, a choice of coordinates. Equation (13.19) can 
always be solved locally by choosing some coordinates x = (x°,2*) on some 
fiduciary surface S,. If this surface is described by the condition x° = 0, then it 
is also natural to require that 


— =0 on S,. 


Moreover, one needs the coordinate differentials dx" to be linearly independent 
on S,. These conditions ensure the existence of a solution to Equation (13.19) 
close to Sy. 

Conversely, given a particular coordinate choice on a spacetime (M,g), one 
can use Equation (13.19) to compute the coordinate gauge source function F” (x) 
associated with the coordinates. Thus, local coordinates and coordinate gauge 
source functions are in a one-to-one correspondence. 


Construction of coordinates in perturbations of spacetimes 


The discussion of the previous subsection can be applied to the construction 
of coordinates in spacetimes (M,g) which are perturbations of a certain exact 
background spacetime (M, ĝ). In this situation, one would expect the spacetime 
manifolds M and M to be diffeomorphic to each other so that coordinates in the 
background spacetime could be used as coordinates in the perturbed spacetime. 
This does not mean that the spacetimes (M, g) and (M, ġ) are isometric! The 
intuition expressed in this paragraph will now be formalised. 

In what follows, assume that one has two spacetimes (M, g) and (M,g) such 
that the manifolds M and M are diffeomorphic. Let y : M > M denote a 
diffeomorphism between them. This choice is clearly not unique. The subsequent 
discussion will single out a particular type of diffeomorphism between M and M. 

Let x = (x") and ¢ = (a) denote, respectively, local coordinates on M 
and M. In terms of these local coordinates the diffeomorphism y is given by 
i" = åH (x) and its inverse by x! = x” (¢). On M consider a frame {ĉa} and its 
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dual coframe {&*}. The frame is not necessarily assumed to be g-orthonormal. 
From this frame and coframe one can introduce a frame {c,} and a coframe 
{a*} on M using, respectively, the push-forward and the pull-back implied by 
g: M => M. More precisely, 


Ca = (9)xCa, å? = (p"*)*a* 
Thus, writing 
at = a" ,dz” at = å" då” 
one concludes that 
Ox” 


a _ şa 
ay = OB y a 

Now, observing that (a@%,e,) = 6p%, it follows that Vea® = (Veep7)a® and, 
consequently, 


bia cd a bia a 
Ve? = (Vea, ea) = "Vap = Viat p 


The above expression can be used to write the divergence Vee egg” appearing 
in Equation (13.18) in terms of quantities associated to the diffeomorphism y : 
M= M. 

Treating the coordinates ¢ = (#) as scalars and recalling that a%, = 
(&*, 0/0x”) so that the coefficients @, are also scalars, one finds that 


=) Aå y Ox* 


Vat, = 6% Vp ( 


Ox Ox” Ox! 
a On? OF 
= å AV Vpt + Va AGa Dal? 
where in the last equality the chain rule has been used. Consequently, one has 
s a Ox? Ox a 
Via, = ÅA VEV ue? + gt Va Nae oak = F(z), 


or, more suggestively, 
VEV ae? H 6,7 (rvan a E F(a) =0. 
So far, the diffeomorphism y : M —> M has been kept completely general. 


However, if one sets 


Oa? Oi 
gI py a = F(z), (13.20) 


one finds that 


VeV i? = 0. 
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That is, under condition (13.20), the diffeomorphism y : M —> M given by 
xt! = g(x) isa wave map. Wave maps can be regarded as a generalisation of the 
geodesic equation. Further discussion on this notion, which plays an important 
role in modern research in PDE theory and geometric analysis, can be found in 
the review by Tataru (2004). 

Now, it is convenient to regard the manifolds M and M as being the same 
and let t” = ¢"(a) be the identity map so that ðt? /Əx” = P. This amounts 
to saying that the coordinates « = (a) are used as coordinates of the perturbed 
spacetime (M, g). In this case condition (13.20) reduces to 


Vea, = F° (x). 
If in the reference spacetime one has w? = &? so that Q% = (@%,Cp) = 65%, 
then 
VIPAT, = nep os 
Accordingly, the coordinate gauge source function F'*(x) can be expressed in 
terms of the connection of the background spacetime via 


a bcp a 
F (x) el] To © 
or, in spinorial terms 


1 $ o 
F° (x) = eA BTA B eaa teBB' Dote. 


Space spinor decomposition of the equation for the frame coefficients 


The space spinor decomposition of Equation (13.17) provides a systematic 
approach to the extraction of the required symmetric hyperbolic system. 
Accordingly, one considers the space spinor split of the frame fields given by 

1 


CAA = gTa e" — 


TÊ A €AQ” 


with 
$ 
e? = TAA eg ai’, CAB? =A“ epya’’. 


Alternatively, one can write 


1 1 
TB? eaq’* = JABE? +€aB”. 


Using 
D 
Vastop' = —V2T? D'XABCD, 


— compare Equation (4.17) — together with the decomposition of Vag given in 
Equation (13.5), it follows from Equation (13.18) that 


Per + 2DPR epo? + V2e*v pq? ? + 2V2epag*x? oC? = 2F° (x) =0. 
(13.21) 
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A similar computation for Equation (13.17) yields 


ü 1 a 1 a Q a 1 a Q 
Dan = 5PeaB ~ 3PaBe +Da*eaq — Ee X(AIQ| *B) 


Q 


1 
+ Vepa xB — z(e ean? +eag’eB?) Ote 


A further independent equation can be obtained from the Hermitian conjugate 
Eip’ = Ta^ Tg? Syp’. 

Exploiting the identity 

TA^ TB” VÈ xregog'? = V? A(TB” eoB?) — eqn VÈ ATB” , 


one arrives at 


yan = ~5Pean® + 5Dane® + Dia?epya® + 3L apa 
— V2epq*x? (aB)? — 5(Pean® + engrep?”)Cpe 
The required evolution equation complementing (13.21) is then obtained from 
DaB’ = ipg’ = 0, 
where 
Eas? — Dap = Peas® — Dape® — =e (xalg? B) + XQ(AB)®) 
+ V2epra*xpyg?? + V2epQ* x” (AB)? 
— efe aB? Obe. (13.22) 
A direct inspection shows that Equations (13.21) and (13.22) imply, for fixed 


a 


frame index %, a symmetric hyperbolic system of four equations for e® and 


the independent components of eaB®. A further computation shows that the 
characteristic polynomial of the system is given by 


A(T Eu)? (9 EE). 


As a by-product of the analysis one obtains the constraint equations implied 
by (13.17) from 


Yap’ + Eig = O, 
where 
DaB’ + Eig" = 2D? (4en)Q* + ae" (aia? + x°(aB)Q) 
+ V2epra°xayq?” — V2epQ*x” (aB)? 
— (cPeaB® + eaq’eB®*) Che. 


Expanding the principal part of this constraint equation, one finds it contains 
derivatives in the time direction. 
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13.2.2 Frame gauge source functions 


After having analysed the gauge source conditions arising from the no-torsion 
condition, one can now consider the gauge source functions associated to the Ricci 
identity — that is, the condition requiring that the geometric and the algebraic 
curvatures coincide. As with the no-torsion condition, the equality between the 
two expressions for the curvature is part of the frame and spinorial formulations 
of the conformal field equations; compare Equations (8.31b), (8.35b), (8.44b) 
and (8.53b). 

Rather than working with the full expressions for the curvature spinors, in 
the subsequent discussion it will be convenient to make use of the reduced 
spinorial counterpart of the Riemann tensor in terms of the reduced connection 
coefficients: 


22 pp' leq’ AB 


RABCE DD + icc’ 
=VppTlcc'aB — Vool DD'AB 
-Tpp? al cogg lco? al DDB, (13.23) 
where the definition 
Vpp (Tocas) = epp Cocas) —l pp olro aB 
-Îpp clr QcaB -lpp t Bl coag 
has been used in order to obtain a more concise expression; see Section 8.3.2 
for further details. This last expression is formally the same as the one for the 
covariant derivative of a spinor field with the same index structure as [oc AB- 
Equation (13.23) is encoded in the zero quantity 
ZABCO' DD! = RaBcc' DD! — PABCC'DD’; 
where Rapco’pp’ and paBcc’pp’ denote, respectively, the geometric and 
algebraic curvatures. One has the symmetries 
EABCC’DD' = =(AB)CC'DD! = —~=ABDD'CC': 
Exploiting the antisymmetry of Equation (13.23) one obtains the pair of 


equations 


Vic? Togas +l (ce? AT ngge = Rason + Uc? pl gaan, 


(13.24a) 
VP ol pipas tl? (ce? al ppg = Rase'p +o? p Taq: aB, 
(13.24b) 
where 
1 Q’ 1 Q 
RABCD = gt ABCQ'D ; RaBe'p' = z PABQC' D’, 
t 1 1 v + f f 
EcL? D= ae) ae oe 5 Eol? D= zro? Pj 
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As the field [4 4’Bc is not Hermitian, two reduced equations are necessary to 
encode the content of (13.23) — contrast this with the analysis of the no-torsion 
Equation (13.14). 

From the structure of Equations (13.24a) and (13.24b) one concludes that the 
derivative V22 Tog AB is not determined by the equations. Accordingly, one 
can set 


V2 Togas = Fan(z), (13.25) 


where fap = F(apy are smooth arbitrary functions of the coordinates — the 
frame gauge source functions. 


Geometric interpretation 


To gain intuition on the role played by the frame gauge source functions recall 
that raas Pc = P BV asec”; see Equation (3.32). Equation (13.25) can be 
rewritten as 


See Vines? + Wer A LV ppien” = FA p(z). (13.26) 


This is to be read as a quasilinear wave equation for the spin frame {eg?” }. Using 
the symmetry of Fas and the wave Equation (13.26) one obtains 


VPP'V pp (enPe4g) =0, 
so that by choosing 


BLA A BLA 
eB E€ B = 0B", Vpp (eB”c^p) =0, 


on some fiduciary hypersurface S, one obtains a spin frame which is normalised 
at later times. 


Space spinor decomposition of the equation for the spin connection coefficients 
To obtain a suitable space spinor decomposition of Equations (13.24a), (13.24b) 
and (13.25), one defines 
Tapcp =TB“Taaicp 
and considers the split 
1 Q 
Taspcp = 9°ABl cp +T(aBycp; lop =lQ*cp. 
Now, from 
VOS Togan = -V°? (7? Tapas) 


= T82 Veal asaB = (vee Tq) )T@saB 


= VPT poaB + V2xP ROPT PQAB, 
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it follows, using the split of V AB, that 
Pl ap + 2D? °T(pqyap + 2V2x? ROT poan = 2F AB (2). (13.27) 
In view of its symmetries, the zero quantity =4Bcc’EE’ is decomposed as 
=ABCC'EE! = =ABCEC€C'E! + =ABC'E'€CE; 


with 


m 


+ 
=AaBcaq’E” , SABC'E' = 7 ŽABQC' 


NI = 


ZABCE = g. 


N 


In terms of space spinors the latter decomposition can be rewritten as 
— — =x* 
=ABCDEF = “ABCE€DF + =AaBDF CE; 


where 


= Cc’ E'm 
SABCDEF =TD TF =ABCC'EE’; 
= —__C'__E's = ln Cl BS 
SABDF =TD TF =ABC'E'; SABDF =TD TF =ABC'E': 
= a it is obs 
To expand =,agce and =% gpp it is observed that 


Vee? Togas = —-Vic® Cpsast go) 


= -15g V(o? Tp)saB = Vio? Tal p)saB 
=Vc°lp)saB + V2x(c1Qq\°°T p)saB 
= 5Plcp)as +Dc°lp)saB + V2x(c1Q/°°T p)saB 
and that 
too to? VP ol pip) AB = V? cl '\p|\p)aB 


1 
= —5Pl(cp)aB + D? cl \pip)aB- 


From the above expressions it follows that 


= 1 1 1 

EABCD = gPlcp)aB = 3Pcvl'aB + 5(Po*T\ps)aB + Dp*Tes)aB) 
+r”? a p)pasp — Ec”? pl poas — RABCD, 

= ABCD = -3T (CD)AB + zPODlAB + ae cl (pp)aB +D” pI \pcyaB) 


+r? ce? al pipe + 26"? Dl pqan — Rago. 
Constraint equations are obtained from the combination 


EaBop + 2apcp =], 
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where 


Easop + 24pcp = D” cl (pp)aB + D” DI (pcyaB 


+r”? al peep +I” c®\al PDB 
+EP 


pl pagaB — Ec? pl PQAB 
— Ragcp — Rapcp: 
while the required evolution equations arise from 
EaBcD — =apcp = 0, 
with 


EaBoD — 2apop = Pl cp)aB — Pcvl AB 
+r”? al peas — I? (c? al PDB 
— 567° DT poaB — Xc”? DT pqaB 


It can be verified that the system composed by (13.27) and (13.28) leads 
to a symmetric hyperbolic system for the independent components of TAB 
and I\ep)aB ~ up to a suitable normalisation factor. A simple counting 
argument shows that the system consists of 12 equations, three coming from 
Equation (13.27) and nine from Equation (13.28). The characteristic polynomial 
of the system is given by 


=64(T E) (JEE). 


13.2.3 The conformal gauge source function 


The third type of gauge source function to be considered arises from the analysis 
of the Cotton equation; see Equations (8.31e) and (8.35f). The starting point of 
the analysis is the spinorial counterpart, Equation (8.37a), associated with the 
zero quantity 


Acpsp = Vc? Lpg'gs' +V? B'Epopggo + =TcpBeB". 


To deduce a symmetric hyperbolic system from this equation one needs to 
complete the symmetrised derivative Vic? L D)q’BB’ With the divergence 
V22' Lag: pp’. Information about this derivative is provided by the contracted 
Bianchi identity for the Schouten tensor; compare Equation (8.17). In spinorial 
notation one has 


; 1 
Ve? Leg’ BB’ = gv Bk. (13.29) 
Thus, using 


i 1 1 rA 
Vic® Lpg'Bs' = Vo? Log BB + xcepVv°* Lea’ BB’; 
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one can rewrite the zero quantity AcppBp’ as 


1 1 
Acpss’ = Vo? Lpa'BB' + 7gtcpVaB'h 


+ ©? ¢cpBQ + =TcpBB’, (13.30) 


where SAA’ = VAAZ. 

As discussed in Chapter 8, the conformal field equations impose no differential 
condition on the unphysical Ricci scalar R. Accordingly, R can be specified freely 
as a function of the coordinates. Thus, if the reduced rescaled Cotton spinor 
Tcoppp’ can be rewritten so that it does not explicitly contain derivatives of the 
matter fields, one can deduce a symmetric hyperbolic system for the components 
of Daa’ pp’ from Equation (13.30). 


Geometric interpretation 


The particular choice of the Ricci scalar fixes the conformal gauge freedom. 
Thus, it is natural to call R(x) the conformal gauge source function. Given 
a particular choice of R(x), the transformation law for the Ricci scalar implies a 
wave equation for the conformal factor realising the prescribed Ricci scalar; see 
Equation (8.30). This equation can always be solved locally if initial data on a 
fiduciary hypersurface S, is provided — namely, the values of the conformal factor 
and its normal derivative on the hypersurface. Conversely, given an unphysical 
spacetime (M,g) and a conformal factor = linking it to a physical spacetime 
(M,g) via the standard relation g = =2g, one can compute the corresponding 
conformal gauge source function R(x). 


Space spinor decomposition of the equation for the components 
of the Schouten tensor 


The space spinor decomposition of the equations for the Schouten tensor is based 
on the expression 


1 
Laaico’ = basco + yg cAcea'e’ R(z), (13.31) 


where ®4a’cc’ denotes the spinorial counterpart of the trace-free part of the 
Ricci tensor; see Section 3.2.4. The space spinor counterpart of Laa‘cc’ is 
defined as 


_ Ae! 
LABCD =TB Tp Laace’, 
1 
= ABCD + zg (AceeD R(x), 


+ $ 
where ® ABCD = TR TD? aaco so that 


ABCD = ®cBavD = ®ADCB, 
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as a consequence of the symmetries of ®4 4’cc’; see Equation (3.44). A spinor 
with these symmetries can be decomposed as 


1 1 
®aBcp = ®(aBcp) + 5 (ca(BPDjc + €c(p®pya) + 3 PhACBD, (13.32) 
where 
®aB = PaB)Q®, ® = Oapcph*©P”. 


Now, using that 
, , 1 1 
Va® Lggcoo = V(a® Laygicc’ — soapy Lea'cc’; 
together with the contracted Bianchi identity (13.29) one can rewrite the zero 
quantity AgBoc’ as 
, 1 = 
Aapec' = Va® Lgg'co + 7p ABV cc’ R(z) +22 co ¢daspcg + =Tapcc'. 
(13.33) 
Defining 
Aascp = TDÎ AABO’, 


a calculation using (13.33) together with the definitions of the spinors Lapcp 
and xaBcp, yields 


Aascp = Va®Lpecp + V2yaP?? Lepacp = V2va?? pLBQCP 


1 = 
+ 3cABVcpdRi(2) + EF ppaBcgo + ETABCD, 


where XAB = TB? Dag. Thus, using the decomposition of the operator V AB 
one obtains 


1 
AABCD = 3? LBacp + Da®Lepgop + V2xaP?? Legop 


1 = 
~ V2x4" ° pLepca + 9cABVopdki(z) + ©? pdapcg + =Tascp- 


To extract the full information of A4 Bcc’ one also needs to consider 


ae = P’ J R’ S'AN 
AABcp =TA TB? TC TD Apq'R's'- 


Proceeding as with Aygpop one finds that 
Agee -PL DEAL V2x2 4APBL 
ABCD 7 3 ABCD — V¥ ALQBDC + V2Xx* A BLQRDC 


1 e 
ar V2x° A? cLQBDP E 34B VoDpR(2) Sy R OBOR ale =r 
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Given the above expressions for Aa4pop and AL epi suitable symmetric 
hyperbolic evolution equations for the independent components of the fields 
®(aBcp); ®aB and Ẹ can be found from the combinations 


Agon) + Mfagcp) = 9: (13.34a) 
AG? ed) — Ae? ep) = 9, (13.34b) 
Ag? p? +Ab%r” =0, (13.340) 


while constraint equations arise from 


The principal parts of Equations (13.34a)—(13.34c) are given, respectively, by 


P®(aBcp) — P(aB®cp), 


1 
PõaB + 2DP°OpagaB — 3DaB®, 


PË + DPI Spo. 


The above expressions imply a symmetric hyperbolic system for the independent 
components of the fields (4 Bcp), ®aB and ®. The explicit form of this system 
will not be required in the subsequent discussion but can be readily computed. 


13.2.4 The hyperbolic reduction of the Bianchi equation 


This section discusses the hyperbolic reduction of the spinorial Bianchi identity. 
This procedure leads to evolution equations for the components of the rescaled 
Weyl spinor and is completely analogous to that for the Maxwell equations; 
see Section 13.1.1. In particular, no gauge source functions are required for this 
subsystem. 

The spinorial Bianchi equation is encoded in the zero quantity 


AaBcp = V? x ogongo + TcpBa’. 


In the following it will be convenient to work with a space spinor version of this 
zero quantity, namely, 


Aascp = V? adscpg + TcpBa, TopBa = Ta“ TopBa'- 


Using the decomposition (13.5) one can compute that 


1 
AABCD = —5PeaBcD +D? adpcpa + TcpBa- (13.35) 
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Suitable evolution equations are obtained from the above expression by 
considering 


—2\apcp) = Péascp — 2D°% (adecp)g + TiaBcp) = 0: (13.36) 


In what follows, this system of evolution equations will be known as the 
standard system. It gives rise to five independent equations for the five 
independent components of ¢asBcp. Contracting the indices 4 and g in 
Equation (13.35) one obtains 


Mcp = A® acp = P* °dpaqcpn + Teng? = 0, 


the so-called Bianchi constraints. As in the case of the other constraint 
equations discussed in the previous sections, the Bianchi constraints may contain 
derivatives in the time direction. 


The hyperbolicity of the standard system 


The overall structure of Equation (13.36) suggests that it should imply a 
symmetric hyperbolic system. In analogy to the Maxwell equations, one considers 
a slightly modified version of Equation (13.36) given by 


4 
-2( 4 +B+C+ p) Mazen) TA: 


The principal part of this equation can be written in matricial form as 


TH + 2eo1” —2eo0” 0 0 0 
Jey"  4TË +4eo1” —6eoo” 0 0 
A‘0,0 = 0 6e11” 6T” —6eoo” 0 
0 0 6e11” ArH — 4eo1” —2eoo” 
0 0 0 2e11” TH 2eo1” 
po 
Qı 
x Ou Q2 ’ 
$3 
ba 


with 
¢0 = 0000, ¢1= 0001, $2=¢0011, $3 =¢0111, $4 = $1111. 


Using the reality conditions satisfied by the vectors eas, it follows that the 
matrices of the system are Hermitian. Moreover, one has that A“7, is positive 
definite. Thus, the standard evolution system implies a symmetric hyperbolic 
system for the independent components of daBcp. The characteristic matrix of 
the system is given by 
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2 
det (A“€,,) = 36( 774) (9*€,€) (o + zar) EE 
Thus, g-null hypersurfaces are characteristics of the standard system. 


13.2.5 The hyperbolic reduction of the equations for the conformal 
factor and its concomitants 


Finally, one requires evolution equations for the conformal factor = and its 
concomitants X44 and s. The relevant zero quantities are given by 


Qas = Yaa — Vase, (13.37a) 
= 1- 
ZAA'BB' = VAA'XBB' + ELAA'BB' — SEABEA'B' — z7 TAA'BB', (13.37b) 


1 1 
so ETaa'cc’- (13.37c) 


Zas = Vass + Larco VOO E- 
Their space spinor counterparts are defined by 
QAB = TBÎ Qaa’, ZaBCD = TB^ TDI Zaa‘cc’: ZAB = TB] Zaw. 
It is also convenient to make use of the split 
Dap = TB^ Law = seaBh +s, = XQ?. 
From the condition QAB = 0 one obtains the equations 


PE=E, DABE = ap), 


which are, respectively, an evolution equation for = and a constraint equation. 
Next, using the identity 


ta“ TDO Vaa bco = VaB(tD© Sec’) — V2ZcPXAB?D 


and the split of V As it follows that 


1 1 1 
ZABCD = qo ABecDP» + 3 fABPX (cD) + 36cDPaB» +DaBX cp) 


1 
+ ygXaBep — V20cpxaB’ D 
+ZLABCD — S€ABECD — 9 fABCD: 


Evolution equations for © and %4g) are obtained from 


Wine = 0, Za‘(cp) = 0, 
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where 
2ZapeP = PL + V2xaB E — 2V 248? Bap) + Lap“? — 4s, 


1 
Za* cv) = PX(cp) + -xa^ cn) — V22c\pxa4” |p) 


V2 
+ EL a“ (op) - SETA“ ep) 
The corresponding constraints arise from 
Z(ABCD) = 9, Zapyc’ =0, 
with 
Z(ABCD) = P(aB»cp) + Xapen)® = V2X(CIPIXIABŤ D) 
+ ZL(ABCD) — 52 'Tiancp) 
Zabo] = Dap + Jgs — V20 poxXaB) 
+ ELiapyc® — 5 TaByc®. 


Finally, similar calculations lead to the expression 


1 1 
ZAB = 9 fABPs + DaBps — 5 baBo®™ + Lascp=©? 


Cc 


des: E 
+ 7=’Tapc — -2° DXO OPTA Bcn. 


1 

2 

The evolution and constraint equations for s are then given, respectively, by 
Za^ =0, Z(AB) = 9, 

with 


m2 A C 
BEATA c 


AI = 


1 
Za* =Ps- sLa*c® +La^cpET? + 
1 
= pe EOP Ta“ cp, 
1 be 
Z(AB) = DaBs — pape’ + Lrapjop=@? + 7= Tap" 


Ws 

57 EOP Tapyep: 

Remark. It should be observed that all the evolution equations obtained in 
this section are transport equations — that is, they involve only the directional 
derivative P. Accordingly the characteristic polynomial of each of them is just 


THE i 
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13.3 The subsidiary equations for the standard 
conformal field equations 


After having discussed a set of evolution equations implied by the conformal 
field Equations (8.38a) and (8.38b), one is now in the position of analysing 
the construction of the associated subsidiary system. The subsidiary equations 
constitute a system of evolution equations for the zero quantities encoding the 
conformal field equations. To prove the propagation of the constraints it 
is necessary that these subsidiary evolution equations are homogeneous in the 
various zero quantities. If this is the case, then Corollary 12.1 implies a unique 
vanishing solution to the subsidiary equations if the zero quantities are zero ini- 
tially. The construction of the subsidiary system involves lengthy computations, 
parts of which are best carried out with spinorial expressions, while others are 
more conveniently described in tensorial terms. The basic strategy behind the 
analysis can be understood by first discussing some model equations. 


General setup 


The general setup for the construction of the subsidiary equations for the 
conformal field equations is similar to the one for the construction of the evolution 
equations: one works in an open subset U C M of the unphysical spacetime 
manifold; vector and spinor bases are introduced in a similar manner. The 
key difference lies in the fact that the covariant derivative V is, a priori, not 
assumed to be the Levi-Civita connection of the metric g. Thus, when considering 
the commutator of covariant derivatives, one has to make use of the general 
expression involving a non-vanishing torsion tensor. This is because the torsion 
tensor is, in itself, a zero quantity of the conformal field equations. On similar 
grounds, one cannot regard the algebraic and geometric curvatures as being equal 
to each other. 


13.3.1 Hyperbolic reduction of model equations 


The construction of a system of subsidiary equations for the conformal Einstein 
equations leads to spinorial equations whose tensorial counterparts are of one of 
the following forms 


ViaMojx = Navk; (13.38a) 
ViaPbejc = Qabcc, (13.38b) 
where Max and Papc are some zero quantities with 
Navk = Niavjx; Pabe = Paot, Qabe£ = Qiabelc; 


and x and ¢ denote an arbitrary string of indices. 
Equations (13.38a) and (13.38b) arise from the following observations con- 
cerning differential forms; see the Appendix to this chapter for a brief discussion 
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on this and related notions. The fields Max and Pabx can be regarded as the 
components, respectively, of the 1-form and 2-form 


Mx = Mex", Pe = Paos wt Aw. 
Accordingly, Equations (13.38a) and (13.38b) can be written as 
dMx = Nak wI Aes”, dP¢ = Qabcc a Aw? Aw: 


If T denotes a timelike vector field, then the Lie derivatives of Mx and Pz along 
the direction of T are given by the so-called Cartan’s formula 


£-Mx =i,dMx + d(i-MẸx), £ -Pe =irdPe + d(i-Pc), 


where i, denotes the operation of contraction between the vector 7 and a 
differential form; see Frankel (2003). In terms of this notation the evolution 
equations are given, respectively, by 


i7-Mx =), i;-Pc =0, 
so that 
£,Mx =i1,dMx, £ -P£ =i,dP,. 


The latter can be read as suitable evolution equations for the zero quantities 
Max and Pabc. Their frame component version is given by 


VoMax = Nook, V [oPecje = Qovec- 


Detailed analysis of the first model equation 
The spinorial analogue of Equation (13.38a) is given by 
Vad Mepp'k — Veep Maa'k = 2Naa'BB'k- 
Exploiting the antisymmetry one obtains the equivalent expression 
Via? Maya’ = Na? parr, Na® park = Np? aac: 


Defining the space spinor counterpart Map = th” Ma a'k and using the 
definition of the spinor yascp together with the decomposition (13.5) of V AB 
one obtains the expression 


PMas)x + 2D(a” Mpypx + 2V2x(a\Q\7 ? MB) pK = Na® Bare. 


Finally, assuming that the evolution equations implied by the zero quantity 
Maag are given by Me?x = 0, it follows that MBps = Mgpyx and, 
moreover, that 


PM apy + Da? M pp) + DB? Map) +2V2xiaj ° MB) pK =Na® Bae: 
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This last expression is a suitable evolution equation for M(ap)x if N. Ae BQ'K 
can be expressed as a linear combination of zero quantities. This compu- 
tation depends on the particular structure of the conformal equation under 
consideration. 


Detailed analysis of the second model equation 


In what follows, let Paa'Bp’c and Qa’ BB'cc’c denote, respectively, the 
spinorial counterparts of the fields Papc and Qabec. The spinorial counterpart 
of Equation (13.38b) can be conveniently written using the spinorial counterpart 
of the volume form as 


~AA'BB'CC' — -AA’BB'CC' 


DD' V AA'PBB'CC'L pp'Qaa'BB'co'c. (13.39) 


A convenient way of obtaining the space spinor version of this last equation is 
to consider, alternatively, the expression 


EFCDGH 
€ ABVEFPCDGHE: 


where, following standard conventions, one defines 


Cc’ G’ 
Popexuce = Tp TH” Poo'ae'c, 
f a 1 $ 


= F D H B 
€EEFCDGHAB =TF TD TH TB €CEF'CD'GH'ABP'. 


A short computation using the expression of the volume form in terms of e-spinors 
yields 


€EFCDGHAB 7 i(€eG€CACFBEDH = €BA€CGEFHEDB): 


Now, exploiting the symmetries of Popeye one can write 


Pepexuce = Poeceou + Pprcécea; 
where 


1 * 
Peer = xPcac*c, Porc = 4 


Pop“ uc. 


NI = 


A calculation shows that the above expressions lead to 


EFCDGH 
€ ABV EFPCDGHL 


= 21 (Va? Phor —V°pPaac) 
= iP (Pape + Pape) + AD? APhor — AD? BPaage. 
If the evolution equations associated with the zero quantity Papcpe are given 


by the condition 


Pape — Pape = 9, 
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it follows that 
i 
PPaBce = -36 POP EM ABV EFPoDGHe. 


It can be verified that the expression one obtains by working directly with the 
left-hand side of Equation (13.39) differs from the above expression by homo- 
geneous terms involving Popexure and yapcp. To complete the construction 
of a suitable subsidiary equation for Pagcpz it is necessary to show that the 
right-hand side of Equation (13.39) can be expressed as a linear combination of 
zero quantities — this computation is specific to each zero quantity. 


13.3.2 The subsidiary equations for the equations governing the 


conformal factor and its concomitants 


The zero quantities Qa a’, ZAA’BpB’ and Zaa — see Equations (13.37a)—(13.37c) 
— lead to subsidiary equations which fall into the class described by the model 
Equation (13.38a). Accordingly, one will have suitable subsidiary evolution 
equations for the zero quantities Qa 4’, Zaa’BB’ and Zaa if the derivatives 


Via? QB, Va? Zpyqico’, Va? Za’ 


can be expressed as linear combinations of other zero quantities. 


The subsidiary equation for Qa’ 
A direct computation using the definition of Qaa shows that 
Va? Qayq = Va? Eng — Ea? Bigg, 


where the definition of the torsion spinor — see Equation (8.35a) — has been used 
to write 


Via? VBE = EA? BD gq’, val? B=- 22 gp. 


Finally, using the definition of the zero quantity Zaa’ BB’ one can eliminate the 
term Va? Spa’: Observing that L(4? pyg’ = Tia? Bq’ = 0 — as these are 
the spinorial counterparts of symmetric rank-2 tensors — one finds 

Via? EB = Za? Bq’, 
so that one concludes that 


De?’ 


Via? Qajq = Za® Bq — BDQq' 


which is a linear combination of zero quantities as required. 
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The subsidiary equation for Za A' BB’ 


A direct computation starting from the definition of Zaa’Bp’ yields the 
expression 


Via? Zaqice = Via? Vp Eco +a? Laygice: + ZV(a? Leyaicc’ 
3_ + es + 
+cc(AVB)csS— ST NAS Taygicoe’ — =Va® Taq/cc’: 
Using the commutator 


VAA V BB icc’ — VBB'V Aa’ &cc’ 


P P’ 
=-R caa'BB Upc’ — R ca aBB icp’ 


= Daal BB Voo Eco, 
one finds that 
Va? Ypg Eco = —R? cas) Ero — R” oas) Eor 
E XAS BVoo' Eoo, 
where 
RABCD = I RaRogD?, Rapcp= sRapigon®. 


Using the definitions of the zero quantities Acpgpp and Zaa to eliminate, 
respectively, Va? Leya'co' and V gcs, one obtains 


Va? Zaqicc = —RP cas) Epo — RP oas Eor -542 


BVQQ'=cc' 
+ Xa? Lajqico’ + ZAapcc — EX@c' dace 


— 2’Tasoc' + €c(aZs)c’ — €c(aLpyc'qq’?? 
1_ , 3_ , 
= aeS €o(Al'B)C'QQ’ — ee TB)Q’cc' 


1 ; 
- 3E Va? Trice". 


Next, one uses the zero quantity =,spcc’pp’ to eliminate the geometric 
curvature terms RP C(AB) and RP’ c’(AB). Taking into account the expression 
of the algebraic curvature in terms of the Schouten tensor and the rescaled Weyl 
tensor one obtains 

P’ 


= Dae? 


Va? Zggco =- cas) Epo — =” oas) Xor BVQQ'ECo' 


+ EAasoc' — =’Tascc' + ec(AZB)o 
1_ / 3_ , 

z soe €o(Al B)c’Qq’ — xe a? TB)qQ'cc' 

1 


= x= Via? TB)Q’cc'; 
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where 

= 1 = Q’ = 1 = Q’ 

“ABCD = 5 =ABCQ'D~ , ZA'B'CD = JSA B'Q'CD * - 
Finally, observing that the definition of the rescaled Cotton tensor implies that 
TaBcc’ = -12V (42 Tpjg'co and exploiting the trace-freeness of the energy- 


momentum tensor one ends up with the expression 


z -542 


Va? Zayqico =- cas) po — E? oas) Eor BVQQ'Xco' 
+ EAapoc’ + €c(AZB)o’; 


which, as required, is a linear combination of zero quantities. 


The subsidiary equation for Za’ 


In this case one needs to evaluate V AP Z B)q’- Making use of the definition of 

Zaa one finds that 

Va? Zang = Via? Vnos + Via? Leng pp =? + Vat EPP Lag pp! 
li» 


1_ , , 
- JE DTP Va? Trapp’. 


Using the definition of the torsion tensor in the form 
Via? Vpgs = Va? BVaq's, 


and the definitions of A,agoc and Za,'pp to eliminate, respectively, 
Va? Ley pp! and Va®@ SPP’ one obtains — after some simplifications 
involving the symmetries of LA a’ Bg’ and Ta,’ Bp’ — 
Via? Zag = Dia?” B)Vaqqis + Aappp + Za? PP Leg pp 
1 


an 55 Zas PP Tp)Q' PP’: 


This expresion is a linear combination of zero quantities. 


13.3.8 Subsidiary equation for the no-torsion condition 


Following the general discussion of Section 13.3.1, one defines 


QQ 


__ Ao! ' 
XABCD =TB’ TD” “aa ~*~ coeg? 


One can write 
Yascp* = —Lac*esp — ÙX Bp*eac, 
so that, if the evolution equation Xap? — Et 4 B® = 0 holds, then 


i 
PrX AB” = —3Ver=cpen "OPOR ap). (13.40) 
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To conclude the argument one needs to express the right-hand side of the above 
equation as a linear combination of zero quantities. To this end, one makes use 
of the first Bianchi identity (2.10) to write 


d zd d e d 
Vja %b c] = —= [cab] — P [cab] — Xia bX] e; 


where the zero quantity aa = Rt DP cab) By construction, the algebraic 
curvature has the same algebraic symmetries as the Riemann tensor of a Levi- 
Civita connection so that, in particular, P?icab] = 0 and one has that 


d zd e d 
V [a Xb c] == [cab] — Xia bUc] e- 


This expression shows that the right-hand side of Equation (13.40) can be written 
as a linear combination of zero quantities. 


13.3.4 Subsidiary equation for the Ricci identity 


It follows from the general discussion of Section 13.3.1 that, if the evolution 
equations ZABCD — =4pcp = 0 are satisfied, then 


= 1 = 
P=ABCD = —5VerEcpene PO" Ap). (13.41) 


To express the right-hand side of this last equation as a linear combination of 
zero quantities one makes use of the second Bianchi identity (2.11) to obtain 


€ FOV aE elbe] = EF VaR elbe] — €F 7° V la Plebe] 
abc d abc d 
= =E f Dla bR" leleg — E7 Via? jel]be]: (13.42) 


The first term in the right-hand side of the last equation already has the desired 
form. The second term needs to be examined in more detail. One considers 


Eef EV a elbe] = Ef a che 
= Eef V ad ebe + ep Vaid ebe + ep 8 Sen" Valen; 
where in the last line the expression of the algebraic curvature in terms of the 
Weyl tensor and the Schouten tensor has been used. Now, a computation using 
the properties of the Hodge dual and the definition of the zero quantity Aabe 
shows that 
Ef Vad ebe = —éf Va d ebe = -2Va d tefl 
= 2Va“d ef? = Vite ts 
= es ON ad" fgh See (A T. 13.43 
fe al” ton = €e°9"(Afgn + Tf gh). (13.43) 


Using the above expression together with the definition of the zero quantities 
Aabc and Qa to eliminate Vial and Va=, respectively, one finds that 


ef? V lap? elbe] | ep Oud ane + Feet A fgn + Ep Ga Aach: 
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Substituting this last expression into Equation (13.42) one obtains the required 
expression for Vee" elbe] as a linear combination of zero quantities. The spinorial 
counterpart of this expression differs from the right-hand side of Equation (13.41) 
by terms homogeneous in zero quantities involving the spinor XABCD. 


13.3.5 The subsidiary equations for the Cotton equation 


Applying the general discussion of Section 13.3.1 to the zero quantity 
AAA'BB'cc’ associated with the unphysical Bianchi identity leads to the 
expression 


1 


3P (AABK + AaBKL) + D? 4Aborr — DP? BAaQKL 


i 
=- x0 ABV ErAcDGHKL- (13.44) 


To make use of the evolution equations in the above expression it is observed 
that 


1 1 
Aascp = A(ascp) + gasopAPa’ ” + 3 CDAABgÀ. 


Thus, using the evolution equations for the various components of the Schouten 
tensor one obtains 


i 
PA(ABKL) = —5VerAcpenaBe "OPOE kr), 
i 
PApg’® = -3 O PCREKEV ppACDGHKL, 
i 
PAABQ? = -3e OPOR ABV erAcpaHa”. 


To analyse the right-hand sides of the above equations it is more convenient 
to analyse ceay PB OC DD' Y 3: Acc DD' ER’: This expression differs from the 
right-hand side of Equation (13.44) by terms involving the spinor XaBcp. For 
conciseness, the analysis is carried out using tensorial notation. One has that 

Ep OV Aas = esI (2V eV icLap = Veruad" bea = ZaVed bea 
— Veet cas — EV e Leds): (13.45) 


The first term on the right-hand side of the above equation is manipulated using 
the commutator of covariant derivatives by observing that 


269° V eV eLa = 2e¢°V eV Lan 
= —265°°4 (2R (alec Lb)s = ZefcVs Lab) 
= —2e p°? (25° (alec) Lvs + €7° P*beclas + Ee"cVsLab), 


where in the third line the identity p*[hcq) = 0 has been used. The second 
term in the last equation does not contain zero quantities. The third term in 
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Equation (13.45) is now cast in a suitable form using the properties of Hodge 
dual; compare the analogous argument leading to (13.43). One finds that 


ef °tV edabed = —Eab?” (A fgn + T fgn). 


Substituting the above two identities into Equation (13.45) and using the zero 
quantity Zab to eliminate VqXp one obtains 


2€ 7° V eV icLap 
= —4e ft (aec|Lb)s = Wve ceVsl zo 
= Deans A fgh — Ef  Zead bed 
Üz : z z é 
= fese (E Tea bed + Ve=Tedb — EVT) = Cab?” E Tron}, 
(13.46) 


where the explicit expression of the algebraic curvature has been used to show 
that 


ego 9 (Ed bcdLea — 20" becLas) =0. 


Expression (13.46) is, up to the matter terms in curly brackets, a linear 
combination of zero quantities. Whether the terms in curly brackets can be 
expressed as a linear combination of (matter) zero quantities depends on the 
particular features of the matter model under consideration. 


13.3.6 The subsidiary equations for the Bianchi identity 


The construction of the subsidiary equation for the Bianchi identity is similar 
to that of the subsidiary equation for the Maxwell equations. In this case the 
relevant zero quantity is given by 


Aa Bop = V? a'¢Bcpq + TcpBA’; 


for which one computes V? B'\ 3 Bcp in two different manners. 
First, making use of the space spinor zero quantity AABCD = Tal AA'BCD 
one has that 


BB’ BB'(_P 
V®* ApBcp = -VPP (T? BApscp) 
AB BA'_A 
= VB Mason — (V?4 7^ x )AaBcD. 


Using Equation (13.8) for the derivative of the spinor T4 a~ and the split of V AB 
one obtains 


PAcp — 2047 ANapop — 2V2x8 pP4AaBcp = —2VPP Ap BoD, 
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where it is recalled that Acp = A®2 Qcp. Now, a calculation shows that the 
symmetry AaBcp = A,(Bcp) implies the decomposition 
3 
AaBop = A(ABcD) a qABicp), 
so that 


PAcp — 2D” ccApp — 2D4? AagBcn) — 2V2x? PP“ AaBcp) 


3 , 
+ Jax r" cagic) = —2V?? Ap BoD. (13.47) 


As a second way of evaluating V? B' Ap'gcp one makes use of the definition 
of the zero quantity so that 


VPB’ Ap BoD = VBB Vv? 3 dBcDa + VPP Topas’. 
The first term of the right-hand side is manipulated using the commutator 


VAA V BB'ỌCDEF — VBB'V AA ỌCDEF 
s s s 
= — R” CAA'BB'ỌSDEF — R” DAA'BB'OSCEF — R” gaa’ BB'OSCDF 


s PP’ 
— R? FAA'BB'ỌSCDE + Aa BBV PP’ OCDEF-: 


Observe that the torsion Waar pus being one of the unknowns in the 
subsidiary system, needs to be included in the commutator. Also, the curvature 
terms in the above expression are understood to be those of the geometric 
curvature. Contracting the expression of the commutator leads to 


2VPB Ve 3 oBcDQ = —RacP4 Ca dspBaq — R? nD”^ L a dscBe 

— RS gP”^ R yosopgo — RoQg?4 S a bscpB 
+244 SS Q LV gs'6cDAQ- 
Using the zero quantity 


= 


zC — RC C 
=" DAA'BB' = DAA'BB'~— P DAA'BB’'; 


to eliminate the geometric curvature and the decomposition (13.9) one obtains 
an expression which is homogenous in zero quantities: 


2VPP Ve gogongo = -=c P^S a dspBQ -=° D”? a bscBa 
— 2S BPA? wv bscpg — 2° Q?4 S a bscpB 
+ 54A SS LV ss bCDAQ- (13.48) 


In particular, all the terms coming from the algebraic curvature cancel out. 
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Combining Equations (13.47) and (13.48) one obtains the required subsidiary 
equation. Namely, one has that if A(agcp) = 0, then 
3 
PA® Qep — 2D? (cA® ppo + ane 


SBA’ =S_ BA’ 
c”^ S a bspBQ += DP4 2 


$ 
455 ,BA'Q 


capa? cpg 


(1] 


A'PSCBQ 
BA’'Q 


a'oscpa +E Q A'PSCDB 


— 2544 SSQ yV ss'pcpago — 2VPP Topps’, 


which is homogeneous in zero quantities if the matter term yVBB'Top BB’ can 
be expressed, in turn, as a homogeneous expression of matter zero quantities. 

Alternatively, one can perform the computation with tensorial objects. In this 
case one looks at 


V? Apea = V?Vad* bea — VT cab: 
Again, using the properties of the Hodge dual one can write 
V? Vad bca = —V°V dated 
= V° V™ dt bed = Tetes oa VeValleson 
= peed oa (R*cavdgsgh + Rêgabdhsef — 52a" Vatleson) 


1 = = 
= gabe eons (E eabdfsgh F Ef gabdhsef = gba bV sdefgn). 


Hence, one concludes that V Abcd, except for the matter term V°T.ab can be 
written as a linear combination of zero quantities. 


13.3.7 Summary 


In most applications, the detailed form of the evolution and subsidiary equations 
is not required; general structural properties suffice. These properties are 
summarised in the following propositions. 

It is convenient to group the independent components of the unknowns 
appearing in the spinorial formulation of the conformal field equations in the 
following manner: 


o independent components of ©, XAA’, S; 
v independent components of ehan TAa’ BC, ®aa' BB": 
@ independent components of ¢ ABCD; 
y independent components of matter fields. 
Moreover, let e and I denote, respectively, the independent components of the 


frame components and the connection coefficients. In terms of these objects one 
has the following: 
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Proposition 13.1 (properties of the conformal evolution equations) 
Given arbitrary smooth gauge source functions 

yas Co Fap(z), R(x), 
such that 

VE egg? = F? (x), V2? Tog aB = Fap(a), 
, 1 

V2? Logse = gv Be’ R(2), 

and assuming that the components of the matter tensors Tab and Tabe can be 


written in such a way that they do not contain derivatives of the matter fields, 
then the conformal Einstein field equations 


Qa = 9, Zab = Q, Za = 0, Mab = 0, =“ dab = 0, 
Aabe = 0, Nabe = 0, 
imply a symmetric hyperbolic system of equations for the independent components 
of the geometric fields (o,v,@) of the form 
(1+ A°e))0-6 + A%(€)0ng = BIT) + Clo, v, 9), 
(I+ D°(e))d,v + D” (e)ð v = E(L)v + F(o,v, $, 4), 
0,0 = G(T )o + H(o,v, 9), 


where I denotes the identity matrix of the required dimensions, 
Ame), D*(e) 
are smooth matriaz-valued functions of the components of the frame components, 
BY), ET), G(T) 
are smooth matria-valued functions of the connection coefficients and 


Clo, v, p), F(o,v, p,p), H(o,v, p) 


are smooth vector-valued functions with polynomial dependence on their argu- 
ments. The characteristics of this system satisfy a characteristic polynomial 
involving factors of the form 


2 
TEE ig or ae (rere or 50 ) Soke 


Remarks 


(i) In the presence of matter, the symmetric hyperbolic system given in the 
above proposition needs to the supplemented by a symmetric hyperbolic 
system for the matter fields. As the rescaled Cotton tensor Tabe (and hence 
also the spinor T'4 Bcc’) is made up of derivatives of the energy-momentum 
tensor, the matter evolution equations will need to include equations for the 
matter field derivatives appearing in the geometric evolution equations. 
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(ii) The choice of the gauge source functions is dictated by the particular analysis 
under consideration. 


With regards to the subsidiary system one has the following: 


Proposition 13.2 (properties of the subsidiary evolution system) 
Assume that the evolution equations implied by the conformal Einstein field 
equations are satisfied and that the energy-momentum tensor Tap is such that 
the quantities 


Mea = V?Teab; 
Noe = ecd l-r de V.= =V.T ghyan 
bf = Ef a7 teat bed + Vetledb — =Velcdb | — €ab fghs 


can be written as homogeneous expressions of the geometric and matter zero 
quantities. Then the zero quantities encoding the constraint equations implied by 
the conformal Einstein equations under the hyperbolic reduction procedure leading 
to Proposition 13.1 satisfy a symmetric hyperbolic system which is a homogeneous 
expression of zero quantities. 


13.4 Hyperbolic reductions using conformal Gaussian systems 


This section discusses a hyperbolic reduction procedure based on the properties 
of congruences of conformal geodesics. The approach discussed in this section 
makes use of the formulation of the conformal field equations in terms of Weyl 
connections — the so-called extended conformal field equations. As will be seen, 
this procedure leads to simpler evolution equations than the ones obtained by 
the reduction procedure discussed in Section 13.2. 


For conciseness of the presentation, the discussion in the rest of this section is 
restricted to the vacuum case. 


13.4.1 Basic set up 


In what follows, it is assumed one has a region U of a spacetime (M,g) which 
is covered by a congruence of conformal geodesics (#(r), B(T)). For convenience, 
the vector field tangent to the congruence will be denoted by 7. As discussed in 
Section 5.5, a canonical representative g of the conformal class [g] is singled out 
by the requirement 


g(7,7) =1, 


so that g = 07g where the conformal factor © satisfies a third-order ordinary 
differential equation along the congruence of conformal geodesics; see Equa- 
tion (5.53b). In the case of a vacuum spacetime this equation can be explicitly 
solved yielding a formula for O as a quadratic polynomial in the parameter T. 
The conformal factor is completely determined by the three coefficients O4, Ò, 
Ö, specified, say, on an initial hypersurface Sy. 
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In the following, {ea} will denote a g-orthonormal frame which is Weyl- 
propagated along the conformal geodesics and such that eo = T. As discussed 
in Section 5.5, to every congruence of conformal geodesics one can associate a 
Weyl connection V. This Weyl connection satisfies the relations 


Vrea=0, L(r,-)=0, 


where Ê denotes the Schouten tensor of Ñ; see Equation (5.41). In terms of 
frame components, the above conditions can be rewritten as 


To%) =0, Loa =0. (13.49) 


In particular, it follows that the covector f which defines the Weyl connection 
V satisfies 


fo = 0. 


The gauge choice can be refined further by choosing the parameter of the 
conformal geodesics 7 as the time coordinate. Thus, one has the additional gauge 
condition 


eo = ð+, so that eo” = ðo”. (13.50) 


In most applications, initial data for the congruence of conformal geodesics will 
be prescribed on the initial hypersurface S,. On S, choose some local coordinates 
(x“). Assuming that each curve of the congruence of conformal geodesics 
intersects S, only once, one can extend coordinates on S, off the hypersurface by 
requiring them to be constant along the conformal geodesic which intersects S, 
at the point with coordinates (7°); see Figure 13.1. The spacetime coordinates 
(7,2%) one obtains by this procedure are known as conformal Gaussian 
coordinates. More generally, the collection of the conformal factor ©, Weyl- 
propagated frame vectors {€a} and coordinates (T, £“) extended off some initial 
hypersurface S, using a congruence of conformal geodesics will be known as a 
conformal Gaussian gauge system. 


t (7.2%) 


4 conformal geodesic 


Ss, e (0.x ) 


Figure 13.1 Schematic depiction of the construction of conformal Gaussian 
coordinates. The coordinates (x™“) of a point p € S, are propagated off the 
hypersurface along the unique conformal geodesic passing through p; see the 
main text for further details. 
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Remarks 


(i) The specific choice of the data for the conformal Gaussian gauge system 
on an initial hypersurface S is dictated by the particular geometric setting 
under consideration. 

(ii) The discussion in this section can be adapted, with minor changes, to the 
case of a congruence of so-called conformal curves in non-vacuum spacetimes; 
see, for example, Liibbe and Valiente Kroon (2012) for further details. 


13.4.2 Hyperbolic reduction of a model equation 


The general ideas behind the procedure of hyperbolic reduction using conformal 
Gaussian systems are best illustrated with a model equation. All the extended 
conformal equations, except for the unphysical Bianchi identity, are of the 
form 


VaMox — VeMax = Navx; (13.51) 


where Max and Nabok = Navjx denote the components of some tensorial 
quantities with respect to the frame {ea} and x denotes an arbitrary set of 
tensor indices. To derive an evolution equation along the direction given by the 
congruence of curves, one sets a = 0 so that 


VoMox — Va Mox = Nook; 
or, more explicitly, 
eo(Mox) — e6(Mox) = Noox + ofo Mex +106 Moc —Vs°oMex — Ĉef Moc. 


If the gauge conditions (13.49) are taken into account and coordinates are chosen 
such that eo = ð+, then the above equation reduces to 


0, Mox = eb( Mox) = Nook — Tp o Mex E Ti e Mor (13.52) 


This last equation is not a completely satisfactory evolution equation for the 
components Max as it does not yield information about -Mox — notice that by 
setting a = b = 0 in (13.51) both sides of the equation vanish as a result of the 
skew symmetry of the equation. To read Equation (13.52) as a suitable evolution 
equation one needs to know the value of the time component Mox either as 
a result of symmetries of the tensor Max or through some gauge condition. 
In any of these cases, Equation (13.52) is just a transport equation along 
the congruence of conformal curves, and, accordingly, it trivially gives rise to a 
symmetric hyperbolic subsystem of equations. 
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Analysis in terms of spinors 


In view of subsequent applications, the properties of the spinorial counterpart of 
Equation (13.51) are now analysed. In this case one has 


Vax Meek — Vee Mae = Naa Bek, (13.53) 


where x denotes an arbitrary string of spinorial indices. In view of its anti- 
symmetry, Equation (13.53) is completely equivalent to the pair of contracted 


equations 
A 1 1 , 
Viaip Mp)” x = 5NalpB)” K, (13.54a) 
2 1 
Vea My? = NPA? BK (13.54b) 


Thus, not unsurprisingly, one has arrived at a situation similar to the one 
analysed in Section 13.2. Namely, one has equations containing a symmetrised 
spinorial curl. A symmetric hyperbolic system can then be obtained if suitable 
information about the divergence QPP M PP’«x is available. 

The next step in the procedure consists of introducing the space spinor version 
of Maa'x, namely, Mgpg'k = —TP Bp  Mepx so that 


tp” Tg? Vasa MBB = —TP* TQ? (t? BV aa MBRK + MprxV aa'T’B’) 
= VapMpak — V2Merk XaP“a, 
where it has been used that V2XaBcD = TR” TDO V AATCC! consistent with 


formula (4.17). From the above identity together with Equations (13.54a) and 
(13.54b) one obtains 


x 1 K 

Viajp MB)? K = 5 NalPiBy K = V2M ar icy ÑB)PR”, 

n 1 d 

VapM4a)x = 5 Nap“ ay + V2M4 rK Yap). 
Using the decomposition 


A 1 A A 

VAB = 76 ABP + Das, 
with Ê = 744'Vayq and Dag = TA“ YBa — compare Equation (4.16) — and 
writing Map as 


Mask = 9 fABMK + MABK 


where mc = Me®x and mask = M:aB)x, one obtains 


1. Ts 7 
3 ™MABK E 3 PABMK —Dprampy’ 
1 


= —5 Napisy K +V2M A"k BPR 
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la 1. r 
J MPK — >Deamk + Dapmayx 


2 
= a Nata + V2M4 px APOQ) 
Taking linear combinations of the latter equations one finally arrives at 
Pmasx — Dapmx = Eas, (13.55a) 
Dpram” pyc = CABK, (13.55b) 


where Egpe and Cape are some expressions not involving derivatives of 
Mapx whose precise form is not relevant for the subsequent discussion. 
Equation (13.55a) can be read as an evolution equation for the spatial components 
mask if the time component mx is known. Observe that the reduction procedure 
does not produce an equivalent equation for mx consistent with the discussion 
of Equation (13.51). 


13.4.8 The evolution equations in the frame formalism 


To obtain some intuition into the structural properties of the evolution equations, 
it is convenient to look first at the form of the equations in a tensor frame 
formalism. Accordingly, one considers the vacuum extended conformal field 
equations as given in Section 8.4.1; see Equations (8.46). 

The required evolution equations for the frame components, connection 
coefficients and components of the Schouten tensor are obtained from the 
conditions 


Šob = 0, 2c gob = 0, Âobe = 0. 


In particular, the evolution equation for the covector f defining the Weyl 
connection is given by 


c 


m 


c0b = 0. 


Using the definitions of the zero quantities given in Equations (8.44a)—(8.44c), 
recalling that in the vacuum case Tyg, = 0, and making use of the gauge 
conditions (13.49) and (13.50), one obtains the evolution equations 


den" = —I'pfoes", 
rfo a = -f abo o + 60° Lea + ôa Leo — noan Los + Od° aon, 
O, Line = Vf ofe + dpd op. 
These equations contain derivatives only in the 7 direction — that is, they are 
transport equations along the conformal geodesics. 
The evolution equations for the components of the rescaled Weyl tensor are 
obtained by resorting to an electric-magnetic decomposition; see Section 11.1.2. 


Using Equations (11.9) and (11.10) for the decomposition of a Weyl candidate 
in the equations 
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V° dabed —= 0, V° dž bca == 0, 
one obtains the expressions 
Niejoja) = €o (Eva) + DaBepeay”® + 2aa€“* (Baje — 3X (0° Eae 
— p egf EacXef + xEva = 0, 


A(ejoja) = €0( Boa) — Da Ee(béa 
— eaf BacXef + XBoa = 0, 


"2 — Qaae Eae — 3X" (Baja 


SS 


where 
= b pee) 
hab = Jab — TaTb, Xab = ha Veth x= he Xab; Qa =T VoTa- 


The above form of the equations is completely general. In the particular case 
of a conformal Gaussian gauge system one has eo = 0+. 


13.4.4 The evolution equations in the spinorial formalism 


To discuss the spinorial version of the evolution equations one makes use of the 
extended conformal field equations 


7 ig À ; 
XAA'BB' = 0, =” DAA’ BB’ = 0, Acc’ pp'BB' = 9, Appcp = 0, 


with the zero quantities as given in (8.53a)—(8.53e). These equations are regarded 
as differential conditions on the fields 


ena, TAA BC, LAA'BB', ỌABCD. 


AA 


. . 1 . 
Moreover, one considers the spinor 7T — the counterpart of the vector T, with 


normalisation 744/744 = 2. In terms of a spinor dyad {ea^} adapted to ri“ 


one has 


TAA = epf” + eale” 
In what follows, all spinorial objects will be expressed with respect to this basis. 
In particular, the components of 74^ with respect to {ea^} will be denoted 
by 744", 

The gauge conditions (13.49) and (13.50) in the spinorial formalism take the 
form 


TAA’ ega = /20,, rescch OF are = 0, TAA Teli = 0. (13.56) 


For future use, it is recalled that the reduced spin Weyl connection coefficients 
Toec'ap can be written in terms of the unphysical Levi-Civita connection 
coefficients [cc 4p and the covector fa,’ as 


Coc: aB =l CAB — €acfse'. 
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Combining the above with the gauge conditions one obtains 
To Too ap = -TaT feo (13.57) 
and, furthermore, that 
Coco as =Vco'aB — caot? Taq pat’ cr. 


In the gauge given by conditions (13.56) the connection coefficients Îcc'aB 
can be fully expressed in terms of the coefficients [oq ap, and vice versa. 
Comparing Equation (13.57) with the definition in Equation (4.17), one sees 
that the spinor faa, encodes the acceleration of the congruence of conformal 
geodesics. In particular, if faa = 0, then the congruence consists of standard 
geodesics and one obtains a Gaussian gauge system. 
The reduced symmetric hyperbolic system of evolution equations can be 
deduced from the following contractions of the conformal field equations 
rAa’s 


IA 
eC 


PP’ ar) = =0 
AA’ BB’'€PpP’ 5U, =ABCC’DD' — V, 


TAA’ Ay atppice’ = 0, ta“ A anBeD) = 0. 
Explicitly, for the first three equations one has 
Vð eaa” =- (Paa?ar?? +P aa BTP egg", 
V2- aa Po =- (aat Ql poc t Ñaw P' yor” o)? 
+ BasxogTt?? +OP cgaT@ a’, 
V20,Laa'BB' =— (aat Ql pa'BpB’ + Pyar olors iS 


— dP? (¢pagpep'B'T” a! +OP A'Q'B/EPBTA® ). 


Following the same procedure discussed in Section 13.2.4 one finds, for the 
Bianchi identity, that 


PoaBCD — 2D 4? dBcD)Q =0. (13.58) 


Observe that this last expression is, for convenience, expressed in terms of the 
Levi-Civita connection V. 


The space spinor split of the evolution equations 


A more detailed version of the evolution equations is obtained by resorting to 
the space spinor formalism, and, in particular, to the split of the connection 
coefficients as given in Section 4.3.1. 

Following the general strategy behind the space spinor formalism, it is 
convenient to define 


a Loen AIA ari A ee 
Taspop = TB“ l AACD, TaBcD = TB" l AACD, faBp=TB faa’, 


A’ gr A 
OABCD =TB’ TD“ Laa'cc' 
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In particular, one has 
Tapco =lascp —¢cafpe. 
As a consequence of the gauge conditions (13.56) it follows that 
fas = f(aB); TQ? ap =—faB, Le? ap = 0. 


Defining, as in Section 4.3.1, the spinors y~aBcp and £agBep via 


1 1 
XABCD = -zz l4soD +1 pen) EABCD = yg basen SP) Ben) 


one obtains from the metricity of the connection V that 
r Lle ) 
ABCD = —=(SABCD — XABCD 
v2 A 


1 1 
= y 64BcD — X(AB)CD) — 3“4B fOD. 
Exploiting the gauge conditions, the spinor O04Bcp can be decomposed into 


1 
OaBcD = OAB(CD) + 576CDOABQ®. 


In addition, it is convenient to introduce the electric and magnetic parts 
of the rescaled Weyl spinor dascp via 


1 i 
NABCD = 3 (¢aBCD + daBcp): HABCD = —5(?aBcD =p ipon): 


A calculation using the above definitions yields the detailed system: 


0,€aB° = -x(aB) Cepo’ — faB, (13.59a) 
d-eaB® = -X(4B) @epa®, (13.59b) 
1 
0,EaBCD = —X(aB) *Epacp + a ACXBD)PQ + €ppx(ac)pa)f?? 
= 1 
= V2xaByo" fp)E > 5 (cac Onna? + €Bp9acg”®) 
— iOH4ABCD, (13.59c) 
1 
0, faB = -X AB) C fea + 75 04Be™: (13.59d) 
0-X(AB)CD = —X(4B) C XPQCD — OAB(CD) + ONABCD, (13.59e) 
3-Ocp(aB) = —X(cp) Opos) — 3-ONABCD 
F iv2d? (AUB)CDP, (13.59f) 
3-O4BQ? = -x(aB) Oerol + V2d"enaBra: (13.59g) 


Remark. The term 0,0 in the second term of the left-hand side of Equa- 
tion (13.59f) arises from the fact that, in a conformal Gaussian system, the 


time component of the covector d is given by O; see Proposition 5.1. 
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Setting 


Po = ¢0000, $1=¢%0001; ¢2= 0011; $3 = 0111, $4 = $1111; 


the standard Bianchi system, Equation (13.58), explicitly reads 


(V2 + 2e01°)0,-¢0 — 2€11°0, 1 + 2€01°Oado — 2€11°0ad1 
= —60 11112 + (401110 + 810111) ¢1 + (2P'1100 — 810101) ¢0, 
(V2 + 2e01°)0,-1 — 2€11°0, 2 — 2e11° Dade + 2€01°Oad1 
= —41 111143 + (60 (01)11 — 3f11) G2 
+ (411100 — 41 (01)01 + 2fo1)¢1 — (20 (01)00 + foo) 40; 
V20,62 — €11°0,63 + €00°0;¢1 — €11° a3 + €00°Ia61 
= T1111 4 — 2(0 1101 + f11)¢3 + 3(To011 + P1100) 2 
— 2(To001 — foo)¢1 — To000¢0, 
(V2 — 2e01°)0, 3 + 2€00°d; 42 — 2€01° Oadbs + 2€00° abe 
= — (2T (01)11 + f11)¢4 + (2P 0011 — 40 (01)01 — 2 fo1) ¢3 
+ (61 (01)00 + 3foo)2 — 41 o000¢1, 
(V2 — 2e91°)0, 4 + 2€90°d, 43 — 2€01° abs + 2€00° Oab3 
= (210011 — 8101010) ¢4 + (410001 + 8F1000)¢3 — 6T 000092. 


For completeness, the constraints 
AaB = D??dpaqas = 0 
are also given in explicit form: 


€11°0,b4 — 2e91°0, 63 + €00°0,b2 + €11° Dabs — 2€01°Iab3 + C00" a2 
= — (2T (01)11 — 401110) 4 + (200011 — 4T (01)01 — 401100) ¢3 
+ 6.(01)00%2 — 2000001; 
€11°0,$3 — 2e01°0r Q2 + €00°0,b1 + €11°Oab3 — 2€01°Oab2 + C00°Oab1 
= T1111 64 — (41 (01)11 — 201101) ¢3 + 3(Poo11 — T1100) 42 
— (219001 — 41 (01)00)¢1 — Fo00040, 
€11°0,2 — 2e01°0r Q1 + €00°0,b0 + €11°Oab2 — 2€01°Oab1 + €00° abo 
= 2041113 — 61'(01)1162 + (410011 + 40 (01)01 — 201100) ¢1 
— (4T'0001 — 2F'(01)00) ¢0- 


These constraint equations contain time derivatives of the components of the 
Weyl spinor. Furthermore, as the congruence of conformal curves is, in general, 
not hypersurface orthogonal, the constraint equations are not intrinsic to the 
leaves of a foliation. 
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The boundary adapted system 


The standard system (13.36) is not the only symmetric hyperbolic evolution 
system that can be extracted from the Bianchi equation. In certain applications, 
such as the ones involving evolution domains with a timelike boundary, another 
form of the evolution equations is more convenient. In what follows, the system 
extracted from 


1 
—2A(o000) = 0, —2A (e001) — 3 C00 =0, —2A(oo11) = 9, (13.60a) 


1 
—2A (0111) + 5 C11 =0, —2^111 =0, (13.60b) 


will be known as the boundary adapted system. In the following, it will 
be shown that it is, indeed, symmetric hyperbolic. The principal part of the 
boundary adapted system can be written as 


TH + 2€94" —22Eego" 0 0 0 oo 
2e11” 27” —2€o90" 0 0 On 
Að, = 0 2e41" 27} —?2epo” 0 On | 2 |, 
0 0 2e11” 2T. —2e€99" 3 
0 0 0 Jeera T“ — 2eo1” ba 
(13.61) 


so that the matrices A” are Hermitian, and, in particular, A”7, is positive 
definite. The characteristic polynomial is given by 


det(A” E) = 4(7 Eu) (9 EE) (UP Epo): 


where |? TPTI + eooe117). In Chapter 14, it will be seen that when 
T” is tangent to a timelike hypersurface, then the pull-back of lav gives the 
components of the intrinsic three-dimensional Lorentzian metric implied by g on 


the hypersurface. 
Explicitly, the boundary adapted system takes the form 


(v2 + 2¢91°)0,¢0 — 2€11°0, 61 + 2201% ĝa po — 2e11% 9a Q1 


—60 41112 + (401110 + 810111) ¢1 + 


V20,¢1 = e1100, 2 Al 
= —2I 111103 — 
V20, 62 = €11°0,63 a 


(0) 
r €00 -po = €11° Oab2 1 


3f11¢2 + (21100 + 4T 0 


211100 — 810101) 40, 
i €00° Oa 


011 + 2fo1)¢1 — (400001 — foo)?o, 


g €00°0,61 g e11% 0aQ3 q 


M €00° On ¢1 


= —V1111¢4 — 2(0 1101 + fi1)$3 + 3(P0011 + P1100) ¢2 
— 2(T0001 — foo)¢1 — Tooo0¢o, 
V20,3 — €11°O-b4 + €00°07 62 — €11% 3a b4 + €00° aH 
= —(40 1110 + f1)2 + (2Po011 + 401100 — 2fo1)¢3 + 3foo%2 — 2To000¢1, 
(V2 — 2e91°)0,4 + 2€90°0,b3 — 2e01°Oabs + 2€00°Oab3 
= (2P'0011 — 810'1010)¢4 + (410001 + 8P'1000)¢3 — 6Po000¢2- 
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13.4.5 The construction of a subsidiary system 


This section addresses the construction of a system of subsidiary equations for 
the evolution equations discussed in the previous section. The particular problem 
at hand consists of constructing evolution equations for the zero quantities 


Ani A xX 
Da tba Z dab, Aabe, Nabe, 


encoding the extended conformal field equations. In addition, in the present 
hyperbolic reduction procedure, one also needs to construct evolution equations 
for the additional zero quantities 


ĝa, Yab, Sab; 


which play the role of constraints of the conformal equations; see Equations 
(8.47a)—(8.47c) for their definitions. The necessity of these extra zero quantities 
can be traced back to Proposition 8.3. 

As in the case of the analysis of the subsidiary equations for the hyperbolic 
reduction procedure using gauge source functions, the subsidiary equations need 
to be homogeneous in zero quantities so that the vanishing of the latter on 
an initial hypersurface readily implies a unique vanishing solution. The basic 
assumption in the construction of the subsidiary system is that the evolution 
equations associated to the extended conformal field equations are satisfied. That 
is, one assumes that 


Xo%o = 0, =~ aon = 0, Aobe = 0, 


hold, together with either the standard or the boundary adapted system for the 
components of the Weyl spinor. The aforementioned evolution equations have 
been constructed using the gauge conditions 


fo = 9, Îo?te = 0, Lop = 0, 


which, therefore, can also be used in the construction of the subsidiary system. 
Note also, that in the present gauge do = O89 = VoO so that one has 


do = 0. 
Similarly, 
Yoo = Los — Vobbo — 5 S00"! Beby + 197? no» = 0 
by virtue of the gauge conditions and the evolution equation 
Toba + Boba — 5"oa(BeS° — 2X07?) = 0, (13.62) 
for the covector Gq. Finally, one has 
sob = — Leo — Vo fo +l o°ofe = 0, 


as a result of the evolution equation for the covector f. 
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The construction of subsidiary equations is similar in spirit to the one discussed 
in Section 13.3. There are, however, certain differences. The most conspicuous 
one is the fact that one is now working with a connection which is non-metric. 


The subsidiary equation for the no-torsion condition 
To construct the subsidiary equation for the no-torsion condition one considers 
the totally antisymmetric covariant derivative Vja tte] and observes that 
BV oberg = Vote + Vedicto + Vedo%s 
= Vofo te —Te®obete — fe oein. (13.63) 
On the other hand, from the first Bianchi identity, Equation (2.10), and the 
definition of E%.4p one obtains 


Views a SHS hai ja bh es (13.64) 


where it has been used that P? icab] = 0 by construction. The desired evolution 
equation is obtained from combining Equations (13.63) and (13.64). More 
precisely, one has 


haw gA ila A 1. a a 
Vote = -gfe ote i= gle oteto a dobe- 


This evolution equation has the required homogeneous form. 


The subsidiary equation for the Ricci identity 


In this case, one considers the totally symmetrised covariant derivative 


V aH elbe]: A direct computation shows that 
3V 0H“ elbe] = Won ebe Ri Ver en ST Vert eon 
a Voz ebe z Iaf ont cet nae Def oz topo. 


Using the second Bianchi identity, Equation (2.11), and the definition of 2% eb. 
one arrives at the expression 


Via=elbe] = —Lfa7 bR eje]f — Viah|elbe)- 


The first term on the right-hand side is already of the required form. The second 
one needs to be analysed in more detail. It is recalled that 


ae = Of bé a Sep Lez. 
Thus, 


ad = d df f 
ViaP je|be] = Via’ je|bc] + 2Sejb f aleoj- 


378 Hyperbolic reductions 


In order to further expand this expression one considers € Va tebe- A direct 
calculation shows that 


V jaC* elbe] = Vial elbe] ag fja? fi gC? elbe] + Neja fT CH floc ; (13.65) 
Moreover, one has 


ep o Va O ad = —ép Va" Ean 
z OV a OTe? = Phi Cla a 


es AC fgh- 


Thus, using that C dab = Od° aap and the definition of the zero quantity Aabe 
one concludes that 


€5 V aC ebe = Cee" A fgn + 2VIOd* efg + 2Of% dre e? + 2Of8d" gfe. 
A similar computation using the definition of Riches yields 
De f Se Ageg = 208 gd ep? — 2OBgd*94 fe. 
Thus, using the symmetries of d*°ggp and the definition of dg one concludes that 
ef? V afp ebe = Bee" A pgn — 2059d* to 5g + Ef Sep Âacg. 


Alternatively, using the properties of the generalised Hodge duals t and + defined 
in Equation (2.24), one can write 


a 1 1 : 
V ah“ elbe] = GOO avete" Agn = 307 abed d 474 a Sep Nada: 


Combining the expressions, one obtains the required evolution equation. 
Namely, one has 


A a 2 as 2 a A 1 
Voz “ebe = Dof = ccf a Def oet ero E Meek cog =: 50 once" Aggh 
+ ef obed epg F 3Se0 Å cbg, 


which is homogeneous in the zero quantities. 


The subsidiary equation for the Cotton equation 


In this case one considers the skew derivative Vla Âbcja: A direct computation 
yields 


3V oAscja = VoAbea + VoÂcoa + VeAova 
= VoÂvca — ÎofoÂcea — Îef0Âeba. 
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On the other hand, using the definition of FG aes and the symmetries of 6° cab 
one obtains 


V a Abela = WV aVoLlela = Viad}ed® abe] = deV ad aloe 


= TS [cab] Led TE djabLicje a PE dablicle a3 Siete Viewed 
gi Viadjed?ajbc] = deV jad° |d]bc]: 


Using the definition of ôa and Yap one finds that 


Vjadjed ajoe] = -Obja bled aibe] — OVajed ajoe) — O fja bled ajoe] + OÊjajed® abe): 


Finally, a calculation similar to the one carried out in the previous subsection 
shows that 


ep PON gil” dbe = Ea” V ad? fgh, 


so that using Equation (13.65) and the properties of the generalised duals * and 
t — see Equation (2.24) — one finds that 


= e 1 e e e 
V iadf |djbe] = geode a IRA fgh + Oa° fifdh ajoe) + Naja F? dF floc): 


Combining the above expressions and using the properties of the decomposi- 
tion of pl ae one obtains the expression 


ViaAbcla = Ê" icab] Led _ ĉe sablcle T Dja bV]jejÊca 
1 
+ Obja bjed ale] + OVajed ajoe] — g Cabe? €a°9"M fgh be, 


and, finally, the evolution equation 
VoAbed = ÎbfoÂcea + Îef0Âeba — E obcLea + Sbded aco + feded? aon 
1 
ka Owed aco F OYced dob = 3 Cove! ea?" A gon Be, 


which is homogeneous in zero quantities as required. 


The subsidiary equations for the physical Bianchi identity 


The argument to show the propagation of the Bianchi identity in the present 
context is similar to the one discussed in Section 13.3.6. In particular, the zero 
quantity Aapop satisfies Equation (13.47). It remains to compute V?Ageq and 
express it in terms of zero quantities associated with the extended conformal 
field equations. A calculation using the commutator of the covariant derivative 
V yields 


2V” Ape = 2V°V"dabed = 2V PV" dated 
= DR je” dajeab 7 2R€a”"debca ag Eb aV ed” ca. 
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Now, it is recalled that if V— V = S(f), then Sacs = Eaĉb. Moreover, 
using the formula relating the curvature tensors of the connections V and V, 
Equation (5.25b), the definitions of the zero quantities =e yap and Sap and the 
symmetries of dabca, one concludes that 


ea z lo 
V’ Ane =E je”"dajeab m Zea’ debea + zo aVed ca + s®dabca. 


This expression is homogeneous in zero quantities and, thus, also its spinorial 
counterpart VAA A a ACD. Consequently, if the standard evolution equations 
hold, it follows from Equation (13.47) and the calculations in the previous 
paragraph that 


3 , 
PAaB— Dia’ Apyp q yar a esaABp) = 2Vee A@@’ AB 
is homogeneous in zero quantities. 
Finally, in the case of the boundary adapted system, one obtains a symmetric 
hyperbolic system of evolution equations of the form 


P Aoo + PooAoi = Uoo, (13.66a) 
Phi — D11401 = U11, (13.66c) 


where Uoo, Uo1 and U11 are expressions homogeneous in zero quantities. 


The subsidiary equations for the auxiliary zero quantities 
Direct computations show that 
2V lob] = Vode + Ty°ode, 
2V objec = Vobec + Pb oYec, 
3V [0Sbc] = Vo0Sbe E Dee pees B Pe ose: 
For dq one finds, using the definitions of the various zero quantities, that 
Vlado] = Vabo — Vafo — O7!VjaVej9 
1 X 
= — [lab] + Sab — 3O Ya oVe9. 
A lengthier computation yields 
2V ia Yo]e T WV a [tje = 2V a Vo] Be T Seat Bie| V obf 
z 210-3 Ý a Onbjc g 2O07? flahje 


= Ape F BoE cab = Sa bV ebe ay 2B ead] = 2bla Voje ka Neja b Toje 
+ 240 diane + Blatb}cBeB = 2X0? neja bb]: 
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Similarly, using d°[{cab] = 0, one obtains 


ViaSbe] = Vja Loje] — Vita Vo] fe] 
1a 1 1. le ex 
= Alabe — zed [cab] + 5h [eabj fe — 5% a" bV el fe] 
1. la. lu 
= zÂlabe] + a icapte — Ela" bV jeļ fc): 


Hence, one obtains the evolution equations 
Voði = Yio — fi oðe, 
Vovie = ae Yel i Jo — boic a BeVio =P Noell Yie = 2\0~76;), 


dee E 
50 Ojk fe + z% klefoff, 


where, in the last equation relation, (13.62) has been used to get further 
cancellation of terms. 


7 - A i 
Vosjk = Tj O0Ske + Pe ose3 + 3 Aiko + 


13.4.6 Summary of the analysis 


It is convenient to group the independent components of the spinorial fields in 
the extended conformal field equations as: 


© independent components ofe,4 4", Daa Bo, Laa' BB’; 


@ independent components ofp ABCD. 


Also, let e and Î denote, respectively, the independent components of the frame 
and connection coefficients. In terms of the above definitions one has: 


Proposition 13.3 (properties of the conformal evolution equations) The 
extended conformal vacuum Einstein field equations 


ato = 0, Eo dab = 0, Âabe a 0, Nabe = 0, 
expressed in terms of a conformal Gaussian gauge imply a symmetric hyperbolic 
system for the components of (Ò, p) of the form 


0,6 = Kô + Q(L)é + L(x)¢, 
(I+ A°(e))d,@ + A°(e)dab = B(L)¢, 


where I is the 5x5 unit matriz, K is a constant matrix, qr) is a smooth matrix- 
valued function, L(x) is a smooth matria-valued function of the coordinates, 
A¥(e) are Hermitian matrices depending smoothly on the frame coefficients e 
and B(Î) is a smooth matrix-valued function of the connection coefficients. In 
the case of the standard Bianchi system, the characteristic polynomial consists 
of the factors 


2 
{E Eoo 
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while for the boundary-adapted Bianchi system one has the factors 
THE, g” EnEv, (TET + eooHer1”)) Eyer. 


Remark. It is important to emphasise the relative simplicity of the evolution 
system provided by Proposition 13.3 compared with the one given in Proposition 
13.1. This structure reinforces the intuition that the Weyl tensor encodes the 
degrees of freedom of the gravitational field. 

With regards to the subsidiary system one obtains a result analogous to 
Proposition 13.2: 


Proposition 13.4 (properties of the subsidiary evolution) Assume that 
the conditions 


faob = 0, Aobe = 0, 


Roi 


Sob = 0, 


hold and that the associated evolution equations are expressed in terms of a 
conformal Gaussian gauge system. Moreover, let the independent components 
of the rescaled Weyl spinor satisfy either the standard or the boundary-adapted 
evolution system. Then, the independent components of the zero quantities 


ae ae x 
Da b, Z dab, Aabe, Nabe; da; Yab, Sab, 


which are not determined by either the evolution equations or gauge conditions 
satisfy a symmetric hyperbolic system which is homogeneous in zero quantities. 


Controlling the conformal Gaussian gauge 


The conformal Gaussian hyperbolic reduction procedure is based on the 
assumption of the existence of a non-singular (i.e. non-intersecting) congruence 
of conformal geodesics. While this assumption may be valid close to an initial 
hypersurface, it may fail at later times. To analyse the potential breakdown of 
the gauge, one appends to the evolution system given in Proposition 13.4 an 
evolution equation for the components of the deviation vector of the congruence; 
see Section 5.5.7. 

In what follows, let z denote a separation vector for the congruence of 
conformal geodesics. Accordingly, one has 


|z, z] = 0. 


Thus, writing z = z%eg where {ea} is a Weyl propagated frame such that 
eo = @, it follows that 


€0(27)ea = 27 |ea, €o]. 


Using the conformal field equation Sach = 0 and using that, in the present 
gauge, eo = ô- and I'9% = 0, the above expression can be rewritten as 


02% =Tp%2?. 
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Now, let zaa’ denote the spinorial counterpart of z%. Defining the space spinor 
counterpart ZAB = TB” zaa’ and using the split 


1 
ZAB = 57€AB + 2(AB): 


a computation similar to the one used to derive the evolution equations yields 
the following evolution equations for the irreducible components of zB: 


-z = faBz ^P, (13.67a) 
ð-z(aB) = Xop(aB) OP. (13.67b) 


The congruence of conformal geodesics will be non-intersecting as long as 
2(AB) # 0. 


13.5 Other hyperbolic reduction strategies 


The hyperbolic reduction procedures discussed in Sections 13.2 and 13.4 do not 
exhaust the possible strategies to extract evolution equations from the conformal 
Einstein field equations. Indeed, other approaches have been put forward in the 
literature. 


13.5.1 Hyperbolic reductions for the metric conformal field equations 


Numerical evaluations of solutions to the vacuum conformal Einstein field 
equations have been carried out in Hübner (1999a,b, 2001a) using the metric 
formulation of the equations; see Equations (8.28a)—(8.28e). As the metric 
conformal field equations contain no equation which can be read as a differential 
equation for the components of the unphysical metric g, one needs to supplement 
the equations in some manner. Assuming that suitable evolution equations can be 
found for the components of the conformal fields =, Xa, s, Lab and d%peq in some 
local coordinates x = (x), the conformal metric g can be computed from the 
components of the Schouten tensor, L,,,, using generalised wave coordinates; 
see the Appendix to this chapter for the vacuum Einstein field equations and the 
remark at the end of Section 8.2.5. More precisely, the components g,,, of g are 
given as the solutions to the equations 


Juv — 2V u Fo) = PA al Wenge rh ae J APAT p9 Joul o)’ 


1 
= —4Dyy — 3 PR@)Iuv, 


z“ = —F" (x), that is, I’ = F(z); 


where F(x) are some suitable coordinate gauge source functions and it 
has been used that Rab = 2L ay + 4 R(x) Gab- Observe that in the right-hand side 
of the first of the above equations one has the Ricci scalar R, which, following 
the discussion from previous sections, is to be treated as a further gauge source 
function. 
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From an analytic point of view, the approach described in the previous 
paragraphs leads to an evolution system with equations of mixed order. This 
type of system requires a more general notion of hyperbolicity than the one 
discussed in Chapter 12: the so-called Leray hyperbolicity; see, for example, 
Choquet-Bruhat (2008) and Rendall (2008). 


13.5.2 Wave equations for the conformal fields 


One way of avoiding mixed-order evolution systems is to construct wave 
equations for the components of the conformal fields ©, Ug, s, Lab and d'pca. This 
strategy has been pursued in Paetz (2015) for the metric (vacuum) conformal 
Einstein field equations. More precisely, it has been shown that by introducing 
suitable gauge source functions, the conformal field equations can be rewritten 
as a system of quasilinear wave equations for the conformal fields. An alternative 
reformulation can be obtained using spinors; see Gasperin and Valiente Kroon 
(2015). This approach is briefly discussed in the remainder of this section. 


Wave equations for the concomitants of the conformal factor 


Wave equations for the fields =, U4,’ and s can be obtained from the following 
derivatives of the relevant zero quantities: 


VA Qaa 0, VAP Zane =0, VA" Zaw =0. 


A direct computation renders the equations 


+ 
a VAA yaa =0, 


+ + 
Sapp +5^^ Daa pe +EV^^ Laage — VBp's = 0, 


$4 5°09 VAA La woo + VINDO L ayca =O. 


The wave equation satisfied by the rescaled Weyl spinor 


Recalling the definition of the zero quantity Ag’ pcp, one has 


Va” Appcp = Va" VÊ BR oBcDQ 


F 1 £ 
= -V (4” VoB'$BcD? + zag V”? Vppr'ýBcD? 


1 
=Ohgedscn®? — 3 PABCD; 


where Oag denotes the box operator discussed in Section 3.2.5. A further 
calculation shows that 


oy 1 
AQeBcD”® = 6E? aBdcp)Pa — qh(@)eascn. 
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Thus, the condition —2V Af A BQ'cD = 0 implies the wave equation 


daBcn — 1286"? (4pécp)Pa + T Ra)óasco =0 
for the components of the rescaled Weyl spinor as long as the conformal gauge 
source function R(x) is explicitly provided. 

The wave equation satisfied by the components of the Schouten spinor 
To construct an equation for the Schouten spinor, one considers the expression 
-2V œ Acpsp = 0, 


as given by Equation (13.30) together with the decomposition (13.31) for 
the Schouten tensor in terms of the spinor ®4,4’p_R’ and the Ricci scalar. 
Accordingly, one has 


2V co: AcpBB' = VoVo? Spq'BB' + leos o Vor Ra) 
+ VOE? Bongo +X? BVOC ¢cDBa: 
where 
VeVe? ®paq'BB = -Vl Vcg) ËD? BB: 
= leog VIe Vc” Op? pe 


a , 1 
= —Ooc'g'®p® gp - gU®pe'sB’ 


1 
VooVocs R(x) = z CB’ R(x). 


Thus, using that 


cg’ ID? Bp = 0? BB Ppc' pq +D?” B PBC PQ! 


1 


+ Eécq'n's' ÖD? B 
1 1 

EA i) n ja p j 1 
z£) DC'BB zE) DB'BC', 


one obtains the desired wave equation for the components of ® 4 a’ gp’. Finally, a 
suitable subsidiary equation to ensure that the conformal gauge source function 
R(x) is, indeed, the Ricci scalar of the connection V can be obtained from the 
contracted Bianchi identity (13.29). 


13.6 Further reading 


The original references for the hyperbolic reduction procedure based on the use of 
spinors and gauge source functions are Friedrich (1983, 1991) — in particular, the 
latter reference contains a discussion of the hyperbolic reduction of the Einstein- 
Yang-Mills equations. The hyperbolic reduction procedure using a conformal 
Gaussian system was first discussed in Friedrich (1995, 1998c); extensions of 
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these ideas to the non-vacuum case using conformal curves have been given 
in Lübbe and Valiente Kroon (2012). An alternative discussion of hyperbolic 
reductions of the conformal field equations using space spinors can be found in 
Frauendiener (1998a,b). A gauge source function-based hyperbolic reduction of 
the conformal Einstein-Euler system for a perfect fluid with a radiation equation 
of state has been described in Lübbe and Valiente Kroon (2013b). A discussion 
of the hyperbolic reduction of the conformal Einstein-scalar field system using 
gauge source functions is given in Htibner (1995). 

A general discussion of the procedure of hyperbolic reduction of the standard 
Einstein field equations in the vacuum and matter case can be found in 
Friedrich and Rendall (2000), where, for example, the case of the Einstein- 
Dirac system is discussed. A related reference is Reula (1998). More specific 
discussions of hyperbolic reductions for the vacuum Einstein field equations and 
their associated subsidiary evolution systems can be found in Friedrich (1996, 
2005). A Lagrangian hyperbolic reduction for the Einstein-Euler system has been 
discussed in Friedrich (1998b). Extensions of this Lagrangian approach have 
been obtained for the equations of relativistic magnetohydrodynamics coupled to 
gravity — the so-called Einstein-Euler-Maxwell system — in Pugliese and Valiente 
Kroon (2012) and for the Einstein-charged scalar field system in Pugliese and 
Valiente Kroon (2013). 

Readers interested in the hyperbolic reductions of the Einstein field equations 
used in numerical relativity are referred to the monographs by Alcubierre (2008) 
and Baumgarte and Shapiro (2010) as an entry point to the extensive literature. 


Appendix A.1: the reduced Einstein field equations 


This chapter has been primarily focused on hyperbolic reductions for the 
conformal Einstein field equations in their spinorial formulation. In order to 
put the discussion into a more general context, it is useful to briefly consider 
the hyperbolic reduction procedure of the (standard) Einstein field equations 
using generalised wave coordinates. This procedure is essentially the one 
used in the seminal work by Fourés-Bruhat (1952) where the well-posedness of 
the Cauchy problem in general relativity was first established. 

For simplicity, in the following, the discussion is restricted to the vacuum case 
so that the Einstein field equations are equivalent to 


Rap =0. (13.68) 


Given general coordinates x = (a), the Ricci tensor can be explicitly written in 
terms of the components of the metric tensor g and its first and second partial 
derivatives as 


5 1. 7 — 
Rw = -30 33u + Vly) 


+ E lS NEAT + OP se Joul’, (13.69) 
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where it is recalled that the Christoffel symbols Tu” » can be written in terms of 
partial derivatives of the metric tensor as 


Pua z 5a" Odo T OGup = Op Gur)» 
and one has defined 
TY = jA, 
the so-called contracted Christoffel symbols. The principal part of the 
vacuum Einstein field equation (13.68) is given by the terms 
-10 r9pdun + Ff. 


The first term in the above expression is hyperbolic as it coincides with 
the principal part of the D’Alambertian operator = V#V,, acting on the 
components Juv. If the second term in the principal part can be removed one 


would obtain a system of non-linear wave equations for uv- 


Generalised wave coordinates 


A systematic approach to the construction of coordinates x = (a) is to require 
the coordinates to satisfy the equation 


ct = —F" (x), (13.70) 


where the coordinate gauge source functions F(x) are arbitrary smooth 
functions of the coordinates zx. In the particular case where F” (x) = 0 one talks of 
wave coordinates, called harmonic coordinates in older accounts. In order 
to unravel the consequences of Equation (13.70), one treats the coordinates x” 
as scalar fields over M. Accordingly, a direct computation gives 


Va" SO" = ô”, 
VVpakt = aô,” => Tx?" = Si Éy 


so that 


wt = AP, = T. (13.71) 


A natural way of prescribing initial conditions for Equation (13.70) on a 
hypersurface S, with normal v® is to set ° = 0 with v“d,2° = 1 while setting 
the spatial coordinates (x“) to be equal to some given coordinates on S, and 
requiring that v“0,7° = 0. Given this data, the general theory of hyperbolic 
differential equations ensures the existence of a solution to Equation (13.70), 
and as a result of Equation (13.71), one concludes that 


TY = F(a). (13.72) 


Moreover, if the coordinate differentials dz” are chosen initially to be pointwise 
independent on the initial hypersurface S,, then they will also remain pointwise 
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independent close to S,. Thus, by a suitable choice of coordinates, the contracted 
Christoffel symbols can be made to agree, locally, with any prescribed set of 
functions F(a). These coordinate gauge source functions and the data for 
Equation (13.71) uniquely determine the coordinates. Conversely, given any 
metric g, any coordinate system is characterised by some suitable gauge source 
function and initial data. The domain on which the coordinates x = (a) form a 
good coordinate system depends on the initial data, the coordinate gauge source 
functions and the metric g itself. Consequently, there is little that can be said, 
a priori, about the domain of existence of the coordinates. 


The reduced Einstein equation and the subsidiary evolution equation 


Substituting Equation (13.72) into the Einstein field equations in the form given 
by (13.69) one finds that 


1. © 7 ~ OTT r 
— 59” apur + VF le) + Jap A A 
+ AEP A ner mm 0, (13.73) 


where F (£) = guv F” (x). This equation is a system of quasilinear wave equations 
for the components of the metric tensor g. For this system, the local Cauchy 
problem with data on a spacelike hypersurface Š, is well posed — one can show 
the existence and uniqueness of solutions and their continuous dependence on 
the data; see, for example, Friedrich and Rendall (2000). Equation (13.73) is 
known as the reduced Einstein field equation. 

The introduction of a specific system of coordinates via the gauge source 
functions F(a) breaks the tensoriality of the Einstein field equation (13.68). 
Given a solution to the reduced Einstein field equation (13.73) the latter will 
imply a solution to the actual Einstein field equations as long as the coordinates 
x = (a) satisfy Equation (13.71) for the chosen coordinate source function 
F(a) appearing in the reduced equation. To prove that this is the case one 
needs to construct a suitable subsidiary evolution equation. 

A suitable subsidiary equation for the hyperbolic reduction procedure under 
consideration can be obtained by observing that the reduced Einstein field 
equation, Equation (13.73), can be written as 


Ru =VuQ), Quai, = Fil), (13.74) 
where Ei = Õu”. Now, from the contracted Bianchi identity in the form 
E Tat 
ve Gz = 5 Fan) = 0, 


it follows, by substituting Equation (13.74), that 


1Q. + R” Qu = 0. 


13.6 Further reading 389 


From the homogeneity on Q, of this wave equation, it follows that if Qy = 0 and 
VQ = 0 on some initial hypersurface and if 9,,, satisfies the reduced Einstein 
field equations, then I” = F(a) at later times. 


Appendix A.2: differential forms 


Let M be a four-dimensional manifold. A p-form a on M is a totally 
antisymmetric covariant tensor of rank p. Thus, if a;,...;, is the abstract index 
version of a, one has that 


Given q E€ M, the space of p-forms at q is denoted by A?|,(M), while the bundle 
of p-forms over M is denoted by AP (M). In particular, 0-forms are scalar fields so 
that A°(M) = ¥ (M) and 1-forms are covectors — accordingly, A1(M) = T*(M). 
A counting argument readily shows that dim A?|,(M) = 4!/p!(4 — p)! — thus, in 
four dimensions any 4-form is proportional to the volume form. Given a p-form 
a and a q-form , their wedge product a ^ B is defined, using abstract index 
notation, as 


(p+4q)! 
plq! 
Given local coordinates x = (x) in M, a 1-form æ can be written as œ = adz”. 

More generally, for a p-form one has the expansion 


(a A B)ar--apbi -ba = Üa nas Pors ba] 


Q = Quy pp dT A--» A da”. 
It can be verified that 
dr” ^A dz” = dx" ® dz” — dz” @ dz”. 


Given a p-form a and a vector v = v“O,,, one defines the contraction iya 
as the (p — 1)-form 
iv = OOD pi, SAE A e A dgr”. 
The exterior derivative da is the (p + 1)-form defined via the relation 
da = ô; 


Hı Jia 5 Hp+1 
pOu uppi] AT A A dart, 


It follows from the commutativity of partial derivatives that d?a = 0. 
Finally, it observed that the Lie derivative of a p-form can be computed using 
Cartan’s formula: 


Ly = isda + diya. 


Further details on the above expressions can be found in, for example, Frankel 
(2003). 
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Causality and the Cauchy problem 
in general relativity 


The study of the Cauchy problem in general relativity was initiated by the 
seminal work by Fourés-Bruhat (1952). The extensions and refinements of 
this work and, in particular, the analysis of the existence of maximal Cauchy 
developments by Choquet-Bruhat and Geroch (1969) bring to the forefront 
the delicate interplay between geometry and the theory of partial differential 
equations arising in Einstein’s theory of general relativity. 

This chapter provides a discussion of two aspects of the Cauchy problem in 
general relativity: (i) the connection between the notions of causality originating 
from the theory of symmetric hyperbolic equations and those derived from the 
existence of a Lorentzian metric on the underlying spacetime manifold — the 
so-called Lorentzian causality, and (ii) the existence and uniqueness of a so- 
called maximal Cauchy development of an initial value problem for the Einstein 
field equations. This chapter sets the context for the discussion in Part IV of 
this book where asymptotically simple spacetimes are constructed by means of 
suitably posed initial value problems. 


14.1 Basic elements of Lorentzian causality 


In Section 2.5 some basic notions of Lorentzian geometry have already been 
introduced. These ideas are now further elaborated to present the notions of 
Lorentzian causal theory. The summary presented here is adapted from the 
discussion in Ringström (2009). 

In what follows, the discussion is restricted to four-dimensional Lorentzian 
manifolds (M,g) which are orientable and time orientable. In particular, time 
orientability is equivalent to the existence of a smooth timelike vector t; see 
Section 2.1. The Lorentzian manifold (M,g) is not assumed to satisfy the 
Einstein field equations. 
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Chronological future, causal future, and so on 


A vector v € T(M) is said to be causal if v 4 0 and v is either timelike or null. 
Consistent with the discussion of Section 2.5, v is said to be future pointing if 
g(v,t) > 0 and past pointing if g(v,t) < 0. A future-pointing causal curve 
on (M, g) is one for which its tangent vector is everywhere future pointing causal. 
The notion of past-pointing causal curve is defined in an analogous manner. 
Causal curves can be used to define order relations between points of the 
manifold M. Given Rade M, one writes p << q if there is a future-pointing 
timelike curve in M from p to q; p < q if there is a future causal curve from 
p to q; and p < q if either p = q or p < q. Given a subset U C M one defines the 
chronological future and chronological past of U, respectively, as 


I+ (U) = {p€ M|q <x p for some q EU}, 
ru)= {pe M|p << q for some q E U}. 


Moreover, the causal future and causal past of U are defined, respectively, as 


J+ (U) = {p € M |q < p for some q € U}, 
J- (U) = {pe M |p < q for some q € U}. 


A schematic depiction of the sets J= (U) and J*(U) is given in Figure 14.1. The 
sets I*(U) and I~ (U) can be shown to be open. No general statements of this 
type can be made about J*(U) and J~ (U). However, one has that I+ (U) C 
J+ (U) and I~(U) C J- (U). 


Global hyperbolicity 


The natural class of spacetimes for which an initial value problem can be 
formulated is that of globally hyperbolic ones. 

A spacetime (M, g) without closed timelike curves is called causal. A causal 
spacetime (M, g) is said to be globally hyperbolic if for any pair of points p, q € 
M with p < q the causal diamond J+ (p) N J (q) is compact; see Figure 14.2. 
The classical definition of global hyperbolicity as given, for example, in Wald 


J+(U) U) 
u u 
TU) I (u) 


Figure 14.1 Schematic representation of the sets I= (U) and J= (U) for a subset 
UcM. 
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J*(p) NJ (4) 


Figure 14.2 The causal diamond J* (p) N JT (q): the points p, q € M satisfy 
p< q. In a globally hyperbolic spacetime any such diamond is compact. 


q4 O 


A q 


Figure 14.3 The edge of a closed achronal set A: for the point p € A there 
exists an open neighbourhood © containing p and q+ € I*(p), q- € I~ (p) 
such that q- and q+ can be joined by a timelike curve y not intersecting A. 


(1984), makes use of the stronger notion of strongly causal spacetimes, that 
is, the non-existence of “almost closed” causal curves. The classical definition 
and the one given here have been shown to be equivalent in Bernal and Sanchez 
(2007). 

In physical terms, global hyperbolicity is closely connected to the idea of 
classical determinism, that is, the prediction or retrodiction of future or past 
states, respectively, from a set of initial conditions. Pathologies like the existence 
of closed timelike curves are not present in globally hyperbolic spacetimes. 


Cauchy surfaces 


A subset A of a Lorentzian manifold (M, ĝ) is said to be achronal if there is 
no pair of points p, g € A that can be connected by a timelike curve. Spacelike 
hypersurfaces are examples of achronal sets. For A closed and achronal, one 
defines its edge as the set of points p € A such that every open neighbourhood 
O of p contains points q} € I*(p), q- € I~ (p) and a timelike curve y from q- 
to q+ which does not interset A; see Figure 14.3. 

Given A C M achronal, the future domain of dependence of A is the 
set D*(A) of all points p € M such that every past inextendible causal curve 
through p intersects A. The past domain of dependence of A is defined in an 
analogous manner by considering future inextendible causal curves. The (full) 


14.1 Basic elements of Lorentzian causality 393 


Jt(A) 


Figure 14.4 Domain of dependence of an achronal set A and its relation to 
the causal past and future J*(A). 


domain of dependence of A is then defined as 


D(A) = D*(A)UD-(A). 


In some accounts, the sets D+ (A) and D~ (A) are called, respectively, the future 
and past Cauchy development of A. The reason for these alternative names is 
clarified by the discussion in Section 14.2. It can be verified that A C D*(A) c 
Jt(A); see Figure 14.4. From the achronality of A it follows that Dt(A) N 
I-(A)=90. 

Since information travels along causal curves, a point p € D*t(S) receives 
information only from S. Accordingly, if physical laws are causal — as in the case 
of general relativity — initial data should determine the physics in D*(S) — and, 
in fact, in all of D(S). 

A Cauchy hypersurface in M is a hypersurface S such that 


D(S) = M. 


Cauchy hypersurfaces are characterised by the fact that they are intersected 
exactly once by every inextendible timelike curve in M; see, for example, 
Ringström (2009). Cauchy hypersurfaces are continuous three-dimensional sub- 
manifolds of the spacetime manifold M; see, for example, Wald (1984). Cauchy 
hypersurfaces provide an alternative description of globally hyperbolic space- 
times: any globally hyperbolic spacetime possesses a Cauchy hypersurface. Global 
hyperbolicity restricts the topology of a spacetime. More precisely, one has that: 


Proposition 14.1 (topology of globally hyperbolic spacetimes) Let (M,g) 
denote a connected, time-oriented globally hyperbolic Lorentzian manifold and let 
S be a Cauchy hypersurface thereof. Then 


MRS. 


In other words, M can be foliated by Cauchy hypersurfaces. Moreover, if Š is 
another Cauchy hypersurface, then S = S’. 
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The above result is complemented by the following: 


Proposition 14.2 (existence of a global time function) Let (M,g) be an 
oriented, time-oriented, connected and globally hyperbolic spacetime and let S be 
a Cauchy hypersurface thereof. Then there is a smooth function t on M such 
that dt is timelike and future directed everywhere and satisfies the property that 
t-1(T,) is a Cauchy hypersurface for every Te € R. Furthermore, t~1(0) = Š 
and for every inextendible causal curve y : (s-,s4) + M one has t(7(s)) > +00 
as S > S4. 


For a proof of these results, see, for example, Ringström (2009), proposition 
11.3 and theorem 11.27. Finally, one has the following: 


Proposition 14.3 (asymptotic simplicity and global hyperbolicity) An 
asymptotically simple and empty spacetime (M, g) is globally hyperbolic. 


The reader interested in a proof is referred to Hawking and Ellis (1973), 
proposition 6.9.2. 


Cauchy horizons 


In what follows let D+ (A) denote the closure of the future domain of dependence 
of an achronal set A C M. This set is characterised by the fact that for 
p € Dt(A) every past inextendible timelike curve from p intersects A; see 
proposition 8.3.2 in Wald (1984). The achronal set A is not necessarily a 
Cauchy hypersurface. To characterise how much A deviates from being a Cauchy 
hypersurface, it is convenient to introduce the set 


H*(A) = D*(A)\ I (D*(A)), 


the so-called future Cauchy horizon of A. The past Cauchy horizon is 
defined in an analogous manner as H~(A) = D~(A) \ I*(D~(A)). It can 
be shown that H+(A) is achronal. Moreover, one has that A C D*t(A) and 
OD* (A) = H+ (A) U A; see Figure 14.5. Similar properties hold for D~ (A). 

The (full) Cauchy horizon is then defined as H(A) = H*(A)U H- (A). It 
can be proved that H(A) = 0(D(A)) and that the achronal set A is a Cauchy 
surface for (M, g) if and only if H(A) = Ø; see proposition 8.3.6 and its corollary 
in Wald (1984). 

The following property of Cauchy horizons will be used at various points in 
this book (cf. theorem 8.3.5 in Wald (1984)): 


Proposition 14.4 (structure of Cauchy horizons) Every point p € H*(A) 
lies on a null geodesic contained entirely in H*(A) which is either inextendible 
or has a past endpoint on the edge of A. 
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Figure 14.5 The Cauchy horizon of an achronal set A. Observe that ODT (A) = 
Ht (A)UA. 


D*+(8) ky 
DH(R) 


Figure 14.6 Schematic representation of the causal domains of Theorem 14.1. 


The hypersurface S is a Cauchy hypersurface and R C S is a region within 
such that u = 0. 


14.2 PDE causality versus Lorentzian causality 


Two different notions of causality have been discussed so far in this book: 
partial differential equation (PDE) causality based on the uniqueness of solutions 
to symmetric hyperbolic systems — Theorem 12.1 — and Lorentzian causality, 
discussed in the first sections of this chapter. These notions of causality are 
conceptually different from each other. However, they are linked by the following 
result (see also Figure 14.6): 


Theorem 14.1 (the relation between PDE and Lorentzian causalities) 
Let (M, g) be a connected, oriented, time-oriented, globally hyperbolic spacetime 
and let Š be a smooth spacelike Cauchy hypersurface. Let R C Sand let U be 
an open set containing Dt+(R). Assume that u : U > CN solves the symmetric 
hyperbolic system 


A” (x, u)ð u + B(x, u) = 0. 


Moreover, assume that the above equation has a characteristic polynomial which 
contains the factor (JE, En) where gt” denotes the contravariant components of 
the metric g. If u vanishes on R, then u vanishes on D*(R). There is a similar 
statement for D~(R). 
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D*(R) 


R 


Figure 14.7 Schematic representation of the causal domains in the proof 
of Theorem 14.1. On Dt(R) one considers for arbitrary p € Dt(R) the 
associated domain D(p) = J~ (p) N JT (R). 


The interested reader is referred to chapter 12 of Ringström (2009) for 
a detailed account of the proof of an analogous result for quasilinear wave 
equations. It is, nevertheless, useful to discuss some of the ideas behind the proof. 

Theorem 12.1 and its Corollary 12.1 — ensuring the uniqueness of solutions to 
symmetric hyperbolic systems — can be applied only on lens-shaped domains. The 
main idea behind Theorem 14.1 is then to construct a cover of D (R) consisting 
of lens-shaped domains. The metric g provides a natural way of constructing the 
required cover. Accordingly, the Lorentzian metric allows the introduction of the 
notions of Lorentzian causality discussed in the first sections of this chapter. 

One begins by considering points p € D*(R) which are suitably close to R 
and aims to conclude that u = 0 on D(p) = J~(p)N J*(R);—see Figure 14.7. 
By means of the exponential map exp, : T|p(M) > V > V c M ~ see Section 
11.6.2 — the metric g allows the introduction of normal coordinates in some 
neighbourhood of p — these coordinates can be seen as providing a diffeomorphism 
between a neighbourhood V of the origin in T|,,(M) to a neighbourhood Y of p. 
By considering p sufficiently close to R one can ensure that D(p) is compact and 
completely contained in V. On T|,(M) one can define a function f : T|,(M) > R 
via f(v) = g(v,v). Hence, for the present purposes, the neighbourhood V can 
be regarded as a subset of the Minkowski spacetime coordinatised by standard 
Cartesian coordinates. One also defines f : V — R such that f = fo xp Now, 
given a constant c > 0, the condition g(v,v) = c defines (spacelike) hyperboloids 
on V. More precisely, for given c, the locus of points in VY corresponding to the 
hyperboloid is given by f~'(c) = {q € V | g(exp; (q), exp; '(q)) = c} — observe 
that both f and f are not injective so that f~! is a set consisting of more 
than a single point. Now, f~!(c) has two components: one associated to future- 
directed vectors and the other associated to past-directed vectors. For c > 0, let 
Q.(p) denote the component of f~'(c) associated to past-directed vectors and 
let Qo(p) denote the past null cone through p. One can use the hyperboloids 
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R 


Figure 14.8 Schematic representation of the causal domains in the proof 
of Theorem 14.1. Given p € D*(R), the sets Q(p) and D(p) describe, 
respectively, the past light cone through p and the region between the light 
cone and R. For c > 0, the set Qe(p) describes a hyperboloid inside the past 
light cone of p, while D.(p) is the region between the hyperboloid and R. The 
set D.(p) is a lens-shaped domain. See the main text for further details. 


Q.(p) to foliate the interior of the past light cone passing through p. One defines 
Delp) = J~(Q-(p))NJ* (R). The domain D,(p) describes the region between the 
hyperboloid Q.(p) and R, while D(p) describes the region between the past light 
cone and R; see Figure 14.8. Now, D(p) can be shown to be compact. Moreover, 
it can be seen that Q.(p) C I~ (p) for c > 0 so that J~(Q.(p)) C J7 (p) and, in 
addition, that D.(p) C D(p). A further argument allows one to verify that Q.(p) 
for c > 0 is a lens-shaped domain on which, modulo some technical details, Corol- 
lary 12.1 can be applied. Thus, if u = 0 on R, one concludes that u = 0 on D,(p). 

To show that u = 0 on D(p) one now considers a sequence {c}, L € N, of 
positive numbers converging to zero. It can then be shown that 


int D(p) C UDa (p) C D(p) 


— intuitively, by choosing smaller and smaller c;’s one obtains hyperboloids which 
are, successively, “closer” to the light cone Q, thus “filling” D(p). From this 
observation and given that u = 0 on each of the De (p) one can conclude that, 
indeed, u = 0 on D(p). 

Now, an adaptation of Proposition 14.2 ensures the existence of a time function 
t on D*+(R). Given c > 0, t71([0,c]) denotes a slab in D+(S) > Dt(R). 
Considering points suitably close to Š, it is possible to construct a slab K, = 
t~1([0,e]) MN D*(R) in D*(R) for some e > 0 ~ this slab can be thought of as 
the union of domains of the type D(p) on each of which one already knows that 
u = 0. The top of the slab, tt (e)N D* (R) — on which u = 0 — can now be used 
as a new initial surface from which one constructs a further slab. The rest of the 
proof consists of showing that D*(R) can be fully covered by slabs of the type 
described above so that u = 0 everywhere on Dt(R). 
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Remark. An important observation is that 
Dt(R)NIt(S\ R) =@. 


Accordingly, the value of u on D*(R) is determined only by the data on R 
— that is, whatever data is prescribed on S \ R, it has no influence on the 
behaviour of u on D*(R). The proof of this statement follows by contradiction: 
let q € D*+(R)NI*(S\ R); on the one hand we have that q € I+(S \R) so that 
there exists a future timelike curve y from p € S \ R to q. On the other hand 
q E€ D*(R) so that every past inextendible causal curve through q intersects R. 
As a consequence one has that p € R. This is a contradiction since p € S \R. 


14.3 Cauchy developments and maximal Cauchy developments 


For ease of presentation, the subsequent discussion is restricted to the case of 
standard Cauchy initial value problems where initial data is prescribed on a 
Cauchy hypersurface S. For a detailed account of the Cauchy problem in general 
relativity the reader is referred to the monograph by Ringström (2009). 

As discussed in Section 11.3, the (say, vacuum) Einstein field equations imply 
on Š a set of constraint equations: the so-called Hamiltonian and momentum 
constraints for a Riemannian metric h and a symmetric trace-free tensor K. 
Assume one is given a solution (h,K) to the Hamiltonian and momentum 
constraint Equations (11.13a) and (11.13b) on S. To discuss the relation between 
a solution to the Einstein constraint equations and a solution to the Einstein field 
equations one needs to introduce the notion of a Cauchy development: 


Definition 14.1 (Cauchy development) A Cauchy development of the 
initial data set (Š, h, K) consists of a solution (M,g) of the vacuum Einstein 
field equations, an embedding p of Š into M and a choice of a unit normal vector 
such that y(S) is a Cauchy hypersurface and the pull-backs by p of the induced 
metric and the second fundamental form for the prescribed unit normal coincide 


with h and K. 
The seminal work in Fourés-Bruhat (1952) has shown that, given a solution 


to the constraint equations on S, it is always possible to obtain a Cauchy 
development. More precisely, one has the following (see also Figure 14.9): 


o i 


Figure 14.9 Schematic representation of a Cauchy development (in gray) of 
some initial data set (S, h, K) for the Einstein field equations. 
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Theorem 14.2 (existence of a development of an initial data set) Given 
an initial data set (S,h, K) for the Einstein field equations it is always possible 
to find a corresponding development. 


The above result is a cornerstone of the mathematical study of the Einstein 
field equations as it shows that it is meaningful to formulate a Cauchy problem 
for the Einstein field equations. The original proof of the theorem used the 
hyperbolic reduction of the Einstein field equations based on wave coordinates; 
see the Appendix to Chapter 13. The hyperbolic reductions for the conformal 
Einstein field equations discussed in Chapter 13 readily lead to an alternative 
proof which is briefly sketched for completeness. 


Proof The proof of the theorem amounts to a local existence result for the 
Cauchy problem for the Einstein field equations. For convenience, consider the 
spinorial version of the standard conformal Einstein field equations; see Section 
8.3.2. Setting = = 1 and Paya pp = 0 one obtains a spinorial representation 
of the vacuum Einstein field equations. For these equations, the hyperbolic 
reduction procedure summarised in Proposition 13.1 shows that given a choice 
of coordinate and frame gauge source functions F'*(x) and F4g(x), the Einstein 
field equations imply a symmetric hyperbolic system for the frame coefficients, 
connection coefficients and the Weyl spinor. Smooth initial data u, for these 
evolution equations can be obtained from the pair (h, K ) using the procedure 
leading to Lemma 11.1. The basic existence and uniqueness result for symmetric 
hyperbolic systems given in Theorem 12.2 ensures the existence of a solution 
u to the evolution equations in a slab of the form Mr = (—T,T) x & for 
some T > 0. In what follows, for conceptual clarity, the Riemannian 3-manifold 
S regarded as a submanifold of Mr will be denoted as S,; that is, one has 
S, = (8). On Š, the solution u coincides with the initial data u,. In view of 
the homogeneous structure of the subsidiary evolution equations as described 
in Proposition 13.2, the solution u implies a solution to the conformal Einstein 
field equations with = = 1 and ®4,4’pp = 0. From the components of u one 
can construct a Lorentzian metric g which will be a solution to the Einstein 
field equations on Mr; compare Proposition 8.1. To conclude, it is observed 
that the hyperbolic procedure leading to the evolution equations is based on an 
adapted frame tetrad {€a} such that eo on S, gives the unit normal of the initial 
hypersurface; see Section 11.4. From this observation it follows that the pull-back 
of g to Š, coincides with the Riemannian metric h. Moreover, by construction, 
the extrinsic curvature of S, coincides with the tensor K. Accordingly (Mr, g) 
provides the required Cauchy development. 


An important aspect of the notion of a Cauchy development is its non- 
uniqueness. A different choice of gauge source functions will, in general, lead 
to a different Cauchy development for the same initial data. Observe, however, 
that as one is constructing solutions to tensorial equations in the regions where 
two different Cauchy developments (M,g) and (M’,g’) overlap MMM’, these 
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must be related to each other by a diffeomorphism, that is, a coordinate 
transformation. This non-uniqueness of Cauchy developments of a given initial 
data creates a tension with the notion of geometric uniqueness, that is, the 
expectation that a given initial data set should give rise to a unique solution to 
the Einstein field equations. To deal with this issue one introduces the notion of 
a maximal Cauchy development: 


Definition 14.2 (maximal Cauchy development) Let (S,h, K) be an initial 
data set for the vacuum Einstein equations. A Cauchy development (M, g) with 
embedding y : Š + M of this data is said to be maximal if for any other 
Cauchy development (M’,g') with embedding y! : Š + M', there is a smooth 
map p: M! > M which is a diffeomorphism onto its image such that p = poy! 
and w*g = ğ'. 


The maximal Cauchy development describes the biggest spacetime that can be 
recovered from a given initial data set for the Einstein field equations. Any other 
Cauchy development must be contained in it. For this notion to be of utility 
it should satisfy some existence and uniqueness properties. Indeed, one has the 
following result, first proven in Choquet-Bruhat and Geroch (1969): 


Theorem 14.3 (existence of a maximal Cauchy development) Given 
some initial data (S, h, K) for the Einstein field equations, there exists a maximal 
Cauchy development which is unique up to isometries. 


The original proof of this theorem famously relies on Zorn’s lemma. Alternative 
proofs not depending on this axiom of set theory have been given more recently 
in Sbierski (2013) and Wong (2013). 


Remark. The maximal Cauchy development of an initial data set is, in general, 
different from the so-called maximal analytic extension of the solution to 
the initial value problem, that is, the biggest spacetime that can be associated 
to a given metric allowing for analytic changes of coordinates. As an example, 
compare the Penrose diagram of the maximal analytical extension of the 
Reissner-Nordstrom spacetime given in Figure 6.14 and the Penrose diagram 
of its maximal Cauchy development in Figure 14.10. 


The characterisation and construction of the maximal Cauchy development 
of an arbitrary initial data set (S, h,K ) is a challenging endeavour. It requires 
controlling the evolution dictated by the Einstein field equations under very 
general conditions. Generically, one expects the following to be true: 


Conjecture 14.1 (strong cosmic censorship) The maximal Cauchy devel- 
opment of generic initial data for the vacuum Einstein field equations is 
inextendible. 
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Figure 14.10 Maximal Cauchy development of the Reissner-Nordstr6m space- 
time. In this case, the spacetime extends only up to the Cauchy horizon #7. 
Notice that the timelike singularities of the spacetime do not appear in the 
diagram. 


A concise discussion of the above conjecture and its various caveats can be 
found in Chruściel (1991), Rendall (2008) and Ringström (2009). 


14.4 Stability of solutions 


A problem simpler than cosmic censorship is the construction of the development 
of initial data sets which are, in some sense, close to initial data for some exact 
solution (the background solution) whose global structure is well known. 
Such initial data are called a perturbation of the initial data for the 
exact solution. Under suitable circumstances one expects the maximal Cauchy 
development of the perturbed initial data to have a global structure similar to 
that of the maximal Cauchy development of the exact solution. The resulting 
spacetime is called a perturbation of the exact solution. This notion of 
perturbations is a non-linear one: the perturbed solutions are required to satisfy 
the Einstein field equations without any approximation — as opposed, say, to 
linearised perturbations where one considers solutions to evolution equations 
which are linearised with respect to some background exact solution. The 
underlying strategy behind the analysis of non-linear perturbations is to use 
the knowledge of the global properties of a solution to the equations of general 
relativity to infer the existence of other solutions with analogous properties. This 
point of view leads to the notion of stability. 

When discussing the stability of solutions to the Einstein field equations one 
typically distinguishes between the notions of orbital and asymptotical stability. 
A solution is said to be orbitally stable if the global geometry of the perturbed 
evolution exhibits the same features as the original (background) solution — 
for example, the existence of a complete null infinity. The stronger notion 
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of asymptotic stability requires, in addition, that the perturbed solution 
converges to the background solution for late times. The stability results to 
be discussed in the remainder of this book will be of the orbital type. 


Remark. Although the notion of stability has a strong physical motivation — 
see, for example, the discussion in Section 12.3.2 — the precise formulation of 
closeness to a certain exact solution is dictated by the details of the PDE theory 
used to analyse the evolution equations — for example, Sobolev norms — and it 
may be difficult to provide it with a direct physical interpretation. In particular, 
statements about closeness may not be gauge independent. 


14.5 Causality and conformal geometry 


Let (M,g) denote a conformal extension of a physical spacetime (M,g) with 
g = =’g. As a Lorentzian manifold in its own right, the unphysical spacetime 
(M,g) gives rise to its own causal notions. The causal notions in (M,g) and 
(M,g) are, however, related to each other — it is not hard to see that the causal 
notions introduced in Section 14.1 are conformally invariant. More precisely, if 
p,q E€ M are connected to each other via some particular causal relation with 
respect to the metric g (e.g. p < q, p X q or p << q), then they are also 
causally related in the same way with respect to the metric g. Special care is 
needed, however, when discussing points which lie on the conformal boundary 
of the conformal extension (M, g) as these points do not exist in the physical 
spacetime manifold M. Moreover, any compact set in the unphysical manifold 
(M,g) which intersects the conformal boundary will be, from the perspective 
of the physical manifold M, non-compact. This observation is of importance for 
the notion of global hyperbolicity as it is formulated in terms of compactness of 
domains in the physical spacetime (M, ĝ). 

A further cautionary note concerns Cauchy horizons in the unphysical 
spacetime (M,g) which may not correspond to domains in M. The prototypical 
case of this situation arises in the discussion of Minkowski-like spacetimes. 
From the point of view of (M,g), the conformal boundary of these spacetimes 
corresponds to the Cauchy horizon of hyperboloidal hypersurfaces — which from 
the conformal point of view are compact domains. From the physical perspective 
of (M,g) the hyperboloids are non-compact and there are no Cauchy horizons. 
The correspondence between the conformal boundary and Cauchy horizons for 
Minkowski-like spacetimes is analysed in some detail in Section 16.3. 

Penrose diagrams provide a convenient way of visualising the causal properties 
of spacetimes. For example, an inspection of the Penrose diagram of the anti- 
de Sitter spacetime, Figure 14.11, readily shows that the spacetime cannot be 
globally hyperbolic: causal diamonds intersecting the conformal boundary of 
the conformal representation correspond to non-compact causal diamonds in 
the physical spacetime. Alternatively, by looking at the Penrose diagram it 
is easy to draw a timelike curve which does not intersect a putative Cauchy 
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S 


Figure 14.11 Non-global hyperbolicity of the anti-de Sitter spacetime. To the 
left: causal diamonds intersecting the conformal boundary are non-compact in 
the physical picture. To the right: given a putative Cauchy hypersurface S, it 
is always possible to find a timelike curve y not intersecting S. 


Ry 
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Figure 14.12 Examples of some domains of dependence in the de Sitter 
spacetime. 


hypersurface S — it is only necessary that in the conformal picture the curve 
starts at some point of the conformal boundary which lies in the future of S. 
A second example of the insights provided by the inspection of the Penrose 
diagrams involves the de Sitter spacetime; see Figure 14.12. A peculiarity of 
this spacetime is that there exist regions in the spacetime whose domain of 
dependence is non-compact — to see this, it is only necessary to consider domains 
which are, from the conformal point of view, sufficiently close to the conformal 
boundary J. 
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14.6 Further reading 


Detailed accounts of the theory of Lorentzian causality can be found in 
Hawking and Ellis (1973), chapter 6; O’Neill (1983), chapter 5; or Wald (1984), 
chapter 8. 

An extensive discussion of the Cauchy problem in general relativity can be 
found in Ringström (2009). A concise presentation is given in Rendall (2008). 
A related discussion is contained in Friedrich and Rendall (2000). A discussion of 
various aspects of strong cosmic censorship as well as a number of ancillary results 
concerning the Cauchy problem can be found in the monograph by Chrusciel 
(1991). 


Part IV 


Applications 


15 


De Sitter-like spacetimes 


This chapter discusses the global existence and stability of de Sitter-like 
spacetimes, that is, vacuum spacetimes with a de Sitter-like value of the 
cosmological constant. This class of spacetimes admits a conformal extension 
with a spacelike conformal boundary; see Theorem 10.1. The construction of 
de Sitter-like spacetimes provides, arguably, the simplest application of the 
conformal field equations to the analysis of global properties of spacetimes. The 
original discussion of the analysis presented in this chapter was given in Friedrich 
(1986b). The results of this seminal analysis were subsequently generalised to the 
case of Einstein equations coupled to the Yang-Mills field in Friedrich (1991). 
The methods used in the proof of the stability of the de Sitter spacetime can be 
adapted to analyse the future non-linear stability of Friedman-Robertson- Walker 
cosmologies with a perfect fluid satisfying the equation of state of radiation; see 
Lübbe and Valiente Kroon (2013b). 

The global existence and stability theorem proven in this chapter can be 
formulated as follows: 


Theorem (global existence and stability of de Sitter-like spacetimes). 
Small enough perturbations of initial data for the de Sitter spacetime give rise 
to solutions of the vacuum Einstein field equations which exist globally towards 
the past and the future. The solutions have the same global structure as the de 
Sitter spacetime. Thus, perturbations of the de Sitter spacetime are asymptotically 
simple. 


Intuitively, the last statement in the theorem can be read as saying that the 
resulting spacetimes have a Penrose diagram similar to the one of the de Sitter 
spacetime; see Figure 15.1. Accordingly, these spacetimes provide non-trivial (i.e. 
dynamic) examples of asymptotically simple spacetimes. A detailed formulation 
of the above result is given in the main text of the chapter; see Theorem 15.1. 

To illustrate the comparative advantages of the hyperbolic reduction proce- 
dures discussed in Chapter 13, two versions of the proof are provided. The 
first one makes use of gauge source functions and follows the original proofs 
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Figure 15.1 Penrose diagram of a de Sitter-like spacetime. 


in Friedrich (1986b, 1991). The second proof makes use of conformal Gaussian 
systems and is based on the analysis given in Lübbe and Valiente Kroon (2009). 
In both approaches, and as a consequence of the use of the conformal field 
equations, it is possible to formulate initial value problems for the perturbed de 
Sitter-like spacetime not only on a standard initial hypersurface at a fiduciary 
finite time, but also on a hypersurface corresponding to the conformal boundary 
of the spacetime. 

The basic strategy used in this chapter to analyse the global existence of 
solutions to the Einstein field equations had been previously used in Choquet- 
Bruhat and Christodoulou (1981) to establish the global existence of solutions 
to the Yang-Mills equations. 


15.1 The de Sitter spacetime as a solution to the conformal 
field equations 


The basic conformal properties of the de Sitter spacetime have already been 
discussed in Section 6.3. In this section the de Sitter spacetime is recast as a 
solution to the conformal field equations. This is a first step in the construction 
of an existence and global stability result. 


15.1.1 Basic representation in the Einstein cosmos 


For simplicity of the exposition, the cosmological constant will be assumed to 
take the value \ = —3 so that the conformal factor realising the embedding of 
the de Sitter spacetime (given in standard coordinates) into the Einstein static 
universe is given by 


[Je 


= Has = cost, (15.1) 


where 7, the affine parameter of the geodesics introduced in Equation (6.9), is 
used as a time coordinate. Here, and in the rest of the chapter, the symbol 
is used to indicate that the associated object is treated as a background field. 
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As a consequence of the conformal embedding, the geometry of the conformal 
de Sitter spacetime is given by the corresponding expressions for the Einstein 
static universe as discussed in Section 6.1.3. The various conformal fields on the 
Einstein cylinder (R x S?,g¢), with 


Ge = dr @dr-—h, 
will be expressed in terms of an orthonormal frame {êa} such that 
ĉo = z, Èi = Cc, (15.2) 


where {c;} denotes the globally defined frame on S discussed in Section 6.1.2; 
see Equations (6.2a)—(6.2c). 

In what follows, the manifold Me = R x S? will be described locally in terms 
of Gaussian coordinates (T, x) where (x%) are some local coordinates on S’ 
which are extended to coordinates on a subset U C Me by requiring them to 
remain constant along the geodesics parametrised by 7. As a consequence of the 
g¢-orthonormality of the vector fields {0,, ci}, it follows that 


Èa = fa? Cp = Ea’ ep. (15.3) 


Using the structure equations — see Section 2.7.3 — on S3, it can be verified that 
the connection coefficients 4,4, of the Levi-Civita connection D of the standard 
metric of S3, A, with respect to the spatial frame {c;} are given by 


ik = —éif k, (15.4) 


where €;;~ denotes the components of the volume form on S3; see Section 6.1.2. 
Now, observing that €9 = 8- is a Killing vector of the Einstein cylinder, it follows 
that the connection coefficients associated to the frame {êa} are given by 


ie = hae (15.5) 


The sign difference between Equations (15.4) and (15.5) arises from the fact that 
the Riemannian metric implied by gẹ on S° is negative definite. 

Using the expressions (6.8a) and (6.8b) for the Schouten tensor of the Einstein 
cylinder, it follows that, in terms of the frame {ĉa} described above, one has 


j 1 
Lab = Sa” b? t glab» (15.6a) 
drca =0. (15.6b) 


For later use, it is also observed that the components of the trace-free Ricci 
tensor are given by 


° 1 
Pab = fa? 0b? = g'e: 
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Finally, a further computation yields that 
S=-sintr, %4=0, (15.7a) 


1 
$= — 7 COST. (15.7b) 


Spinorial expressions 


To compute the spinorial counterpart of the fields discussed in the previous 
section let 744” denote the spinorial counterpart of the vector v28, so that one 
has the normalisation Tay T^^ = 2. 

The spinorial counterpart of the frame coefficients ĉa? = ôa? — compare 


Equation (15.3) — is given by 
Saal = 0AA}, 


where a4 4/° denotes the Infeld-van der Waerden symbols; see Section 3.1.9. In 
general, the coefficients ĉa a/® can be decomposed as 


1 
o a oQ o a 
CAA! = 5TAAle — T? AÊ, AQ) ; 
with 
+ E 
êt = AA CAA, an = TBÎ Cane. 


By construction it follows that 
ê? = 1, é(aB)” =0, 
ë = 0, é(AB)* = CAB’, 
with oast the spatial Infeld-van der Waerden symbols; see Section 4.2.2. 
The spinorial counterpart of the trace-free Ricci tensor is given by 


$ 1 
AABB = 9 AA'TBB' — JABEA’ B’, 


. . . 2 / 7 9 . . 
so that its space spinor version Ọ ABCD = Tp’ TD? aaco is given by 
4 1 1 
ABCD = 9° ABECD — 7EACEBD- 


From this last expression is can be verified that the irreducible components of 
®apBcp are given by 
3 


®(aBcp) = 9, Dap =0, d= “y 


o 


compare the expressions in Equation (13.32). The rescaled Weyl spinor is trivially 
given by 


daBcp = 0. 
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Let Ê aa’ PP oo denote the spinorial counterpart of the connection coef- 
ficients late. Using the spinorial expression of the spacetime volume form, 
Equation (3.25), one finds that 


r BB’ = 1 DD’ BB' 
AA’ CELT V2 €DD’' AA’ CC’; 
1 


B glo” oada” = TB ovecaba™ ). 


The reduced spin connection coefficients can be obtained from the expression 
i B 17 BQ’ : 
Tag’ c= zl aa’ Q CQ’: One obtains 


o i 
TAs BC = Ja ABTA.: 


The space spinor version of the above expression is given by 
i 


p aoe 
Tascp =TB’ laa'cp = -z ABOD. 


where it is recalled that haABcp = —€4(c€p)B- It can be verified that Plies = 
—Tlascp; that is, the spin connection coefficients are the components of an 
imaginary spinor. From here it follows that 


EaBcD = —ihaBcp, XABCD = 0. 


Gauge source functions 


The gauge source functions associated to the considered conformal representation 
of the de Sitter spacetime can be computed from the expressions given in the 
previous section. 

Treating the frame component ĉa? as the component of a covariant tensor one 
finds that 


Ve," = ne ée(5b7) Bi NE. nse? 
23 SHOT, = -neoc =0. 
It follows that the coordinate gauge source function is given by 
F%(2) = V44 aat =0. 


Similarly, treating the connection coefficients as the components of a (1, 2)- 
tensor one has 


nV das = neal Late) F Ties E A Dae = qe ar alee = EN A 


da b e da e b da e b 
=ù €0d e€0a c7 ù €0d cEOa e — ù €0d a€0e c = 0. 


412 De Sitter-like spacetimes 


It follows that the frame gauge source functions for the present representation 
of the de Sitter spacetime are given by 


Egels) = V44T aage = 0. 


Finally, the conformal gauge source function is given by the value of the Ricci 
scalar. That is, one has 


R(x) = —6. 


Summary 


The results from the previous analysis are summarised in the following: 


Lemma 15.1 (de Sitter spacetime as a solution to the conformal 
Einstein field equations) The fields 


Lee ob ab o ca 
E x, ya, Ca ; Ta C) Lab, d bed) 


as given by Equations (15.1)-(15.5), (15.6a), (15.6b), (15.7a) and (15.7b) or, 


respectively, their spinorial counterparts 
E T A 
=, 4, UAA’, CAA’ » 1 AA’ C, ®YAA'BB', PABCD 


defined over the Einstein cylinder R x S? constitute a solution to the standard 
frame vacuum conformal Einstein field Equations (8.32a) and (8.32b) and, 
respectively, the spinorial vacuum conformal Einstein field Equations (8.38a) 
and (8.38b). The gauge source functions associated to this solution are given by 


F¢(c)=0, Fap(r)=0, R(x) =-6. 


15.1.2 Representation using conformal Gaussian systems 


In Section 6.1.3 it has been shown that an alternative conformal representation 
of the de Sitter spacetime is given by the conformal metric 


Py? 
Je = d7 9 d7 — (+7) h, 


where 7 is an affine parameter of the gj9-conformal geodesics as in Equation 
(6.32); that is, £ = ð+. The associated covector is given by 


27 
7) = -—— d7. 
Bas( ) 4-72 
This covector is exact, thus indicating that the Weyl connection V = V +8S(Bas) 
is, in fact, a Levi-Civita connection. Now, the metric g ¢ is related to the physical 
de Sitter metric ggg via 
=2 


7 


Ge = 03 ĝas» Oas =1- 4? 
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so that a calculation shows that 
Bas = 94g 9Oas. 


That is, the Weyl connection associated to the congruence of conformal geodesics 
(6.32) coincides with the Levi-Civita connection V of the metric Jẹ. Recalling 
that gẹ and gy are related to each other by Jẹ = 97g with 


=2 
= T 
O=1+— 

Foy’ 


one finds that an adapted g,¢-orthonormal frame {ēa} is given by 
€9 = z = 0-18, €i = @-'e;. 


This frame can be verified to be Weyl propagated. It follows that the frame 
coefficients é;°, with &; = é;2cp, are given by 


4 
-b b 
i = i- 15. 
é I =a (15.8) 


In terms of the above, the components of the covector d = OuasBag with respect 
to the frame {€,} are given by 


do = Oas = -5, d; = 0. 


The computation of the connection coefficients [a?e requires a certain amount 


of care. Recalling that the connections V =V and V are related to each other 
via V — V = S(T) with Y = 0-'d6, it follows by definition that 


where Ta = (T, €q). Using that ĉa? = ©T lea" one computes 
Ww cla Vale™ = -07 lwt eea ee Vað + Olut eea Vale’ 


= —Taĝe? + OTa’. 
and 
OTTO’ eCa Eel Sad VeO = Tade? + Yeda? — Nac T’. 
Accordingly, one concludes that 
Date = OTa’ e + (Xefa? = Nac T’). 


Using 
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it can be verified that Poe = 0, as one would expect from the Weyl connection 
associated to a congruence of conformal geodesics. Moreover, 


2s T 
fa = Tarm. (15.9) 


A direct computation shows that 
36 
4+ 7?’ 


Schouten|g ¢| = (1 + i )a. 


Rige] = 


Weyl |g] = 0, 


where the last expression follows simply by the conformal invariance of the Weyl 
tensor. The components of the Schouten tensor with respect to the frame {éq} 
are given by 


Loa =0, Lij = —=y iy. (15.10) 


Furthermore, one has that 


drca = 0. (15.11) 


Spinorial expressions 


In what follows, let 744" denote the spinorial counterpart of the vector /20;. 


AA’ — 9, Denoting the spinorial counterpart of 


One has the normalisation 74 4/T 
the frame coefficients by €44’% and making use of the standard space spinor 


decomposition 


1 


EAA = TAa E” — 7? 4@4Q)", 
one obtains 
æ =1, an)’ =0, (15.12a) 
-i = i 4 i 
e = 0, e(AB) = (ae AB . (15.12b) 


Now, let Laa'pp denote the spinorial counterpart of the components of the 
Schouten tensor Lab. Setting LABCD = TB Tp? Laa'co’ one finds 


Ocp = 9, OaBcD = — hABCD, 


4+7? 


with Ocp = Le®cp and O®ABCD = L(aB)(cb): For the rescaled Weyl spinor 
one has that 


daBcD = 0. 
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To obtain a spinorial expression for the connection coefficients one observes 
that the spinorial counterpart of Całe = ôe? Sa? — nacdo” is given by 


1 + 
Chai? ? coo = poas Too — eaceao T”? ), 


so that the associated reduced coefficients are 


1 , 
aa cE Aans cq’ 


1 
= SAP Toa + €acT? al : 
The space spinor version ÇABCD = TB” Caaiop takes the form 


1 
=h : 
CABCD Wa ABCD 


From the expressions computed in the previous paragraph it follows that 


2(7 + 2i) 


T — pas seabed Vat eRe Sey 
ABCD Va(1 + 472) ABCD 
and, consequently, 
= 4i 
ABCD = ~- Zz ľ ABCD, 13a 
g gpr” (15.13a) 
_ QT 
XABCD = 74 "ABCD, (15.13b) 
fap =0. (15.13c) 


To keep track of the behaviour of the conformal Gaussian gauge system, 
one considers separation fields measuring the deviation of the congruence of 
conformal geodesics. The separation fields are governed by Equations (13.67a) 
and (13.67b). Assume, without loss of generality, a separation vector field z that 
is spatial on the fiduciary hypersurface S, described by the condition 7 = 0, so 
that 

ZAA'* = -TÈ A'Z AQ). 
Using Equations (15.13b) and (15.13c) one can integrate Equations (13.67a) and 
(13.67b) to find 


1 
z=0, Z(AB) = (1 + 7?) “am (15.14) 


Observe that z(aB) # 0 for all 7. Thus, the congruence of conformal geodesics 
remains non-singular. This observation is key to ensure the non-singular 
behaviour of the gauge in the perturbed spacetime. 


416 De Sitter-like spacetimes 


Summary 


The results of the analysis of the last two sections are summarised in the 
following: 


Lemma 15.2 (de Sitter spacetime as a solution to the extended 
conformal Einstein field equations) The fields 


(O , da, ea”, Diog Lab, d* bed) 
as given by Equations (15.8)-(15.11) or, equivalently, their spinorial counterparts 
(©, daa’, Ena’, Taa/Be, Laa' BB’, ABCD) 


defined over R x S? constitute a solution to the extended conformal Einstein field 
Equations (8.46) and the associated gauge constraints (8.48) and, respectively, 
the spinorial vacuum conformal Einstein field Equations (8.54a) and (8.54b) and 
(8.55). 


15.2 Perturbations of initial data for the de Sitter spacetime 


This section clarifies the notion of perturbations of initial data for the de Sitter 
spacetime. In what follows, let S denote a three-dimensional manifold with 
the topology of S3. On S one considers a solution to the vacuum conformal 
Hamiltonian and momentum constraint equations (S,h,k,0,=) with a de 
Sitter-like value of the cosmological constant, that is, Equations (11.15a) and 
(11.15b) with o = 0 and jp = 0. 


Remark. For conceptual clarity it is often convenient to distinguish between the 
3-manifold S and its embedding, S,, in the spacetime arising as the development 
of the initial data set (S, h, K, Q, X). 


15.2.1 Initial data on a standard initial hypersurface 


Using the procedure described in Section 11.4.3, the tensor fields h and K can 
be used to construct a solution to the vacuum conformal constraint Equations 
(11.35a)—(11.35j). As the 3-manifold S is assumed to be compact, one can, 
without loss of generality, assume that Q = 1 and © = 0. 

As S = SË, there exists a diffeomorphism Y% : S > S? which can be used to 
pull back coordinates x = (x®) in S? to S. In this way one obtains a system of 
coordinates z’ = xow on S and can write x’ = (a’°). The diffeomorphism ~ can 
be used to push forward the vector fields {c;} on T(S?) to vector fields {47 !1c;} 
on T(S) and to pull back their dual covectors {a} on T* (S?) to covectors {Yat} 
on T*(S). For simplicity of the presentation, in a slight abuse of notation, the 
vectors and covectors {47 +ci} and {pat} will be written (except for the next 
subsection) as {ci} and {a*}, respectively. 
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Gauge fixing 


The construction described in the previous paragraph depends strongly on the 
particular choice of the diffeomorphism ~. This gauge freedom can be fixed 
by considerations similar to those used in the discussion of the coordinate gauge 
source functions of Section 13.2.1. 

Given an h-orthonormal frame {e;} on S, one can write e; = e;f (Y7 1c) and 
use the frame coefficients e;f to introduce a spatial coordinate gauge source 
function F*(z’) via the relation 


Dejt = F° (x'), 
where D denotes the Levi-Civita covariant derivative of h. Writing 
pat = (W.0*) yd" 


and noticing that e;f = (wv.a%,e;) one finds that DJej* = D®(yx.a*),. 
Expressing the coordinates x in S? in terms of the coordinates x’ on S in the 
form «* = a(x’) one finds, by a calculation similar to the one discussed in 
Section 13.2.1, that the diffeomorphism y% : S > Sè is a harmonic map. That 
is, one has that 


D? Dox“ = 0, 
if 


where J denotes the Levi-Civita connection of the metric h on S? and at = 
a’, da. Finally, if one lets 2!” = x’“(x) be the identity map so that 2’ = x, one 
concludes that 


F(x) = Fij k = 0, 
where the last equality follows from (15.4). This construction and the resulting 


spatial gauge source function fixes the gauge freedom in the diffeomorphism W; 
see Figure 15.2. 


S 


s3 


Figure 15.2 Construction of coordinates on a compact three-dimensional 
manifold describing perturbations of standard de Sitter initial data. The 
identification of the 3-manifolds S and S° is realised through a harmonic map; 
see main text for further details. 


418 De Sitter-like spacetimes 


Parametrising the perturbation data 


While the frame {c;} is orthonormal with respect to the standard metric h of 
S3, in general, this will not be the case with respect to the 3-metric h on S. 
Now, let {e;} denote an h-orthonormal frame over T(S) and let {w*} denote its 
corresponding cobasis. In what follows, it will be assumed that one can write 


ei = Ci + či, (15.15) 


for some vectors {€;}. This is essentially equivalent to saying that one has 
introduced coordinates x = (x“) on S such that 


h=h-+h. 


It is important to emphasise that the above statement depends on the gauge. 
From the split in Equation (15.15), it follows that the solution to the conformal 
constraint equations implied by (Q = 1,5 =0,h, K) on S can be written as 


ea? = a? + ča”, 
Vite =n + Yil k, Xij SK, 
Lig =Oig + Liz, La = 5:9 + Li, 
dij = dij dt, = d; 


where the components of the various fields are expressed as components with 
respect to the frame {e;} as given in (15.15) and one has 


ča? =0,  Jifr=0, Žiý=0,  li=0, aye. sp =0, 
if and only if 
či = 0, K =0. 


Accordingly, the fields topped with a ~ together with K;; describe the deviation 
of a solution to the conformal constraint equations from data for the exact de 
Sitter spacetime. It is important to observe that as 


Y Y Y y 


vb vg Sx 
Ca Yil k, Kij, Lij, Li, dij, dij 


are scalars, by virtue of the diffeomorphism ~ : S + S3, they can be considered 
as fields over S3. As such, for m > 0, one defines the Sobolev norms 


sm=>_ || ča? lsem I| 34k IIsm= D> Il fk II58,m: 
a,b ijik 


| ča” | 


and, similarly, for the other fields — the sums in the previous expressions are 
carried out over the independent components of the particular field under 
consideration. In terms of these norms, it will be said that the initial data for 
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the conformal field equations are ¢-close in the norm || ||s,m to initial data 


for the de Sitter spacetime if 
lls,m + || Yifk lsm + || Kij lls,m + || Lij \|s,m 
+ || Le [hsm + Il dag lea + |] a; | 


| ča 


SmE: (15.16) 


This notion of closeness to initial data is gauge dependent. Nevertheless, it is the 
appropriate one to exploit the existence and stability theorems of Chapter 12. 


15.2.2 Initial data on the conformal boundary 


An important property of de Sitter-like spacetimes is that the individual 
components of the conformal boundary can serve as Cauchy hypersurfaces 
of the unphysical spacetimes. Accordingly, it is possible to formulate for these 
spacetimes an asymptotic initial value problem where initial data are 
prescribed on a 3-manifold corresponding to, say, J7. 

The solutions to the conformal constraint equations at the conformal boundary 
have been discussed in Section 11.4.4. In particular, it has been shown that one 
needs to prescribe on JT a 3-metric h, a symmetric trace-free and divergence- 
free tensor corresponding to the initial value of the electric part of the rescaled 
Weyl tensor and a function x. From these free data it is possible to compute the 
values of the remaining conformal fields. In the particular case of the exact de 
Sitter spacetime it can be verified that the asymptotic free data are given by 


h~h, diz ~ 0, u~ 0, 


where components are expressed with respect to the A-orthonormal frame {c;}. 
From the above one finds 


. . . . 1 
e; = 62, Yik = Eil ky Kij = 0, Li > 0, Lij = zii» dij x0. 


Perturbations of the above asymptotic initial data for the de Sitter spacetime 
are discussed in a manner similar to that of perturbations of standard Cauchy 
data. Accordingly, assuming that #7 ~ S?, one can make use of diffeomorphisms 
w : JT — S? to introduce coordinates on the conformal boundary and to 
pull back the components of the various conformal fields to S%. Initial data 
corresponding to perturbations of asymptotic de Sitter initial data will then be 
described in terms of fields 


h=h+h, dig = dig, x, 


where dij are the components of a symmetric, h-trace-free and h-divergence- 
free tensor expressed in terms of the components of the h-orthonormal frame 
{ei} = {c; + či}. Mimicking the standard Cauchy case, the perturbation of 
asymptotic data for the de Sitter spacetime will be said to be ¢-close to exact 
asymptotic de Sitter data in the || || m-norm if the various conformal fields 
on J- satisfy an inequality of the form of (15.16). In principle, it is possible to 
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express this smallness requirement in terms of a smallness condition on the basic 
perturbation data é,4, dij and %; this idea will not be further pursued here. 


15.3 Global existence and stability using gauge source functions 


In this section a first proof of the global existence and stability of de Sitter- 
like spacetimes is provided. This proof makes use of the hyperbolic reduction of 
the spinorial conformal field equations using gauge source functions as discussed 
in Section 13.2 and of the conformal representation of the de Sitter spacetime 
discussed in Section 15.1.1. This approach can be readily generalised to include 
trace-free matter. The discussion presented here follows the seminal work by 
Friedrich (1986b, 1991). 


15.3.1 Gauge considerations 


The first step in the construction of de Sitter-like spacetimes consists of the fixing 
of the gauge in the evolution equations. This gauge fixing allows one to relate, 
in an unambiguous manner, fields in the background de Sitter spacetime with 
fields in the perturbed spacetime; see Figure 15.3. 

As the (unphysical) spacetime (M,g) to be constructed will be of the form 
M 7 [a,b] xS? C RxS? with a, b € R, it is natural to make use of the coordinates 
and frames in the background spacetime (R x S°,g,) to coordinatise and 
construct a suitable gauge in the perturbed spacetime. Following the discussion 
of Section 13.2.1, coordinates x = (T, 2%) on the Einstein cylinder Me = R x S? 
can be regarded as coordinates on a perturbed spacetime (M, g) if one identifies 
the manifolds M and Me. This coordinatisation is equivalent to the coordinate 
gauge source choice 


F@(z) = -nt Tp". = 0, 


Meg =Rx s? 
Sg) p (me) 


Figure 15.3 Schematic representation of the construction of coordinates on a 
perturbation of the de Sitter spacetime (M, g) using coordinates on the exact 
de Sitter spacetime (M e, gẹ) and a diffeomorphism y : M > M as described 
in the main text. The particular realisation of the diffeomorphism identifies 
the manifolds M and Me in such a way that ọ is a wave map. 


15.3 Global existence and stability using gauge source functions 421 


where the last equality follows from the discussion leading to Lemma 15.1. This 
particular choice of coordinate gauge source function makes the identification 
between M and Me a wave map; see Section 13.2.1. 

By similar considerations, the vectors {Ca} = {0,,¢;} originally defined on 
Me can be regarded as vectors on the perturbed spacetime (M,g) in terms of 
which the g-orthonormal frame {ea} can be expanded by writing €a = ea? 
In an analogous manner, the fields 


Co. 


ae , D ote te p 
u = (E, X, Daa’, €aa®, Daa C, ®AA'BB’, PABCD); 


as given by Lemma 15.1, can be regarded as fields over M. It is important to 
emphasise that all of the above fields (except for 64 4’%) are, in fact, components 
of tensors with respect to the background frame {êa} = {6a°¢p}. 

The gauge fixing is completed by setting the frame gauge source function 
F4p(x) and the conformal gauge source function R(x) equal to their values in 
the background spacetime (R x S3, gẹ). That is, one sets 


Fap(x) =0, R(x) = —6; 


compare Lemma 15.1. 


15.3.2 The evolution system 


The hyperbolic reduction procedure discussed in Section 13.2 and summarised in 
Proposition 13.1, leads to an evolution system which, in terms of local coordinates 
x = (T, 2%) of an open domain U C R x S3, takes the form 


0,0 = G(T )o + H(0, v), (15.17a) 
(I+ D°(e))0,v + D%(e)d.v = E(L)v + F(a, v, Q), (15.17b) 
(I+ A°(e))0,¢+ A°(e)3ah = B(L)¢, (15.17c) 


where ø encodes the conformal factor © and the independent components of its 
concomitants; v collects the independent components of the frame components, 
the connection coefficients and the trace-free Ricci spinor and @ groups the 
independent components of the rescaled Weyl spinor. 

To apply the methods of the theory of hyperbolic partial differential equations 
(PDEs) discussed in Chapter 12 it is convenient to split the various field 
unknowns into a background part and a perturbation part. More precisely, 
one sets 


(ABCD) = ®( ABCD); AB = Dap), b=6+4, 


E=5+5, Y=N4+%¥, Yap=Vap, s=84+5,  (15.18a) 
e? =? +ë, eap? = čaB?, (15.18b) 

e = č, ean’ =éap t+ ČABŤ, (15.18c) 
Tap=Tlas, Tapon = Lason tl apn, (15.18d) 

) 

) 


Fy OS 
m 
oN 
m 
Co 
leary 


P~ABCD = ABCD, 
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where 


[1]e 


z o 20 o i e z 
’ X, S, €, CAB., T\aB)cp, ® 


are the non-vanishing components of the fields describing the background de 
Sitter solution as discussed in Section 15.1.1, while 


Y i 


éan*, Vas, Tiamop,  (15.19a) 


vy 


®(ABCD); D(AB); Č, ¢aBcpD (15.19b) 


5a 


x, XAB, 5, Gry 


Y 
= 
2 


9 


describe the perturbations away from the de Sitter solution. The split between 
background and perturbations given by Equations (15.17a)—(15.17c) depends 
strongly on the choice of gauge. 

By construction, the background fields are a solution to the conformal 
evolution Equations (15.17a)—(15.17c). Consequently, one has 


-ó = G(T)é + H(6, ù), 
(I+ D°(é))0,8 + D°(é)d.% = E(D)ò. 
Accordingly, substituting now the ansatz (15.18a)—(15.18f) in the evolution 


system (15.17a)—(15.17c), one obtains equations for the independent components 
of the perturbation fields (15.19a) and (15.19b): 


(1+ A°(é+é))0,6+A%(E +8). = BI + Č)ġ. 


In view of the properties of the original conformal evolution Equation (15.17a)— 
(15.17c) the above equations constitute a symmetric hyperbolic evolution system 
for the components of 1 = (6,0, $). Accordingly, the theory of hyperbolic PDEs, 
as discussed in Chapter 12, can be applied in domains of the form [0, Te] x S3 with 
Te > 0, to guarantee the existence of solutions and to assert Cauchy stability. 
In particular, as the background solution (6, Ù, $) is well defined on the whole 
of R x S3 one obtains the following existence, uniqueness and Cauchy stability 
result: 


Proposition 15.1 (existence of solutions to the standard conformal 
evolution equations) Let u, = ù, + ù, denote de Sitter-like initial data for 
the conformal field equations prescribed on a 3-manifold S ~ S°. Given m > 4 
and Te > or, then: 
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(i) There exists € > 0 such that if 
|| Us Ilm< £, 


then there exists a C™-? unique solution to the conformal evolution 
Equations (15.20a)-(15.20c) defined on [0, Te] x S°. 
(it) Given a sequence of initial data ul” = al”) + al” such that 


| ut” Ilm< € and | a” llm— 0 as n —> œ, 
then for the corresponding solutions a” € C™=2([0, Te] x S3) one has that 


|| 1” ||m— 0 uniformly in T € [0, Te] as n > oo. 


Proof The above proposition is a direct consequence of Theorem 12.4. To apply 
this theorem it is necessary to ensure that both 


1+A%é,+é8) and 1+D%e,+é,) (15.21) 


are both positive definite away from zero in a uniform manner over S. An explicit 
calculation shows that 


I+A%é,) and 14+D%é,) 


are positive definite away from zero. Thus, by setting € sufficiently small, 
condition (15.21) can be guaranteed. By further reducing €, if necessary, one 
can ensure that all solutions with || t, ||m< £ have a minimum existence time 
Te > 4x. Taking into account the above, point (i) follows from points (i)—(iii) of 
Theorem 12.4 while point (ii) follows from point (iv) in the same theorem. 


Remark 1. The purpose of point (i) in Proposition 15.1 is to guarantee a 
minimum existence time of solutions to the evolution system (15.20a)—(15.20c) 
containing the conformal boundary of the perturbed solution. 


Remark 2. Point (ii) in Proposition 15.1 is a statement of Cauchy stability. 
It ensures that data sufficiently close to data for the de Sitter spacetime give 
rise to solutions with an existence time similar to that of the background 
solution. Moreover, within the established existence time, the solutions are 
suitably close to the background solution. Observe, however, that this result 
makes no statement about whether a particular solution converges in time to the 
background solution. Thus, one has obtained only an orbital stability result 
for the conformal evolution Equations (15.20a)—(15.20c). 


The solutions ù provided by Proposition 15.1 give rise, in turn, to a solution 


to the conformal field equations. More precisely, one has: 


Proposition 15.2 (propagation of the constraints for the standard 
conformal evolution system) Given a solution u, = ù, +ù to the conformal 
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evolution Equations (15.20a)-(15.20c) on [0, Te] x S3 such that the conformal 
constraint equations are satisfied on S,, then 


Za = 0, Zab = 0, Na b am 0, S dab = 0, 
Acab = 0, Moca = 0, 


on [0,7] x SË. 


Proof From the discussion in Chapters 11 and 13 it follows that if the conformal 
constraint equations and the conformal evolution equations are satisfied on the 
initial hypersurface S,, then one obtains 


Za\s, = 0, Zabls, = 0, Ya bls, = 0, =“aabls, = 9, 


Acab|s, = 9, Abeals, = 0. 


Now, from Proposition 13.2 it follows that the above zero quantities satisfy a 
symmetric hyperbolic subsidiary evolution system. As the initial data for this 
evolution system vanish and the evolution system is homogeneous in the zero 
quantities, it follows from Corollary 12.1 that the zero quantities must vanish on 
[0, Te) x S3 so that the result follows. 


Locating the conformal boundary 


The existence of solutions to the evolution Equations (15.20a)—(15.20c) for a 

3 
14 
development of the conformal boundary. That this does indeed happen is crucial 
for the interpretation of the solution to the conformal evolution equations as a 


minimum existence interval [0, 7e) D [0, 27) provides room enough for the 


global solution to the Einstein field equations. This property is ensured by the 
following: 


Lemma 15.3 (structure of the conformal boundary) Given a solution ù, 
as given by Proposition 15.1, with || Uy, ||m< £ sufficiently small, there exists a 
function T} = T4 (£), x E€ SÌ such that 0 < 74(z) < Te and 


>0 on M = { (t,£) ER? |0 < T <74(a)}, 


(1) 


1 5 
==0 and Yel" = —3ZA <0 on JY = {(14(x),z) E R x S°}. 


Remark. The above lemma ensures the existence, at least for sufficiently small 
perturbations, of a complete spacelike component of the conformal boundary. 
Observe also that the function 7,(x) provided by Lemma 15.3 defines a 
diffeomorphism between S? and .4+. Consequently J+ ~ S3. 


Proof The key observation to prove this result is that Èl -3r ja < 0. Using 
Proposition 15.1 (ii), for sufficiently small £ > 0 one has (= + BLS <0. As 
(=+5)|--0 > 0 there must exist a 7, for which = = 0. By reducing € further — if 
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necessary — one has that 7 is unique, and, hence, the function 7,(x) is well 
defined. Now, from the conformal Equation (8.28e) it follows that 


1 
V°EVeE=—3A>0, if B=0. 


Accordingly, T = T(x) defines a regular spacelike hypersurface J”. 


The last step in the present analysis is to show that the obtained solutions to 
the conformal evolution Equations (15.20a)—(15.20c) give rise to a global solution 
to the vacuum Einstein field equations. One has the following: 


Theorem 15.1 (global existence and stability of de Sitter-like space- 
times: gauge source functions version) Given m > 4, a solution u, = 
ù, + ù, to the conformal constraint equations with de Sitter-like cosmological 
constant such that || a, ||m< £ fore > 0 suitably small gives rise to a unique 
C™—2 solution to the conformal Einstein field equations on 


M=Mvust 


with M and %+ as defined in Lemma 15.8. This solution implies, in turn, a 
solution (M,g), to the Einstein field equations with de Sitter-like cosmological 
constant for which .Y* represents conformal infinity. 


Remark. The above theorem together with Propositions 15.1 and 15.2 and 
Lemma 15.3 constitute a technical version of the main theorem of this chapter. 
As the component of the conformal boundary obtained by this procedure is a 
spacelike hypersurface with the topology of S*, one concludes that the solution 
(M,g) to the Einstein field equations has the same global structure as the exact 
de Sitter spacetime; see Figure 15.4. 


Proof From Proposition 8.2; it follows that a solution to the conformal Einstein 
field equations implies the existence of a metric g satisfying the Einstein field 


gt 


a <n 


Sx 


Figure 15.4 Penrose diagram of a perturbation of the de Sitter spacetime 
given by Theorem 15.1. The spacetime is obtained as a result of an initial 
value problem on the Cauchy hypersurface S,. 
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equations wherever = # 0. The statement about the interpretation of the 
conformal boundary follows from Lemma 15.3. 


15.4 Global existence and stability using conformal Gaussian systems 


This section provides an alternative proof of the main theorem of this chapter 
using the extended conformal Einstein field equations expressed in terms of a 
conformal Gaussian system. This alternative proof allows one to contrast the 
strengths and weaknesses of the two different hyperbolic reduction methods 
discussed in Chapter 13. As will be seen in the following, the use of properties 
of conformal geodesics greatly simplifies the analysis of the conformal boundary 
of the spacetime. Generalising this approach to include matter fields is, however, 
more complicated than if one were to use gauge source functions. 

The details of the construction of a conformal Gaussian system for the 
extended conformal field equations have already been discussed in Section 13.4.1. 
To apply this general discussion to the analysis of perturbations of the de Sitter 
spacetime, one needs to specify the particular form of the conformal factor O 
and the covector d associated to the congruence of conformal geodesics. This is 
done in the following subsection. 


15.4.1 A priori analysis of the structure of the conformal boundary 
of perturbations of the de Sitter spacetime 


One of the advantages of the formulation of the conformal evolution equations in 
terms of conformal Gaussian systems is that it provides an a priori knowledge of 
the location and structure of the conformal boundary; that is, one has an explicit 
description of the locus of its points, even before knowing that a solution actually 
exists. This a priori knowledge provides valuable insight into the nature of the 
underlying initial value problem. 

In what follows, let (M,g) denote a vacuum spacetime with de Sitter-like 
cosmological constant. It will be assumed that (M, g) can be covered with a non- 
intersecting congruence of conformal geodesics (a (7), 3(7)) with affine parameter 
7 and that the data for the congruence is prescribed on a fiduciary spacelike 
hypersurface S, described by the condition 7 = 0. From Proposition 5.1 it follows 
that, associated to this congruence of conformal geodesics, one has a canonical 
conformal factor © of the form 


: qx 
0=0,+0,7+ 5 Ost (15.22) 
with the constraints 
; + 1 1 
O, = (d,, &,), 0,0, = 59 (de ds) + g% (15.23) 


where the coefficients ©}, Ò, and ©, are constant along a given conformal 
geodesic. The conformal factor © allows one to obtain a conformal extension 
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(M,g) of the physical spacetime (M,g) with g = ©?g. The specific details 
of the conformal factor © depend on the location of the hypersurface S, with 
respect to the conformal boundary and give rise to two different initial value 
problems. 


Standard Cauchy problem 


First, consider a situation where the initial hypersurface S, does not coincide 
with the conformal boundary. As one is interested in the construction of 
spacetimes whose spatial sections have the topology of S3 it is natural to set, 
without loss of generality, that 


0, =1, 0, =0, 


so that no further distortion is introduced in the 3-manifold and the congruence 
of conformal geodesics is symmetric with respect to the initial hypersurface. 
Moreover, one can set 


B, =0, 
so that d, = 0,6, = 0 and the general expression for the conformal factor 
reduces to 
1 
=1+ A7. 
(S) E i BAT 


Now, using Proposition 5.1 one finds that the components dg of the covector 
d respect to a Weyl propagated frame {€a} along the congruence of conformal 
geodesics and such that eo = & are given by 


do=0, d:=0. 


A direct computation shows that the conformal factor © vanishes for 


7 12 
Te = +,/ —. 
i |A| 


The above expression gives the location of the conformal boundary. Accordingly, 
it is natural to define 


I= {7} xS, 


and one has J ~ S. Finally, recalling the constraint d = Of + dO and 
assuming that f is regular at J= one finds 


g(dO, dO) = dado =°? >0 at FF. 


Thus, if the conformal boundary exists and is regular, it must be a spacelike 
hypersurface. 
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Asymptotic Cauchy problem at S7 


The conformal field equations allow the formulation of an alternative initial value 
problem in which initial data are prescribed on a spacelike hypersurface S ~ S3 
representing one of the components of the conformal boundary, say, JT — an 
asymptotic initial value problem. In this spirit, it is natural to prescribe the 
initial data for the congruence of conformal geodesics directly at the conformal 
boundary. This is made possible by the conformal invariance of the conformal 
geodesic equations. 

By assumption, on an asymptotic initial value problem one has that © = 0 on 
YS. Thus, one necessarily has that ©, = 0 and the conformal factor takes the 
form 


. 1. 
O0 =0,7+ zT. 


The second expression in Equation (15.23) implies that g*(d,,d,) = —A/3 > 0 
so that d, must be timelike. Now, taking into account the further constraint 
d = Of + dO and requiring £, to be normal to J7, it follows that 
. À 
dox = O, = M dix = 0, 
where the positive root has been chosen so that © is positive in the future of 
Y“~. Accordingly, off #7 one has 


a=- ( Aser), di = 0. 


So far, the coefficient Ö, has remained unspecified. Accordingly, it will be 
considered as free data. These data are, in fact, related to value of the Friedrich 
scalar 


s= 


A 1 
VaV°O+ z£ 
on J~. On the one hand, a calculation gives 


I 
s> 1 (ea £" + Daer”) 
la : a 
= (6. +0,0 o) ’ 
4 
where the last equality follows from the fact that X; vanishes at .%~. On the 
other hand, the solution to the conformal constraints at the conformal boundary, 
as discussed in Section 11.4.4, shows that s, ~ Òx where x is a scalar field over 
JT; compare Equation (11.40). A further calculation using a frame adapted to 
J- readily yields 


Tao id T;"o x Xi“ = nô; ~ 3x. 
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One thus concludes that 


In practice, it is convenient to set x to be constant on .4%~. The choice x = 0 
gives a representation in which J7 is a hypersurface with vanishing extrinsic 
curvature; see Equation (11.41). This representation does not involve a second 
component of the conformal boundary. 

To have a second component of the conformal boundary one hence needs x Æ 0. 
Adopting the simple choice 0, =-1 /2, the conformal factor vanishes at 


z R Al 
— = 0 = 4 =, 
T. 0 T4 3 


In this conformal representation, the two components of the conformal boundary 
of the de Sitter-like spacetime (M, g) are given by the sets 


IT = {0} x S, seas Bh a 


More generally, keeping ©, unspecified, one finds that the location of J+ is 
determined by the free data ©,. Finally, on .4+ one has 


g(d9, d8) = 1*dady = -2 > 0, 


so that both .4*, if they exist, are spacelike hypersurfaces. 


Remark. In what follows, the analysis of both the standard and the asymptotic 
initial value problems will be simplified by making use of the choice A = —3 for 
the cosmological constant. 


15.4.2 The extended conformal evolution system 


Once the conformal factor © and the covector d associated to the conformal 
Gaussian system have been specified, one can proceed to the formulation of an 
initial value problem. In Proposition 13.3 it has been shown that the extended 
conformal Einstein field equations expressed in terms of a conformal Gaussian 
system imply a symmetric hyperbolic evolution system of the form 


0-6 = Kô + Q(L)O + La), (15.24a) 
(I+ A°(e)) dr + A°(e)3ap = BIL) ¢, (15.24b) 
for a = (©, p) where © encodes the independent components of the frame, the 


connection coefficients and the Schouten tensor, while œ contains the components 
of the rescaled Weyl spinor. 
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Mimicking the analysis of Section 15.3, one considers solutions of the form 
eaB’ =ap’, eap™ = @ap® + EB", 
ABCD = ABCD +£aBcD, XABCD =XasBcp+\XaBcp, fap = fas, 
OABCD = ÔABCD +ÕABCD, ABCD = ABCD, 


where 


EAB", EABCD, XABCD; OaBcD 


are the values of the exact de Sitter solution expressed in a conformal Gaussian 
system as discussed in Section 15.1.2; see, in particular, Proposition 15.2. 
Accordingly, one can write 

b=v+, b= ¢, (15.25a) 

e=ée+é, LT=Pe4P. (15.25b) 
On the initial hypersurface S, one has 

Oy = Vx + Ùr, b= $,, 
where ù, = (ù,,0) is the exact de Sitter data discussed in Section 15.2 and 
ù, = (U4, ,). 

As the conformal factor © and the covector d are universal — that is, they 
possess the same form for either the exact de Sitter data or the perturbations 
thereof — one has 

070 = Kö + Q(L)v. 
Substituting the ansatz (15.25a) and (15.25b) into Equations (15.24a) and 
(15.24b) yields the following evolution equations for ù = (0, @): 
arð = Kv + QI + Č) + Q(Č)o + L(x), (15.26a) 
(I+ A°(E+é))O-G+ A? (E + €)O.6 = BI +T)¢. (15.26b) 

The above equations are already in a form where the theory of hyperbolic 

PDEs, as discussed in Chapter 12, can be applied. In particular, existence and 


Cauchy stability of Equations (15.26a) and (15.26b) are given by Theorem 12.4. 
The natural domains for solutions to these equations are of the form 


Mz, = [0,7] x S, Sas’, 


for some 7 > 0. The analogue of Propositions 15.1 and 15.2 for the conformal 
evolution system (15.26a) and (15.26b) is given by: 


Proposition 15.3 (existence of de Sitter-like solutions to the extended 
conformal evolution equations and propagation of the constraints) Let 
u, = u, +, denote de Sitter-like (standard or asymptotic) initial data for the 
conformal field equations prescribed on a 3-manifold S ~ SÌ. Given m > 4: 
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(i) There exists € > 0 such that if 
|| Ws Ilm< £, 
then there exists a C™~? unique solution ù to the conformal evolution 


equations (15.26a) and (15.26b) defined on (—3,3) x S? for the standard 
Cauchy problem and on (0, 3) x S? for the asymptotic Cauchy problem. 


(ii) If 


S, = 0, Asal s: = 0, abel s. = 0, 


S, = 0, Yabls, = 0, Sab| 5, = 0, 


then the solution ù to the conformal evolution equations given by (i) implies, 
by reducing £ if necessary, a C™7? solution @ = ū + ŭ to the extended 
conformal field equations on (-3, 3) x S3 and, respectively, on [0, 3) x S8. 


(iii) Given a sequence of initial data al” = al” + a” such that 
| a” llm<e€, and || a” |m— 0 as n —> o, 


then for the corresponding solutions a” € om—?((—3, 3) x S3) and, 
2) x S%), one has || ü |m—> 0 uniformly in 


T € (—Ž, Š) and, respectively 7 € [0, 2), as n + oo. 


respectively, C™~?([0 


Proof The proof of points (i) and (iii) of the above proposition is, again, a direct 
application of Theorem 12.4 along the lines of Proposition 15.1. The proof of 
point (ii) concerning the existence of an actual solution of the extended conformal 
field equations follows from the homogeneity of the subsidiary evolution system as 
given in Proposition 13.4 together with Corollary 12.1 by an argument identical 
to that used in Proposition 15.2. 


Remark. By an argument similar to the one leading to Proposition 15.3, using 
the expression (15.14) for a separation vector in the background de Sitter 
spacetime, it can be shown that if € is sufficiently small, then the separation 
fields for the perturbed spacetime remain non-zero in (-3, 3) and, respectively, 
(0, 2). Thus, the conformal Gaussian system used in the hyperbolic reduction 


remains well behaved throughout. 


Constructing solutions to the Einstein field equations 


The discussion of this section can be summarised in the following two technical 
versions of the main theorem of this chapter: 
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Theorem 15.2 (global existence and stability of de Sitter-like space- 
times: conformal Gaussian systems version) Given m > 4, a solution 
u, = ū, + 0, to the conformal constraint equations with A = —3 on a standard 
Cauchy hypersurface S, ~ S? such that || ù, ||m< £, for e > 0 suitably small, 
gives rise to a solution u to the conformal field equations on 


M = [-2,2] x S’. 


This solution implies, in turn, a solution (M,g) to the Einstein field equations 
with cosmological constant A = —3 where 


M = (—2, 2) x S, 


for which 


I* = {+2} x $3, 


represent future and past conformal infinity, respectively. 
In the case of asymptotic Cauchy data one obtains a similar statement: 


Theorem 15.3 (global existence and stability for the asymptotic initial 
value problem) Given m > 4, a solution u, = 0, + U, to the conformal 
constraint equations with A = —3 on a 3-manifold S ~ S? representing the past 
component of the conformal boundary such that || ù, ||m< £, for € > 0 suitably 
small, gives rise to a solution u to the conformal field equations on 


M = [0,4] x S. 


This solution implies, in turn, a solution (M, g) to the Einstein field equations 
with cosmological constant A = —3 where 


M = (0,4) x S3, 
for which 
IT = {0} x S$, I+ = {4} x S8, 
represent future and past conformal infinity, respectively. 
The proofs of Theorems 15.2 and 15.3 are identical to that of Theorem 15.1. 
Penrose diagrams of the spacetimes thus obtained can be seen in Figure 15.5. 


Observe that in the gauge being considered, the Penrose diagrams for the exact 
de Sitter spacetime and the perturbations are identical! 
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It IT 


g- 


Figure 15.5 Penrose diagrams of de Sitter-like spacetimes obtained from 
Theorems 15.2 and 15.3: on the left is the spacetime obtained from a standard 
Cauchy initial value problem; on the right is the spacetime obtained from the 
asymptotic initial value problem. 


15.4.3 Geodesic completeness and asymptotic analysis 


The analysis of the existence and stability of de Sitter-like spacetimes developed 
in Sections 15.3 and 15.4 can be refined to include geodesic completeness. As 
the exact de Sitter spacetime is geodesically complete, it is to be expected that 
suitably small perturbations thereof will also share this property. More precisely: 


Proposition 15.4 (geodesic completeness of de Sitter-like spacetimes) 
Suitably small perturbations (M,g) of the de Sitter spacetime are null and 
timelike g-geodesically complete. 


In particular, the above proposition together with the existence and stability 
results obtained in the previous sections show that suitably small perturbations 
of the de Sitter spacetime are asymptotically simple spacetimes. 

It is convenient to divide the analysis of Proposition 15.4 into two cases. 


Null geodesics 


The key observation required to prove null geodesic completeness is the following: 
given the conformal representation (R x S?,g¢) any null g-geodesic starting 
within the unphysical spacetime reaches the conformal boundary for a finite value 
of its affine parameter. 

In what follows, let (M, g) be one of the de Sitter-like spacetimes obtained 
from, say, a standard Cauchy initial value problem with data prescribed on a 
hypersurface S,. Making use of a perturbative argument similar to the ones 
employed in Propositions 15.1 and 15.3 and by reducing €, if necessary, it can 
be shown that given a point p € S, and a fixed 6 > 0, for all points q € S, lying 
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in an h-metric ball of radius 6 centred at p, the future directed null g-geodesics 
starting at q will reach J * in a finite value of their affine parameter. As S, is a 
compact hypersurface, it can be covered with a finite number of such h-metric 
balls of radius 6, and, accordingly, there exist non-trivial perturbations of the 
de Sitter spacetime for which all null g-geodesics starting on S, reach 4+ in 
a finite value of their affine parameter. Now, every g-null geodesic is (up to a 
reparametrisation) also a g-null geodesic. Moreover, making use of the discussion 
in Chapters 7 and 10, one can find an affine parameter s of the g-null geodesic 
such that s > co as © — 0. Hence, one concludes null g-completeness. 


Timelike geodesics 


In the case of timelike geodesics, following Lemma 5.2 every timelike g-geodesic 
is, up to a reparametrisation, a timelike 9g ,.-conformal geodesic. It can be 
explicitly checked — starting, for example, from the general solution to the 
conformal geodesic equations in the Minkowski spacetime as discussed in Section 
6.2.3 — that every g¢-conformal geodesic starting inside the region of the Einstein 
cylinder associated to the conformal de Sitter spacetime reaches the conformal 
boundary of the spacetime in a finite amount of its unphysical proper time 
7. Using, as in the case of the null geodesics, a perturbative argument, this 
property is seen to be preserved for suitably small perturbations of the de Sitter 
spacetime. Of course, not every g-conformal geodesic can be reparametrised to 
a g-geodesic. This is the case only for those curves reaching the conformally 
boundary orthogonally — as can be checked using Lemma 5.3. Finally, using the 
properties of conformal geodesics in Einstein spaces as discussed in Section 5.5.6, 
the physical proper time of g satisfies 7 — co as © — 0. This implies geodesic 
completeness. 


15.5 Extensions 


The results of this chapter can be extended to the case of the Einstein equations 
coupled with suitable trace-free matter; see Chapter 9. 

For simplicity, the subsequent discussion will be restricted to the standard 
conformal field equations. One of the main difficulties when attempting a direct 
extension to include matter is the presence of the rescaled Cotton tensor Teab in 
the Cotton and Bianchi equations. As discussed in Chapter 9 this tensor involves 
derivatives of the matter fields. As the Cotton and the Bianchi equations are 
interpreted as differential conditions on the components of the Schouten tensor 
and the rescaled Weyl tensor, the inclusion of matter in the analysis brings 
further terms into the principal part of the conformal evolution equations which, 
in principle, destroy the symmetric hyperbolicity. In general, these derivatives 
cannot be eliminated using the field equations for the matter model. Thus, one 
introduces the derivatives of the matter variables as new unknowns into the 
problem. Equations for these auxiliary variables can be obtained by applying 
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a covariant derivative to the matter equation and commuting derivatives. This 
procedure has been described, for the Maxwell field, in Section 9.2. For suitable 
matter models — such as the Maxwell field, the conformally invariant scalar field 
and radiation fluids — the resulting field equations for the auxiliary field admit 
a symmetric hyperbolic reduction without the need of introducing further gauge 
source functions. 

The construction of suitable symmetric hyperbolic evolution equations for 
the auxiliary fields needs to be supplemented with their associated subsidiary 
evolution equations and a further subsidiary equation for the definition of the 
auxiliary variable. This procedure is similar in spirit to the construction of 
subsidiary equations for the geometric fields described in Sections 13.3 and 13.4.5. 

The procedure briefly described in the previous paragraph has been imple- 
mented by Friedrich (1991) for the Einstein-Yang-Mills system, using the 
standard conformal field equations and a hyperbolic reduction involving gauge 
source functions to obtain a generalisation of the existence and stability result 
given in the main theorem of this chapter. The same basic ideas can be used to 
obtain a future global existence and stability result for perturbations of radiation 
perfect fluid Friedman-Robertson-Walker cosmological models; see Lübbe and 
Valiente Kroon (2013b). 


Matter and the extended conformal field equations 


The implementation of the ideas discussed in the previous paragraphs to the 
extended conformal field equations requires further consideration. The matter 
field equations are usually expressed in terms of the Levi-Civita connection V of 
the unphysical metric g. However, the conformal field equations provide direct 
access only to the Riemann tensor of the Weyl connection V. Equation (5.30a), 
relating the Riemann tensors of the connections V and V, involves the covariant 
derivatives of the covector fa. Thus, further derivatives of the conformal fields 
enter the principal part of the evolution system in a way which destroys the 
symmetric hyperbolicity. The antisymmetric part of the derivative Via foj can be 
replaced by terms not containing derivatives using the equation 


Vafo = Mita = Lab — Lea; 


compare Equation (8.45). However, a similar substitution is not possible for 
the symmetric part Via fo). In order to obtain a suitable symmetric hyperbolic 
system one needs to introduce Via fy) as an unknown of the system — or, 
alternatively, the components La» of the Schouten tensor of the unphysical Levi- 
Civita connection V. In the case of the Einstein-Maxwell equations it is possible 
to find suitable evolution equations for the auxiliary field YA 4’Bc = Vaa' OBC 
which do not contain the symmetrised derivative Via fo); see Lübbe and Valiente 
Kroon (2012). This, however, is an exceptional situation. 
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15.6 Further reading 


The results discussed in this chapter were first obtained in Friedrich (1986b). 
Similar results starting from asymptotic Cauchy data were first discussed in 
Friedrich (1986a). These results have been extended to the case of the Einstein 
equations coupled to a Yang-Mills field in Friedrich (1991). Alternative proofs, 
which make use of the extended conformal field equations and conformal gauge 
systems, in the vacuum and Einstein-Maxwell case, have been given in Lübbe 
and Valiente Kroon (2009, 2012). 

A different way of generalising the global existence and stability results 
discussed in this chapter is to consider higher dimensions. In this case one 
cannot make use of the conformal Einstein field equations of Chapter 8, 
which are valid only for four-dimensional spacetimes. Alternative field equations 
are required. Global existence and stability results for de Sitter-like vacuum 
spacetimes of arbitrary dimension have been given in Anderson (2005a) and 
Anderson and Chruściel (2005) using the conformal equations implied by the 
Fefferman-Graham obstruction tensor. 

The methods of this chapter can be adapted to analyse perturbations of 
cosmological models with radiation perfect fluids and an asymptotic structure 
similar to that of de Sitter spacetime. An example of this type of analysis can 
be found in Lübbe and Valiente Kroon (2013b). 


16 


Minkowski-like spacetimes 


This chapter studies the existence and stability of Minkowski-like spacetimes, 
that is, solutions to the vacuum Einstein field equations with vanishing cos- 
mological constant. The main result of this chapter is very similar in spirit to 
the main result concerning the global existence and stability of de Sitter-like 
spacetimes of Chapter 15. There is, however, a key difference: while the results 
in Chapter 15 are global in nature, the ones in the present chapter are semz- 
global. More precisely, the spacetimes to be discussed arise as the development 
of suitable initial data on hyperboloidal hypersurfaces — an examination of the 
Penrose diagram of the Minkowski spacetime in Figure 16.1 reveals that these 
hypersurfaces are not Cauchy hypersurfaces of the spacetime. Accordingly, only 
a portion of the whole spacetime can be recovered from this type of initial value 
problem. The main result of this chapter can be formulated as follows: 


Theorem (semiglobal existence and stability of Minkowski-like space- 
times). Small enough perturbations of hyperboloidal initial data for the 
Minkowski spacetime give rise to solutions to the vacuum Einstein field equations 
which exist globally towards the future and have an asymptotic structure similar 
to that of the Minkowski spacetime. 


This result was first proved in Friedrich (1986b) and subsequently extended 
to the Einstein-Yang-Mills equations in Friedrich (1991). The original proof of 
the result made use of the standard conformal Einstein field equations and is 
similar to the argument given for the de Sitter spacetime in Section 15.3. In 
this chapter a proof of the theorem is given which makes use of the extended 
conformal field equations and conformal Gaussian systems following the ideas in 
Lübbe and Valiente Kroon (2009). This approach allows for a more detailed and 
explicit discussion of the structure of the conformal boundary. 

The restriction of the analysis of the present chapter to the hyperboloidal 
initial value problem may seem mysterious at first sight. As will be discussed 
in some detail in Chapter 20, the initial data for the conformal Einstein field 
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Figure 16.1 Penrose diagram of the Minkowski spacetime and the regions 
that can be recovered from data on the standard hyperboloid H,. The future 
and past domains of dependence D(H.) and D~ (Hx) are depicted in grey 
shading. Observe that H, is not a Cauchy hypersurface as there are portions 
of the conformal diagram that cannot be recovered from the data on H,. 


equations on an asymptotically Euclidean (Cauchy) hypersurface is generically 
singular at spatial infinity — the various issues associated to this singular 
behaviour are usually known as the problem of spatial infinity. 

Despite the above limitation, hyperboloidal initial value problems arise 
naturally in evolution problems in which the behaviour of gravitational radiation 
is the main concern; see, for example, Rinne and Moncrief (2013) or Zenginoglu 
(2008). While the ADM mass - which is computed on asymptotically flat 
hypersurfaces (see Section 11.6.1) — is a conserved quantity, the notion of mass 
associated to hyperboloidal hypersurfaces, the so-called Bondi mass, shows 
a monotonic behaviour, and so it describes the process of mass loss due to 
gravitational radiation; see Section 10.4. 


16.1 The Minkowski spacetime and the conformal field equations 


The first step of the stability analysis is a study of the Minkowski spacetime in 
the gauge used to deduce the conformal evolution equations of Proposition 13.3. 


16.1.1 The basic representation 


As discussed in Section 6.2, the Minkowski spacetime (R4, 7) can be conformally 
embedded into the expanding Einstein cylinder (R x S3,g¢) where 


PN? 
Je = d7 8 d7 — (+7) h, 


by means of the conformal rescaling 


1 
Ge = Ovi, Ox = 2cos” . (1 i tan? ? j (16.1) 
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The coordinate 7 is an affine parameter of the conformal geodesics (xe (7), Be(T)) 
with 
27 


pan 


telT)=(7,£3)  æ(T)=87 Be(7)= 

The underlying geometry of the conformal representation of the Minkowski 

spacetime described in the previous paragraph is that of the expanding cylin- 

der. Accordingly, the geometric fields for this conformal representation of the 

Minkowski spacetime coincide with those of the conformal representation of the 
de Sitter spacetime discussed in Section 15.1.2. That is, one has 


æ =1, as)’ =0, (16.2a) 
E = a 4 i 
e = 0, C(AB) = 7 ga AB > (16.2b) 
fap =0, (16.2c) 
= 4i 
=-— > 16.2 
ABCD Ty zh ABcn, (16.2) 
2i 
X Sn 16.2 
X(AB)CD = 777 hABCD, (16.2e) 
= =-— 16.2f 
OaB = 0, OABCD tae hABCD, (16.2f) 
ABCD = 0. (16.2g) 


It is important to emphasise, however, that the conformal gauge fields O y and 
d u, relating the conformal representation to the physical Minkowski spacetime, 
are different from those of the de Sitter spacetime. 

A schematic representation of the conformal boundary associated to the above 
conformal representation of the Minkowski spacetime is given in Figure 16.2. 
It is observed that, as a consequence of the explicit time symmetry of the 


gr 


Figure 16.2 Plot of the conformal boundary of the Minkowski spacetime 
in the conformal Gaussian gauge given by Equation (16.1). This conformal 
representation is explicitly time symmetric and does not contain the points 7~ 
representing future and past null infinity. The image has been cropped. This 
figure is a coordinate plot, not a conformal diagram; thus, null geodesics do 
not have a slope of 45 degrees. 
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representation, the points 7+ representing future and past timelike infinity are not 
included. This representation is not the most convenient one to use in analysing 
a hyperboloidal initial value problem. A related, more convenient representation 
is given in the next subsection. 


16.1.2 A conformal representation adapted to the 
standard hyperboloid 


As discussed in Section 6.2, the Minkowski spacetime can be embedded into the 
Einstein cylinder using the conformal factor 


= iw =cost+cosw. 


In the following it will be convenient to shift the above standard embedding 
by 2/2 to the past with the replacement T > 7 + 7/2, so that the standard 
Minkowski hyperboloid H, which is given by the condition T = 7/2 is now 
located at 7 = 0; see Equation (6.26). Accordingly, one obtains the shifted 
conformal factor 


Ew = cos (+5) + cos% = cosy — sin7. (16.3) 


In particular, the conformal factor embedding the hyperboloidal 3-manifold into 
S? is given by 


Q = cosy. 


One has that Q = 0 at y = 7/2. Hence, it is natural to define 


T 
Observe that dQ 4 0 at OH+. 
To relate the conformal representation of the Minkowski spacetime given by the 
conformal factor in Equation (16.3) to the so-called expanding Einstein cylinder 
discussed in Section 16.1.1, it is recalled that gẹ = a) and Jg = OZge so that 


ge = 07/71, C= Ose. 
The relation between the shifted coordinate 7 and the affine parameter 7 of the 
conformal geodesics (xe¢(7),@¢(7)) in the Einstein cylinder is, formally, the 
same as the one between the original coordinate 7 and 7; in particular, one 
has that 7 = 0 if 7 = 0. Thus, using the conformal transformation properties 


of conformal geodesics as described in Section 5.5.2, one finds that the pair 
(4.a(7),B.a(F)) with 


(cos7d7 + sin ydy) 


z ~ ~ T 
= +55 dey = tan — dř + — 
B.a = Be ee 2 sin T — cos w 
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and 


+ = 2arctan 5 (16.4) 


gives rise to a congruence of conformal geodesics in the Minkowski spacetime 
adapted to the conformal factor =v in Equation (16.3). This congruence can 
be used to construct a conformal Gaussian gauge system for the Minkowski 
spacetime. 

A calculation using standard trigonometric identities and the relation (16.4) 
between the parameters 7 and 7 yields the expression 


=2 
0 = cos (1 — sec wT + 7) (16.5) 
for the conformal factor associated to the new conformal Gaussian gauge system. 
This conformal factor vanishes whenever 

2+sin Y 


T= 
cos Y 


A plot of this conformal factor can be seen in Figure 16.3. Moreover, the 
components of the covector dy = OG mw With respect to a Weyl propagated 
frame {ēa} such that ĉo = žy are given by 


Bo = O, Bi = &,(Q). 


Finally, it follows from the discussion from the previous paragraphs that the 
geometry of the conformal representation of the Minkowski spacetime given by 
the conformal factor (16.5) is described by the fields (16.2a)—(16.2g); that is, 
the geometry of this representation coincides with that of the expanding Einstein 


Hx 
OH. 


Figure 16.3 Plot of the conformal boundary for the Minkowski spacetime in 
a conformal Gaussian gauge adapted to the standard hyperboloid. In this 
particular representation timelike infinity i* is at a finite location. The set 
OH, denotes the intersection of the conformal boundary J + with the initial 
hyperboloid H,. As in the case of Figure 16.2, this plot is not a conformal 
diagram. 
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cylinder. In particular, a suitable Jacobi field z4,5 measuring the deviation of 
the curves of the congruence of conformal geodesics is given by 


72 
z=0, Z(AB) = (1 + 7 jaan 


where 2,(aB) is some fiduciary initial value at the standard hyperboloid H,; 
compare Equation (15.14). 


16.1.3 Initial data for the Minkowski spacetime 
on the standard hyperboloid 


The congruence of conformal geodesics giving rise to the conformal Gaussian 
system is specified on the standard hyperboloid H, by the data 


O, = cosy, do. = —1, dix = & (Q). 


On H,, the conformal fields satisfy the conditions 


æ = 1, ēčaB)? = 0, (16.6a) 

#=0, am! =can’, (16.6b) 

fas = 0, EaBcp = —ihapcp. X(AB)cD = 9, (16.6c) 
Oas = 0, OaBcp = -Żhascn, (16.6d) 
PABCD = 0. (16.6e) 


16.2 Perturbations of hyperboloidal data for the 
Minkowski spacetime 


In what follows, it is assumed that one has a solution (H,h,K,9,5) to the 
conformal Hamiltonian and momentum constraints, Equations (11.15a) and 
(11.15b), with hyperboloidal boundary conditions as discussed in Section 11.7. It 
is convenient to regard the hyperboloidal manifold H as a region of a 3-manifold 
S ~ S. Following the conventions of the previous chapters, when regarding the 
3-manifolds H and S as hypersurfaces of a four-dimensional spacetime one writes 
H, and S,, respectively. One can use coordinates (2°) on S3 as coordinates on 
H and introduce reference frame and coframe fields {c;} and {a*} by requiring 
the identification between S and S? to be a harmonic map; see the discussion in 
Section 15.2.1. 

Initial data for the conformal evolution equations can be obtained from the 
basic initial data (H, h, K, Q, X£) using the procedure described in Section 11.4.3. 
It will be assumed that the data can be written on the initial hyperboloid H, in 
the form 
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e =1, e(aB)’ = 0, (16.7a) 
é= 0, €(AB)* =o,ap' + EAB)’, (16.7b) 
fap = 0, (16.7¢) 
€apcp = ABCD + ÊABCD, (16.7d) 
X(AB)CD = X(AB)CD> (16.7e) 
Oap = Oa, Oascp = ÔABCD + ÖABCD, (16.7f) 
@aABCD = OABCD, (16.7g) 

with 

EABCD, X(AB)CD; OaBcpD 
as given by Equations (16.6a)—(16.6e), while the fields 
AB)’: EABCD, X(AB)CD; Os, OaBcp, @ABCD 


describe the perturbation from standard hyperboloidal Minkowski data and 
gapt are the spatial Infeld-van der Waerden symbols. 

While the background fields capt, EABCD; X(AB)CD; OaBcp are 
defined on the whole of S ~ S*, the perturbation fields €(4py’, EARED: 
X(AB)CD; Oap, ÕABCD, ABCD are defined only on H. To apply the 
basic existence and stability result, Theorem 12.4, to the present situation 
one extends the hyperboloidal initial data set on H to data on S. Using the 
extension theorem, Proposition 12.2, and given m > 4 there exists a linear 
operator & : H™(H,C’) = H™(S,C™) such that for ù, € H™(H,C™) then 
(Eù, ) (x) = ù, (x) almost everywhere in H and 


|I Eù, lm, s< K | ù, lm H 


with K a universal constant for fixed m. As in the case of the de Sitter spacetime, 
the background initial data u, is defined on the whole of S so that the extended 
data 


u, =u, + £ù, (16.8) 


is a well-defined function in H™(S,C™). The extension of the hyperboloidal 
data given by (16.8) is non-unique and, in general, will not satisfy the conformal 
constraint equations on S \ H. As the norm || Eù, ||m,s is dominated by the 
norm || ù, ||m u, then || Eù, ||m,s can be made as small as necessary by 
making || uy ||m 4 suitably small. In complete analogy to the case of the de 
Sitter spacetime, one says that a hyperboloidal initial data set of the form 
(16.7a)-(16.7g) is e-small (in the norm || ||s,m) if 


Il čast lsm + || Eason lism + || XABCD |lsjm 


+ || OaB lsum + || ÕABCD \|s,m + || baBCD llspm< €, 
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D+ (Ss) 
I+ (S.N A 


D* (Hx) 


Figure 16.4 Domain of dependence Dt (H,) of data for the conformal evolu- 
tion equations on a hyperboloid H+: on the left, a schematic representation of 
the setup; on the right, a three-dimensional depiction. To make use of Kato’s 
existence theorem, the data have to be extended to S,\H where S, ~% S. The 
domain of dependence of the extended data D*(S,) corresponds, in principle, 
to the cylinder [0, 00) xS*. The chronological future of the extension on S \Hx, 
denoted by I*(S, \ Hx), does not intersect the domain of dependence of the 
hyperboloidal data D*(H,), and, thus, it is independent of the particular 
extension being used. 


where it is understood that each of the terms in the above expression comprises 
a sum over all the independent components of the spinorial field under 
consideration. 

The extended data (16.8) is non-unique. This non-uniqueness does not pose 
any problem for the considerations of this chapter. While it is true that the 
development D*(S,) is clearly dependent on the particular extension of the 
initial data, one has 


Dt (Hy) A IHS, \ Hy) = Ø: 


compare the Remark at the end of Section 14.2. Thus, the particular choice of 
extension of the data on H, has no effect on D*(H,,); see Figure 16.4 for further 
details. 


16.3 A priori structure of the conformal boundary 


This section discusses the available a priori knowledge of the structure of the 
conformal boundary of the development of hyperboloidal initial data. 

In what follows, assume that H, can be regarded as an open subset of a 
compact manifold S, ~ S3. Moreover, assume that OH, ~ S?. On S, one 
considers a conformal factor Q such that Q > 0 in the interior of H, and Q = 0 
on OH,; that is, the conformal factor Q can be thought of as a boundary-defining 
function. Consistent with the hyperbolic reduction procedure for the extended 
conformal field equations as described in Section 13.4, it is assumed that the 
domain of dependence D*(S,) can be covered by a non-singular congruence of 
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conformal geodesics with data prescribed on S,. In particular, it is required that 
the conformal geodesics are initially orthogonal to S,. 


Determining the conformal factor 


From Proposition 5.1, it follows that the general form of the conformal factor 
associated to the congruence of conformal geodesics is given by 


Fi T 
@=0,+0,7+ zO, (16.9) 


where the coefficients ©., Ò, and ©, are functions of the spatial coordinates and 
are subject to the constraints 


Ò, = (dp, 2), O,0.= 5'(d.,d.) (16.10) 
It is convenient to set 
0, =Q 

and to make the spatial part of d, equal to dQ. Accordingly, one finds that 

dox = Òs, dix = DM. 
Now, letting 

a=-'0,, 

one finds from the constraints in (16.10) that 

200, = h’ (dN, dQ) + a2, 


where it is recalled that h#(dQ,dQ) < 0 as a consequence of the signature 
convention. Whenever 2 = 0, it follows from the constraints (16.10) that d, 
must be a null covector as dO Æ 0. 

Making use of the above observations, one finds that Equation (16.9) takes 
the particular form 


where 
7 20 
y Iht (a9, a) 
A calculation shows that © = 0 for 
2aw? +4 
roS (16.11) 
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Accordingly, it is natural to define the future (and, respectively, past) null 
infinity of the development associated to the hyperboloid H, as 


It= fiza) ERxS’|7 =72(2)}. 


This expression shows how the location of the conformal boundary is prede- 
termined by the initial data Q and d, as long as the underlying congruence 
of conformal geodesics remains non-singular. As Q — 0, one has that either 
Ta > Oor74 > —20,/0,. It follows that Zt and J- are smooth hypersurfaces 
whenever dO # 0. Moreover, OH, is the intersection of %* with H, = {0} x H 
as is to be expected for hyperboloidal data. In analogy to the model case 
of the hyperboloids in the Minkowski spacetime, the development of generic 


hyperboloidal data has a conformal boundary which corresponds to either I+ 
or JT, but not both; see Figure 16.5. This information is contained in the sign 
of the free datum ©,. By convention, the conformal factor is positive in the 
region corresponding to the physical spacetime (M, g). Accordingly, if 0, >0 
on H, then M lies to the future of the conformal boundary and one speaks of a 
hyperboloid which intersects past null infinity, and, thus, the conformal boundary 
is identified with ~. If, by contrast, Ò, < 0 on OH,, then M lies to the past 
of the conformal boundary. In this case, the hyperboloid intersects future null 
infinity and .%+ gives the conformal boundary. Without loss of generality, in 
the following, attention will be restricted to hyperboloids intersecting future null 
infinity so that Ò <0 on OH,. 


gt 


6 


Ò, <0 Ò, >0 


Figure 16.5 The two possible configurations of the conformal boundary for 
hyperboloidal data as discussed in the main text: on the left, one has the 
case Ò, < 0 at OH, where the conformal boundary given by the conformal 
Gaussian gauge system corresponds to J+; on the right, one has the situation 
corresponding to ©, > 0 at OH, so the realised component of the conformal 
boundary is given by 7. 
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Timelike infinity 


To identify the points which can be regarded as representing timelike infinity, 
one needs to investigate the critical points of O on the conformal boundary, that 
is, the points where dO = 0 and 7 = 74+ (x). A calculation shows that 


re 1 5 1\_,5 _{1lis 1 Z 
do = (1407 (ie 2) P) o(a+2 (70-5) ) a7 


+ QF da + Q7? liga cane , 
2 w3 


Thus, a necessary condition for having a critical point of © on J= is 


naan ka 1 
at 274 (ie =) = 0. 


A short computation shows that the above is equivalent to h(dQ,dQ) = 0. 
That is, the critical points of © can occur only along conformal geodesics for 
which dQ = 0 on the initial hypersurface S,. The standard hyperboloid in the 
Minkowski spacetime contains precisely one such point. By continuity, suitably 


small perturbations of this data will have only one point for which dQ = 0. 
Now, for points lying along a conformal geodesic for which dQ = 0, Equation 

(16.11) yields 74 = —2/a. Note that 7, > 0 if a < 0, that is, if Ò, < 0. 

To obtain a conformal representation which includes timelike infinity one needs 


to set a Æ 0. This condition will be assumed in the remainder of this chapter. 
Moreover, one defines 


Ti+ — —2/a. 


In particular, for the conformal representation of the Minkowski spacetime given 
by the conformal factor of Equation (16.5) one finds that 7;+ = 2. 

To conclude the discussion of timelike infinity, it is necessary to analyse the 
Hessian of the conformal factor ©. In what follows it is assumed that one has 
obtained a solution to the conformal field equations and that the associated 
unphysical metric g has been determined. 

From the general discussion of the conformal field equations in Chapter 8 it 
follows that © satisfies the equations 


Va9 om Ya; (16.12a) 
Vaub = Slab — OLap, (16.12b) 
Vas = —LacX*, (16.12c) 


where s denotes the Friedrich scalar, V is the Levi-Civita connection of the 
unphysical metric g = 07g and Lap are the components of the Schouten tensor 
of V with respect to the Weyl propagated frame {€a}. If s and Lab are regular 
at the points for which T = 7;+, one finds that 


Hess Oļ|;+ = sļli+gli+. 
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If, in addition, s|;+ 4 0 — which, as will be seen, is the case for perturbations 
of the Minkowski spacetime — one concludes that the Hessian of the conformal 
factor © is non-degenerate at i+, and, consequently, the point i* can be rightfully 
regarded as the timelike infinity of the development of the hyperboloidal initial 
data prescribed on H,. 


The Cauchy horizon of the hyperboloidal data and the conformal boundary 


The discussion in the previous two subsections can be further refined to show 
that the conformal boundary .%* coincides with the Cauchy horizon Ht (H,) 
of the initial data prescribed on H,. General results of Lorentzian causal 
theory as described in Chapter 14 imply that the Cauchy horizon H+ (H) is 
generated by null geodesic segments with endpoints on OH,; see Proposition 
14.4. Since OH, is assumed to be a smooth two-dimensional manifold, it follows 
that H+(H,,) is, in a neighbourhood of 0H,, a g-null hypersurface. 
Setting Xa = VaO it follows from the initial data on H, that 


Q=0, and Yeh? = n®dado = 0, on OH,, 


where the various fields are expressed in terms of their components with respect 
to the Weyl propagated frame {ea}. Accordingly, the null directions tangent to 
H*(H,) — the so-called null generators of null infinity — are given on OH, 
by Xa. On OH, one can define g-null vectors l and n by requiring 


a has n L OH,, g(l,n) = 1, on OH,. 


Moreover, on suitable open sets O C OH, one can supplement l and n 
with complex vectors m and m tangent to OH, with g(m,m) = —1. The 
resulting Newman-Penrose frame {l, n, m, Mm} can be propagated along the 
null generators of Ht(H,) which terminate on O C OH, by parallel transport 
in the direction of l; that is, one has 


lev, l° =0, l°Van? =0, 1?V_m? = 0. 


Assuming now that the conformal field equations are satisfied on Ht (H,), it 
follows from transvecting Equations (16.12a) and (16.12b) with {° and m® that 


PVE =l Sa 
1V a(b) = —O (Las), 
1I°Va(m?Xp) = —O(Lapl*m’). 


These equations can be regarded as ordinary differential equations for the scalars 
O, Ep and mS» along the generators of J+. By construction, these fields 
vanish on © C OH,. Therefore, following a generator on H*(H,) off OH, 
one finds that © = 0, lS, = 0, m’X, = 0 until, possibly, one arrives at a 
caustic point. Consequently, there is at least a portion of Ht(H,) where the 
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conformal factor vanishes. It follows from the above that on © the field Xa must 
be proportional to la — more precisely, one can write 


=u = (nX)? on OCH, (16.13) 


The portion of the Cauchy horizon where © vanishes can be identified with 
a portion of Z+ as given by Equation (16.11). On this part of H*(H,), the 
conformal field Equations (16.12b) and (16.12c) imply that 


PV ai hs) =s, 
I°Vas = —(n°Xe)Lapll”. 


Since n*Xg = 1 on OH, it follows from the homogeneity of the above equations 
that s and nE, cannot vanish simultaneously. Moreover, contracting VaO = Xa 
with m®, m® one obtains 


s = —(n*Xa) p, (16.14) 


where p = m@mVoblq is the Newman-Penrose spin coefficient associated to the 
expansion of the congruence of null generators. Thus, p is a measure of its con- 
vergence; see, for example, Stewart (1991), section 2.7. It follows from Equation 
(16.14) that p — œ if dO = 0 at some point p € H*(H,); see Figure 16.6. 

The discussion of the previous subsection shows that the development of 
hyperboloidal data suitably close to Minkowski data will contain an isolated 
point i+ on the conformal boundary for which dO = 0. As .¥t and H+(H,) 
coincide wherever there are no caustics, it follows that the null geodesics on 
H*(H,) must converge to it. Accordingly, H*(H,) is the past light cone of 
it, and the causal past J~(i*) and the future domain of dependence Dt (H,) 
coincide. 


OH. 


Figure 16.6 Null generators of At meeting at i*, as discussed in the main 
text. The causal past of the caustic point it corresponds to the future domain 
of dependence of hyperboloidal data; that is, J~(i*) = D(H). 
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16.4 The proof of the main existence and stability result 


Once the background Minkowski spacetime has been analysed in terms of a 
conformal Gaussian system adapted to the standard hyperboloid, a proof of 
semiglobal existence and stability is obtained by a procedure almost identical to 
the one used for the de Sitter spacetime in Section 15.4. 

As in the case of the analysis of the de Sitter spacetime, it is convenient to 
consider an ansatz for the solutions to the conformal evolution equations of the 
form 


cap) =čČAB?, eaB® = ap? +B", 
ABCD = €aBcD+€&AaBCD;, XABCD = XABCD + XABCD, faB=faB, 


OaBcDp = OaBcD +tOABCD, ABCD = ABCD, 


where 


EAB", EABCD, XABCD, OABCD 


are the values of the exact conformal Minkowski spacetime as discussed in Section 
16.1. For conciseness, the above ansatz will be written schematically as u = 
ū + ù. Taking into account that the background fields are also a solution to 
the conformal evolution equations and writing the (explicitly known) conformal 
gauge fields O and da in the form 


@=06+6, da = da + da, 
one finds evolution equations for the perturbation fields of the form 
0-6 = Kò + Q(T + Ď)ù + Q(Č)o + L(x)ġ, (16.15a) 
(I+ A?(ē + č))3-ġ + A? (E + 6). = BI +T)¢, (16.15b) 


in the conventions of Proposition 13.3. The natural domains for solutions to the 
above equations are sets of the form 


Mz = [0, 7e] x s? 


for some 7, > 0. 
Using the evolution Equations (16.15a) and (16.15b) one obtains the following 
technical version of the main theorem of this chapter: 


Theorem 16.1 (semiglobal existence and stability for perturbations of 
hyperboloidal data) Let u, = u, + ù, be hyperboloidal initial data for the 
conformal Einstein field equations given on a hyperboloidal manifold H. Given 
m > 4 and Te > 2 there exists £ > 0 such that: 
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(i) For || ay ||m< £ there exists a solution u = ū + 0 to the conformal 
propagation equations with a minimal existence interval [0,7.| such that 


ue c™ (0, 7.] x S*), 
and the associated congruence of conformal geodesics contains no conjugate 
points in [0,7]. 
(ii) For every t, with || Uy ||m< € there is a unique point p} in the interior of 


H such that dQ = 0 with Ti+ = T+(p+) € [0,7]. 


The solution u = ū + WU is unique on D*t(H,) and implies, wherever O + 
0, a C™-? solution to the vacuum Einstein field equations with a vanishing 
cosmological constant for which the set %*, as defined by 


It = {(T,p) E R x S? | T = T4 (p+)}, 


represents null infinity, while the point it = (7;+,2°(p1)) represents timelike 
infinity. Moreover, one has 


D(H) = J7 (i™). 


Proof The assertion in (i) follows from the general existence result from 
symmetric hyperbolic systems in Theorem 12.4 along lines similar to the ones 
used in the proofs of Propositions 15.1 and 15.3. The key observation in this 
respect is that as (I + A°(é))|, is positive definite and bounded away from 
zero, then (I + A°(é + €))|, can also be made positive definite and bounded 
away from zero by choosing € > 0 small enough. This observation and the 
general structure of the evolution Equations (16.15a) and (16.15b) ensure the 
existence of C™~? solutions ù with || ù. ||m< £ on [0,7] x S? with 7% > 2. 
The regularity of the congruence of conformal geodesics defining the gauge is 
obtained by supplementing the conformal evolution equations with evolution 
equations for the conformal deviation fields, Equations (13.67a) and (13.67b), 
and recalling that the deviation fields for the expanding Einstein cylinder are 
given by Equation (15.14). 

The proof of point (ii) follows from the discussion in Section 16.3 and 
by observing that the spatial conformal factor Q for the exact (background) 
hyperboloidal data has an isolated critical point (in fact, a maximum) at 4% = 0. 
Accordingly, by continuity, any suitably small perturbations of this data will 
also have a unique isolated critical point of its spatial conformal factor. Again, 
choosing £ > 0 sufficiently small, one can ensure that T} < Te. 

The final remarks in Theorem 16.1 follow from a propagation of the constraints 
argument using the properties of the subsidiary evolution system as given by 
Proposition 13.4 and the assumption that the initial data satisfy the conformal 
constraint equations on H,. The solution to the conformal field equations 
obtained by the above argument implies a solution to the vacuum Einstein field 
equations whenever © 4 0 as a consequence of Proposition 8.3. Finally, the 
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statements about the interpretation of .7* as the conformal boundary and the 
structure of i+ follow from the analysis in Section 16.3. 


Remarks 


(i) For conciseness, Theorem 16.1 is restricted to perturbations of the data 
implied by the Minkowski spacetime on the standard hyperboloid. An 
inspection of the argument, however, shows that this simplifying assumption 
is non-essential and that an analogous result can be obtained, at the 
expense of some further technical details, for perturbations of Minkowski 
data on arbitrary hyperboloids. In other words, the location of the initial 
hyperboloid within null infinity is irrelevant. A more subtle consequence of 
this observation is that it is, in principle, hard to quantify how far away a 
given hyperboloidal initial data set lies from spatial infinity or even whether 
there is any (asymptotically Euclidean) Cauchy initial data for the Einstein 
field equations whose development contains the hyperboloidal data. 

(ii) Theorem 16.1 can be combined with the method of exterior gluing discussed 
in Section 11.8.2 to show the existence of a large class of asymptotically 
simple spacetimes with a complete conformal boundary, that is, whose null 
generators are inextendible geodesics starting at i? and ending at i* and, 
respectively, i~. These ideas are discussed in more detail in Section 20.5. 

(iii) The future domain of dependence Dt(H,) as given by Theorem 16.1 
provides an infinite portion of spacetime where the framework of asymp- 
topia, as discussed in Chapter 10, can be applied; see also, for example, 
chapter 3 of Stewart (1991). In particular, if the hyperboloidal initial data 
are constructed using the methods of Theorem 11.2, one can obtain a 
development which has any desired degree of smoothness and, accordingly, 
satisfies the peeling behaviour; see the discussion in Section 10.2. 


16.5 Extensions and further reading 


The first semiglobal existence and stability result for hyperboloidal vacuum data 
of Minkowski-like spacetimes was obtained in the seminal work by Friedrich 
(1986b). This analysis used the standard vacuum conformal field equations 
and gauge source functions. The approach adopted in this chapter, employing 
the extended conformal field equations and a gauge based on the properties 
of conformal geodesics, is adapted from the discussion given in Lübbe and 
Valiente Kroon (2009). Similar semiglobal existence and stability results have 
been obtained in Anderson and Chrusciel (2005) for arbitrary even-dimensional 
spacetimes using the conformal equations given by the Graham-Fefferman 
obstruction tensor. 

The main result of this chapter can be extended to the case of the Einstein- 
Maxwell and Einstein- Yang-Mills equations. This was done in Friedrich (1991) 
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where the standard conformal field equations and a hyperbolic reduction proce- 
dure based on gauge source functions were used. An alternative proof of the semi- 
global existence and stability result for the Einstein-Maxwell equations has been 
obtained in Lübbe and Valiente Kroon (2012) using an approach similar in spirit 
to the one used in this chapter, that is, employing the extended conformal field 
equations and a conformal gauge based on the properties of conformal curves. 
Conformal curves were preferred in this analysis as they provide an explicit 
expression for the conformal factor. In the presence of matter, a standard con- 
formal Gaussian system does not provide an explicit expression for the conformal 
factor. There is, however, no reason why a semi-global result of the type discussed 
in this chapter cannot be obtained using a gauge based on conformal geodesics. 
Another way of generalising the main result of this chapter is to consider the 
Einstein-conformally invariant scalar field system; see Hiibner (1995). 

The methods in this chapter can be adapted to analyse semiglobal existence 
and stability of asymptotically simple spacetimes with vanishing cosmological 
constant which are neither the Minkowski spacetime nor perturbations thereof 
— so-called purely radiative spacetimes. These vacuum spacetimes consist of 
gravitational radiation (hence the name) which is not necessarily weak, but still 
tame enough to not form a black hole; see, for example, Friedrich (1986c) and 
the discussion in Chapter 19. Stability of these types of spacetimes from the 
perspective of a hyperboloidal initial value problem has been analysed, for the 
vacuum case, in Liibbe and Valiente Kroon (2010) and, for the Einstein-Maxwell 
case, in Liibbe and Valiente Kroon (2012). 

The main theorem of this chapter has been beautifully verified in numerical 
simulations in Hübner (2001a). In particular, the numerical results show how 
the null generators of the conformal boundary converge, to machine precision, 
at timelike infinity. These numerical simulations are further discussed in 
Section 21.3. 


17 
Anti-de Sitter-like spacetimes 


This chapter discusses the construction of anti-de Sitter-like spacetimes, that 
is, solutions to the vacuum Einstein field equations with an anti-de Sitter-like 
value of the cosmological constant A. Following the general discussion in Chapter 
10, an anti-de Sitter-like value of the cosmological constant implies a timelike 
conformal boundary. This feature of anti-de Sitter-like spacetimes marks the 
essential difference between the analysis contained in this chapter and the ones 
given in Chapters 15 and 16 for de Sitter-like and Minkowski-like spacetimes, 
respectively. 

While the de Sitter and Minkowski spacetimes are both globally hyperbolic, 
and, accordingly, perturbations thereof can be constructed by means of suitable 
initial value problems, the anti-de Sitter spacetime is not-globally hyperbolic; see 
the discussion in Section 14.5. Consequently, anti-de Sitter-like spacetimes cannot 
be solely reconstructed from initial data. One needs to prescribe some boundary 
data on the conformal boundary. Thus, the proper setting for the construction of 
anti-de Sitter-like spacetimes is that of an initial boundary value problem. In this 
spirit, one of the key objectives of this chapter is to identify suitable boundary 
data for the conformal Einstein field equations. 

For both the de Sitter and Minkowski spacetimes it is possible to obtain 
conformal representations which are compact in time so that global existence 
of perturbations can be analysed in terms of problems which are local in time. 
However, the conformal representations of the anti-de Sitter spacetime discussed 
in Chapter 6 involve an infinite range of time. As a consequence, the main result 
of this chapter is local in time and makes no assertions about the stability of the 
anti-de Sitter spacetime. The main result of this chapter can be formulated as 
follows: 


Theorem (local existence of anti-de Sitter-like spacetimes). Given 
smooth anti-de Sitter-like initial data for the Einstein field equations on a 
three-dimensional manifold S with boundary and a smooth three-dimensional 
Lorentzian metric £ on a cylinder [0,7¢) x OS for some Te > 0, and assuming that 
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these data satisfy certain corner conditions, there exists a local-in-time solution 
to the Einstein field equations with an anti-de Sitter-like cosmological constant 
such that on {0} x S it implies the given anti-de Sitter-like initial data. Moreover, 
this solution to the Einstein field equations admits a conformal completion such 
that the intrinsic metric of the resulting (timelike) conformal boundary belongs 
to the conformal class |£]. 


Thus, the conformal class of the intrinsic metric of the conformal bound- 
ary constitutes suitable boundary data for the construction of anti-de Sitter 
spacetimes. This insight was first obtained in Friedrich (1995). 


17.1 General properties of anti-de Sitter-like spacetimes 


In what follows, by an anti-de Sitter-like spacetime it will be understood 
an asymptotically simple spacetime (M,g) with positive (i.e. anti-de Sitter-like) 
cosmological constant. The basic intuition on this type of spacetimes is obtained 
from the paradigmatic example discussed in Section 6.4. In particular, it has 
been shown that making use of the conformal factor 


Eads = acosy, a a constant, 


the anti-de Sitter spacetime (R4, ğaqg) is conformal to the region 


Mois = fpe R XS 


Tt 


0 < vp) < z) 


of the Einstein cylinder R x S? described in standard coordinates (T, y, 0,9). 
Moreover, the conformal boundary of the spacetime is given by 


F = {pERxs® vw =F}, 


which can be verified to be timelike. 


17.1.1 General setting for the construction of anti-de 
Sitter-like spacetimes 


Let (M,g,=) denote a conformal extension of an anti-de Sitter-like spacetime 
(M,g) with g = =’g. It will be assumed that the spacetime is causal (i.e. 
it contains no closed timelike curves) and that it contains a smooth, oriented 
and compact spacelike hypersurface S, with boundary 0S, which intersects the 
conformal boundary X in such a way that S, N.J = OS,. It is convenient to 
define Š, = S,\0S,. The portion of X in the future of S, will be denoted by J+. 
Furthermore, it will be assumed that the causal future Jt (S,) coincides with the 
future domain of dependence! Dt(S, U Jt) and that S U Jt ~ [0,1) x Sx 


1 In Chapter 14 the domain of dependence has been defined for achronal sets. However, that 
S, U JY is not achronal. This feature will not play a role in the subsequent discussion. 
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Figure 17.1 Penrose diagram of the set up for the construction of anti-de 
Sitter-like spacetimes as described in the main text. Initial data prescribed on 
S, \ OS, allow one to recover the dark shaded region Dt (S, \ OS,). In order 
to recover D? (S, U JT) it is necessary to prescribe boundary data on +. 
Notice that DY (Sx U.%*) = J+ (Sx). 


so that, in particular, %* ~ [0,1) x Sı. A schematic depiction of the above 
setting is given in Figure 17.1. One of the key objectives of the present chapter 
is to address the question: what data on S, U.%* are needed to reconstruct the 
anti-de Sitter-like spacetime (M,g) in a neighbourhood U C Jt+(S,) of S4? 

As a consequence of the properties of the standard Cauchy problem and 
the localisation property of hyperbolic equations, the solutions to the conformal 
Einstein field equations on Dt(8,) are determined, up to diffeomorphisms, 
in a unique manner by solutions to the constraint equations on S,. To 
recover J+(S,) \ D+(S,) one needs to prescribe suitable data on the conformal 
boundary .%. The analysis of the suitable boundary data requires the prescription 
of some appropriate gauge near J. As will be seen, conformal geodesics are 
ideally suited to provide such a gauge. 


The conformal constraints at the conformal boundary 


Because for anti-de Sitter-like spacetimes the conformal boundary is a g-timelike 
hypersurface, it follows that the metric g induces on J a three-dimensional 
Lorentzian metric . As discussed in Section 11.4.4, the conformal Einstein 
field equations satisfied by the (unphysical) spacetime (M,g) imply on J a 
simplified set of interior (constraint) equations. It is recalled that a solution 
to these conformal constraints at the conformal boundary can be computed 
from the metric £, a smooth scalar function x and a symmetric ¢-tracefree 
three-dimensional tensor on J; see Proposition 11.1. The scalar function is, 
in particular, a conformal gauge-dependent quantity which can be set to zero by 
considering a different metric in [£8]. 
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17.1.2 Conformal geodesics at the conformal boundary 


In Section 6.4.2 it has been shown that the anti-de Sitter spacetime can be 
covered by a congruence of (non-intersecting) conformal geodesics. In this 
congruence, curves which for some value of their affine parameter 7 are tangent 
to ¥ remain on ¥ for all values of 7. It will be shown that this observation is, 
in fact, a generic property of anti-de Sitter-like spacetimes. 

On the conformal boundary of an anti-de Sitter-like spacetime consider 
an adapted g-orthonormal frame {ea} such that e3 is inward pointing and 
orthogonal to .%. This frame can then be extended to a neighbourhood U of 
YF by requiring the frame to be parallely propagated in the direction of e3. It 
follows that the connection coefficients of V associated to this frame satisfy 


T3% =0 on U. 
If one uses Gaussian coordinates x = (x) based on ¥ such that 
IF = {p EU |z?(p) =O}, 
it follows from writing ea = ea”, that 
e3” = 63", ea? = 0. 
To analyse the behaviour of conformal geodesics at the conformal boundary 
it is convenient to consider the equations for these curves expressed in terms of 


the connection V. These equations can be decomposed in components using the 
adapted frame discussed in the previous paragraph. One writes 
= ea; B = Baw". 
The conformal curve equations split into two groups. Firstly, one has the normal 
equations: 
13 = z%e,3 = z’, 
B= —Ta%p2%2? — 2(Bez°)z? + (ze2°) 6", 
: 1 ; 
B3 =Ta°3z"Be + (Bez°) 63 — z BcB")28 + Lg3z* + Lisz’. 
Secondly, for 2, a = 0,1,2 one has the intrinsic equations: 
ee = ea 25 
a = T ep2” — 2(Be2°)z* + (262°) 8", 
f 1 
bi = Te sBez” + (Bez) Bi — z (BcB°) + Laiz? + Lez. 


To simplify the analysis of the above equations one can exploit the conformal 
freedom and choose an element of the conformal class of the intrinsic 3-metric £ 
of I for which 


1 1 
= -V°V.£+ — REZ = 0. 
s 1Y y + 34 


458 Anti-de Sitter-like spacetimes 


Following the discussion of Section 11.4.4, this can always be done locally. Under 
this choice of conformal gauge, the solution of the conformal constraint equations 
on J implies that 


Ta’ E 0, Taf3 = 0, Liza = 0. 
Moreover, one has 
Lsa = 0, Lij = lij. 


That is, the spacetime (unphysical) Schouten tensor on J is determined by the 
Schouten tensor of the intrinsic metric £. 

From the previous discussion it follows that the normal subset of the conformal 
geodesic equations reduces to: 


28 = —2( Beb)? + (202°) Bs, 
Bs = (Bez°)B3 _ Tepe) + Is3z°. 


These equations are homogeneous in the unknowns (2°, 23,83). Thus, by 
choosing initial data such that 


r3 =0, t3 =0, Bax = 0, (17.1) 
one obtains that 
x°(r) =0, 23(r) =0, 83(7) =0 


for later times. Accordingly, conformal curves with initial data given by (17.1) 
will remain on J. Looking now at the intrinsic part of the conformal geodesic 
equations one observes that the equations reduce to 


TAS zei”, 


g = Tpi" zi — (Bez) + (zk2") 8", 
? . 1 
Bi =T;"izÍ Bk + (Baz) Bi — 5 (BnB") 24 +lpiz". 
These are the conformal geodesic equations for the 3-metric £ on I. 

To verify the consistency between the construction described in the previous 
paragraphs and the adapted g-orthonormal frame {ea}, consider a vector v 
satisfying the Weyl propagation equation 


Vv = —(B, v)& g (B, x) v + glv, «) 3", 


along J. Making the ansatz v = aez, where a denotes a scalar function on J, 
one finds the equation @ = —(G,x)a. Thus, if initially one has a, 4 0, then 
a # 0 at later times. Accordingly, if one prescribes at some point of the conformal 
geodesic in -¥ an orthonormal frame {eg} containing a vector which is normal to 
J , one finds that the solution to the Weyl propagation equations will be a frame 
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Figure 17.2 Representation of conformal geodesics on the conformal boundary 
of an anti-de Sitter-like spacetime: those curves that at some point are tangent 
to -¥ remain in the conformal boundary and are conformal geodesics for the 
conformal structure implied by the intrinsic metric £; see Lemma 17.1. The 
conformal geodesics are depicted by black lines. 


along the conformal geodesic which contains a vector normal to .%. Moreover, as 
the Weyl propagation preserves the orthogonality of vectors, it follows that the 
elements of the frame which are at some point intrinsic to Z will remain so at 
later times; see Figure 17.2. 


A more general result 


The results obtained in the previous paragraphs make use of a particular metric 
in the conformal class [€]. Thus, it is of interest to reformulate them in an 
arbitrary conformal gauge. As in Chapter 10, the symbol ~ denotes equality 
on J. Now, consider on M a conformal factor J > 0 such that V ~ 1 to perform 
a rescaling of the form g’ = 02g. This rescaling leaves the metric £ unchanged 
in the sense that V ~ J? ~ £L. Furthermore, one finds that 


s’ ~ (V°EVa 0) ~ €3(V), 


with eg = (dE)? as E = 2° in local coordinates. The comparison of the above 
expression with the solution to the conformal constraints at the conformal 
boundary as given in Section 11.4.4 suggests defining 


x= V3/Ae3(0)| z- 


Defining the covector k = J~'d¥v, and taking into account the transformation 
properties of conformal geodesics as given in Section 5.5.2, it follows that 


(z(7),8'(r)), with B= 6—k, 


is a solution to the conformal geodesic equations associated to the connection 
V’ = V + S(k). From the definition of k it follows that V’ is the Levi-Civita 
connection of the metric g’ = 02g. Observe, in particular, that 


B3(T) ~ —k3 (T) ~ —e3(0) x —8’. 


The discussion of this section can be summarised as follows: 
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Lemma 17.1 A conformal geodesic in an anti-de Sitter-like spacetime which 
passes through a point p E€ I, is tangent to I at p and which satisfies 


(B, vlo = —8, 


with v the unit normal to J, remains in J and defines a conformal geodesic 
for the conformal structure of %. Furthermore, the Weyl propagation equations 
admit a solution containing a vector field normal to J. 


17.2 The formulation of an initial boundary value problem 


The properties of conformal geodesics in anti-de Sitter-like spacetimes will now be 
exploited to construct a conformal Gaussian system for the extended conformal 
Einstein field equations. As will be seen, the hyperbolic reduction associated to 
this gauge leads to an initial boundary value problem for the conformal evolution 
equations. 


17.2.1 Construction of a boundary adapted gauge 


Following the discussion of Chapter 14, the solution to the Einstein field 
equations on the domain of dependence D*+(S,) = D*(S,\OS,) is determined in 
a unique manner, up to diffeomorphisms, by a pair of tensors (h, K) satisfying 
the Einstein constraint equations on S,. On S,, let 


N= Ol, . 5, = D(O)|s , 


with © the future-directed unit normal field of S, with respect to g. In addition 
to the usual smoothness and positivity assumptions, the fields Q and È, are 
restricted by their behaviour near OS, where one requires that 4, = v (O)| s, = 
Or with v the future-directed g-unit normal, to be smooth. Using the above 
fields one can use Equations (11.la) and (11.1b) to compute the unphysical 
fields (h, K). 

To simplify the subsequent discussion, it is assumed that the initial hypersur- 
face S, is such that the unit normal v is tangent to % on 0S,. Accordingly, one 
has 


a v(®)| 5 =0 on OS,. 


Moreover, recalling that at the conformal boundary s can be made to vanish by 
a convenient choice of conformal gauge, it is assumed that 


s=0, on OS,. 


In what follows, each p € S, will be considered as the starting point of a future- 
directed conformal geodesic (#(7),@(7)) and an associated Weyl propagated 
frame {ea}. The parametrisation of the curves is naturally chosen so that T = 0 
on S,. For points p € S,, the data for these curves are set in terms of g and its 
Levi-Civita connection V by the conditions: 
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(i) & is future directed, orthogonal to S, and satisfies the normalisation 
condition 


glt, t), = 07. 


(ii) B, =Q7'dOQ so that (B,, £x) = 0 —as X, = 0 by assumption. 
(iii) eox = &, and G(ea, €b)x = OF Nad- 


On suitable neighbourhoods W C J*(S,) of S,, the conformal geodesics x(rT) 
define a smooth timelike congruence in W, {ea} a smooth frame field and £, 
a smooth covector. The conformal geodesics can be used to fix a conformal 
Gaussian coordinate system on W by setting x° = r and then extending 
local coordinates z = (a*) on S, by requiring them to remain constant along 
conformal geodesics. The coefficients eg" = (da",e,) of the frame {ea} with 
respect to the Gaussian coordinates satisfy on W the condition e9" = do”. 
Observe, however, that in general eg? = 0 only on S,. The conformal factor 
O is then fixed on W by requiring 


g(€a, eb) = Nab. 


The discussion of the conformal geodesics in the conformal boundary needs to 
be done in terms of the metric g and its Levi-Civita connection V. In terms 
of these, the conformal geodesics are represented by a pair (a(7), f(T)) with 
f =@B-—07'dO. Accordingly, one has 


f =9, on S,. 


As a result of Lemma 17.1, conformal geodesics which start on 0S, remain on J. 
As s = 0 on OS, one can write 


s= Oy, (17.2) 


with ¢, a smooth function on 0S,. It follows from Proposition 5.1 that 


i 
O= a(t = T] (17.3) 
while for da = (d, €a) one obtains the explicit expression 
da = (9, e;(2),), ei(Q), = (e:°%0aQ),., (17.4) 


where the functions Q, ¢, and e;({), defined initially on S, are extended to W 
so that they are constant along conformal geodesics. 


Remark. Insight into the behaviour of the conformal factor (17.3) can 
be obtained from the constraint Equation (11.35c). Using Equation (17.2), 
exploiting that in an adapted gauge (dQ)* = —eg and evaluating at OS, one 
concludes 


Sx ~ —Lo3h — Lss. 
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Finally, from Equations (11.40) and (11.41) it follows that in a conformal gauge 
for which s ~ 0 one also necessarily has Log œ 0. Thus, one obtains the simple 
expression 


Se X — L33. 


In particular, if L33 > 0, then from Equation (17.3) the conformal factor © 
vanishes only if Q vanishes. This observation is consistent with the discussion of 
Section 17.1.2 — conformal geodesics which start normal to S, and away from 
OS, cannot enter the conformal boundary. Ideally, one would like to deduce the 
property L33 > 0 from an analysis of the conformal constraint equations. For 
data for the exact de Sitter spacetime, Equation (6.8b) implies L33 = 4 on OS,. 
Suitable perturbations of data for the anti-de Sitter spacetime should preserve 
this property. 


17.2.2 The conformal evolution system 


Combining the gauge construction with the hyperbolic reduction for the extended 
conformal field equations discussed in Section 13.4 one obtains an evolution 
system of the form 


0,6 = Kô + Q(Î)ó + L(x)¢, (17.5a) 
(I+ A°(e))d,¢ + A*(e)dad = B(L)¢, (17.5b) 


where the notation of Proposition 13.3 is retained and the matrix-valued function 
L(x) is given explicitly in terms of the conformal gauge fields © and da as 
given by Equations (17.3) and (17.4). In the above system, Equation (17.5b) 
is understood to correspond to the boundary-adapted Bianchi evolution system 
(13.60a) and (13.60b) in Chapter 13. The evolution system (17.5a) and (17.5b) is 
ideally suited to the formulation of a boundary value problem, as the equations 
described by the subsystem (17.5a) are mere transport equations along 
the conformal boundary which do not need to be supplemented by boundary 
conditions. Hence, all the boundary conditions arise from the subsystem (17.5b) 
associated to the evolution of the Weyl tensor. 

Following the discussion of initial boundary value problems for symmetric 
hyperbolic equations as described in Section 12.4, the identification of suitable 
boundary conditions for Equation (17.5b) stems from an analysis of the 
normal matrix A? at the conformal boundary. Making use of the explicit 
expression for the principal part of the boundary-adapted Bianchi system given 
in Equation (13.61) and taking into account that, in the boundary adapted 
conformal Gaussian gauge, one has 


3 Sony 
eo0” œ 0, ei ~ 0, 
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it follows that 


—1 0 000 
0 0000 
A? ~ 2€01°| , 0 000 0 
0 0000 
0 0001 


This normal matrix is almost in the form required by the theory of 
Chapter 12. It needs only to be verified that the evolution of the frame 
coefficient eo1° on % can be decoupled from that of the components of the Weyl 
tensor. An inspection of the conformal evolution Equations (13.59a)—(13.59g) 
— of which Equation (17.5a) above is a schematic representation — shows that 
whenever © = 0, the evolution equations for certain components of the fields 
€AB“, X(AB)CD; Ocp(aBs) decouple from the evolution of ¢aBcp. Thus, it is 
possible to determine the frame coefficient eọ1° directly from the initial data at 
OS, — hence, it is independent of any boundary value prescriptions on J. This 
observation will be discussed in some detail in the following subsection. 


Remark. The normal matrix for the standard Bianchi system is given by 


-1 0 0 0 


ooo oO 
(mE O ee) 
HO GTO GT 


so that this normal matrix leads to a much more complicated analysis of 
boundary conditions. 


17.2.3 Behaviour of the frame at the conformal boundary 


In this section, the discussion is restricted to a suitable open neighbourhood W of 
a point on 0S, such that the intersection with conformal geodesics is connected. 
Consistent with the discussion in Section 17.2.1, one introduces on S, NW an 
adapted three-dimensional spatial frame {e;} such that eg is orthogonal and 
inward directed at OS, and such that Vz3e, = 0 on Sy, NW. One introduces 
coordinates x = (x”) on S, NW so that x? vanishes on 0S, and (dx, e3) = 63° 
on 8, NW. A conformal Gaussian gauge system satisfying the above assumptions 
near OS, will be called a boundary adapted gauge. 

For future reference it is observed that the conformal evolution Equations 
(13.59b), (13.59e) and (13.59f) reduce, on the conformal boundary, to 


Pepa’, (17.6a) 


0;X(AB)CD ~ —-X(A4B)  ĈXPQCD — OAB(CD); (17.6b) 


J-€aB® ~ -X(4B)” 


d;8cD(AB) ~ —X(cb)’ °OpqcaB) + iV2d? (auB)cDP- (17.6c) 
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The above evolution equations at the conformal boundary are conveniently 
analysed in terms of a 14142 spinorial formalism. Given a spinorial basis 
{ea^} such that 


+ / + 
r^^ = solo ^ + I ir 5 


it is convenient to introduce a spatial spinor pat’ with components with respect 
to the basis {e44} given by 


pha’ = ofso — 644644". 
The space spinor counterpart of pat’ is given by 
PAB = TB“ pas’ = —284° 8p)! 
It can be verified that, in addition to the condition V2eo = TAA ena, one has 
V2e3 = pam eax = p4Feap = 2€01, on SL NW. (17.7) 
In particular, one has 


eaB(QO) = daB = = —V/X /6PAB on OS,. 


The spinor p4? will be used to split space spinor fields into parts orthogonal 
and tangent to J. Accordingly, one defines 


et = pABegp®, eap l= prac eBo” 
xt = p^” p°PLaBcn, x!+ 4B = pa XB)ECDP 
xtlep = p^°P ABEP” D)» x! ABCD = his TRENER 2); 
ot = p43 OD ABCD, ol- 4B = pa" Op) ecve© 
where 
XABCD = X(AB)CD; Oascp = OAB(CD): 


Observing that -pas = 0, it follows from Equations (17.6a)—(17.6c) that 


3 > P 3 
0,€aB? ~ —XaB’ Cepo”, 


ð- (aBcoDop P) ~ -aB kpRooDp P — ÔaBcDopl? 


ð- (ÔcpasBp P) ~ -aBC ÔpQoDp 


17.2 The formulation of an initial boundary value problem 465 


where it has been used that d?(4upycppp4? = 0 as dap and pag are 
proportional to each other. By further contractions with p4? one finds that 
the above equations split into the subsystems 


ETE R ixit age” + xlleap3l, (17.8a) 
ð,x!+ 4B = ixit apx pa Xll aBpgox! Pe = Ol ap, (17.8b) 
0,0!" ap ~ axl apo" +a laprgOl PS, Apan 

and 
ð et ~ 5x Dee ae I poel PQ, (17.9a) 
Orx S sO ty + xt pox tPS — 04, (17.9b) 
aot ~ Lo Lytt 4 ytllpg@lt Pe, (17.9¢) 


Initial data for e+ and e4pg®! at OS, follow directly from (17.7). Namely, one 
has 


31 Pen 3 = 
et] s, = V2, antl. =0. (17.10) 


For y+ 4g and y1-, initial data can be extracted from the conformal constraint 
Equation (11.35b) which, taking into account that by assumption © = 0 and 
La = 0 on S,, takes the form yg°D.2 = 0 on OS,. It follows then that 

xtt =0, y+ 4p =0, on OS. (17.11) 


ett 


Finally, to compute the data for O'l- 4g and one considers the conformal 


constraint (11.35c) which, in the present context, takes the form 
Dzs = —D°Q Lag. 


3 


Recalling that s = Qc, and that, in local Gaussian coordinates, Q = x? one 


concludes that 
Ott=2%,,  ©Ol+4g=0, on dS. (17.12) 


Using the initial conditions (17.10), (17.11) and (17.12) together with the 
homogeneity of the subsystem (17.8a)—(17.8c), it follows directly that 


big = 0, xl+ 4B jia 0, olt 4g ~ 0. 
The solution to the subsystem (17.9a)—(17.9c) is given by 


pu > 2/2 AA Se ATS, ett = 4c, . 
24-776,’ 2+ 7c,’ 2 +T? 
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The discussion in this section is summarised in the following: 


Lemma 17.2 For any solution to the conformal evolution Equations (17.5a) 
and (17.5b) satisfying on OS, the conditions (17.10), (17.11) and (17.12), one 
has that the normal matrix A’ 
given by 


iy of the boundary adapted Bianchi system is 


A3 a 2V2 
AFT 


ooo fo 
ooccoc eo 
ame SA om E ae G ow GE o 
lam R e G e E eo OE eee] 
ee ee) 


irrespectively of the value of daBcp 0n WN F. 


17.2.4 Identification of boundary conditions 


The results of the previous paragraphs allow the identification of maximally 
dissipative boundary conditions for the conformal evolution equations. Following 
the discussion in Section 12.4, the basic condition to be satisfied by the normal 
matrix is the inequality 


(h, A*| 6) <0, 
which, assuming that 2+ 7c, > 0, implies that 
|oal? — |Gol? < 0. (17.13) 


To characterise the subspaces of C° satisfying the above condition consider two 
smooth complex-valued functions cı and c2 on -¥ and let 


$4 = c1b0 + c2¢o. 
Exploiting that (c1¢0 — c2¢0)(1¢0 — C2¢0) > 0 one finds that 
|4|? = ol? < (lel? + leal? = 1)|¢0l?. 
Thus, condition (17.13) is satisfied if one requires 
lex |? + Je2|? < 1. 


The above discussion shows that suitable inhomogeneous maximally 
dissipative boundary conditions for the conformal evolution equations are 
given by 


$4 — c1¢0 — C260 = q, lal]? + lc|? < 1, (17.14) 


with c1, c2, q smooth complex-valued functions on J. 
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Corner conditions 


As seen in Section 12.4, the smoothness of a solution to an initial boundary 
value problem requires certain compatibility conditions between the initial data 
and the boundary conditions at the edge 0S, — so-called corner conditions. 
Following the general discussion given in Section 12.4, one can use the boundary- 
adapted Bianchi system (17.5b) to determine a formal expansion in terms of T 
of the vector @ on J near OS,. This expansion implies, in turn, an expansion 
for 64 — c1¢0 — Cobo and must be consistent with the prescription of the freely 
specifiable function q. The explicit form of these corner conditions is rather 
cumbersome. In what follows, it will be assumed that these corner conditions 
are satisfied to any order. 


17.2.5 The local existence result 


The analysis of the boundary conditions leads to a local existence result for an 
initial boundary value problem for the conformal evolution system (17.5a) and 
(17.5b) with boundary conditions of the form (17.14). This result is a direct 
application of Theorem 12.6. More precisely, one has the following: 


Proposition 17.1 (local existence for the initial boundary value prob- 
lem) Given an initial boundary value problem for Equations (17.5a) and (17.5b) 
with smooth initial data 


(o.(z),,(z)), on Sy, 


and inhomogeneous maximally dissipative boundary data 
ba — civo — cabo = q, lal? + feel? <1, on F, 


with c1, c2, q smooth complex-valued functions on J and assuming that the 
required corner conditions at OS, between initial and boundary data are satisfied 
to any order, there exists Te > 0 such that the initial boundary value problem has 
a unique smooth solution (Ò©(T, x), (7, z)) defined on 


Mz. = (0,7) x S. 


Remark. Although the above result is local in time, it is nevertheless global in 
space. As already mentioned, existence on D* (S,\0S,) follows from the standard 
Cauchy problem. The solutions away from the boundary and those close to the 
boundary are then patched together to render the full solution. 


17.2.6 Propagation of the constraints 


In order to transform the existence result given by Proposition 17.1 into an 
assertion about the Einstein field equations it is necessary to provide an analysis 
of the propagation of the constraints. 
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The subsidiary evolution system associated to the conformal evolution 
Equations (17.5a) and (17.5b) has been discussed in Proposition 13.4. The key 
structural feature of these subsidiary equations is that they are homogeneous in 
the zero quantities. A further crucial feature is that the equations for the zero 
quantities 


c oc 
La by = dab; Aabe, da; Yab; Sab 


are all transport equations, and, accordingly, they do not give rise to boundary 
conditions on J. For the zero quantity Aabe associated to the Bianchi identity, 
the subsidiary system implied by the boundary-adapted system contains no 
derivatives with respect to the coordinate z? and, thus, has a vanishing normal 
matrix; compare Equations (13.66a)—(13.66c). It follows that the subsidiary 
evolution equations require no boundary condition on -%. From the uniqueness 
result for initial boundary value problems, Theorem 12.5, if the conformal 
Einstein equations are satisfied on S — that is, the zero quantities vanish — then 
they are also satisfied on M,,. Combining this discussion with Proposition 8.3 
one obtains the following existence result for the Einstein field equations: 


Theorem 17.1 (propagation of the constraints for the initial boundary 
value problem) Consider smooth anti-de Sitter-like initial data for the extended 
conformal Einstein field equations on a three-dimensional manifold S and 
boundary initial data of the form (17.14) on I. Assume that the above data 
satisfy the required corner conditions to all orders on OS, = SN I. Then the 
solution of the initial boundary value problem given by Proposition 17.1 implies 
a solution to the extended conformal Einstein field equations on Mr,- This 
solution, in turn, implies an anti-de Sitter-like solution to the vacuum Einstein 
field equations on 


Mr = Mr \ F, 


for which I represents the conformal boundary. 


Remark. For an anti-de Sitter-like initial data set it is understood a 
collection of conformal fields satisfying the conformal constraint equations with 
the required anti-de Sitter asymptotic behaviour; see Section 11.7. 


17.3 Covariant formulation of the boundary conditions 


From a geometric point of view, the formulation of the boundary conditions 
in Proposition 17.1 is not satisfactory. The fields appearing in the maximally 
dissipative boundary conditions (17.14) are expressed with respect to a certain 
boundary adapted gauge. This gauge specification is an integral part of the 
boundary conditions: changes on the adapted boundary imply changes in the 
data. It is therefore important to recast the conditions (17.14), or at least 
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a subclass thereof, in a covariant manner. In what follows, attention will be 
restricted to the subclass 


ba — cho =q, c constant, |c| < 1. (17.15) 


17.3.1 Space spinor split of the boundary data 


To recast the boundary condition (17.15) in a covariant manner, it is first 
necessary to express the fields in terms of objects intrinsic to the conformal 
boundary J. It is convenient to make use of a timelike spinor formalism 
based on the spacelike spinor 


+ 1 + 
pot = dado aye gh s 


as defined in Section 17.2.3, to project spinorial fields into J in analogy to 
the space spinor splits with respect to T^^. The spinor p~ is the spinorial 
counterpart of the inward-pointing normal v = e3 to J. Notice, however, the 
AA’ _ 


normalisation pa’ p = —2. Define the space spinor version TAB Of TAA’ as 


TAB = pB? TAB’ >= 264° dp)". 
Now, taking into account the decomposition of the spinorial counterpart of the 


Weyl spinor one can compute its electric and magnetic parts with respect to 
AA’ 
a 


p s 
1 1 1 7 1 1 
Easpocp = 5B pe” pp? pF daw EE'CC'FF' = 5 (¢aBcD + Hason)» 
l A BE! OC! OFF’ i 
BapcpD = 5PB P PD P dA! EE/CC'FF' = ~5(¢aBcp - @ anon): 


with 
PABGD = pa“ pB” pc© po” ġa B'o m. 


By construction EABCD = E( ABCD) and BABCD = B(ABCD)- 

The spinors EABcp and BABcp can be decomposed in a 1 + 2 manner 
with respect to the spinor TAB. The subsequent discussion will be restricted 
to BABcp, but an identical analysis can be carried out for Eapop. This 
decomposition is best carried out using tensor frame components and then 
translating the result into spinors. One obtains 


1 
BABCD = HABCD + KABTCD + TABLCD + ql(3taBToD — 2€a(c€p)B); 
(17.16) 
with the fields 


HABCD = L(ABCD); HAB = /(AB); H=H, 
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satisfying 


AB AB 
T“ LABCD = 0, TO" LAB =Q. 


The geometric interpretation of the various spinors follows from the above prop- 
erties. By inspection, it can be shown that the only non-vanishing components of 
the spinor WaBcp are given by H1111 = Loooo. Similarly, for the rank-2 spinor 
[AaB One has the non-vanishing components and uoo = Hi1. From the definitions 
of the magnetic parts of daBcp it follows that 


H1111 = ~5 (eu = boron’) H11 = —5 (ou = rovo), 
H= —i(¢o011 = b1'1'0'0'). 


It follows from the above expressions and their analogues for Eapcp that the 
boundary condition (17.15) can be rewritten in terms of the components of the 
spinors Eapcp and Bagop. Of particular interest are the cases 


ce 1: Biri =q, (17.17a) 
c= —1: E1111 =g: (17.17b) 


The Bianchi constraints at the conformal boundary 


Now, assume that one is provided with boundary data in the form (17.17a) 
or (17.17b). A natural question is whether it is possible to recover the full 
spinor E,pcp and, respectively, Bapcp. It is recalled that the conformal field 
equation 


V4 4: ¢aBcD = 0 
implies on Y the constraint equations 
DP enpQaB = 0, DPeupQaB = 0, (17.18) 


with DAB = pra” Veja’; see Section 11.4. The above equations are the 
spinorial versions of the conformal constraints (11.39f) and (11.39g). They can 
be decomposed by introducing the directional derivatives 


Pac Vaw, AB = A? DB)Q, 


along, respectively, the direction dictated by the conformal geodesics threading 
the conformal boundary and the direction orthogonal to them. A direct 
computation gives 


1 
DaB = 3TABP + ôAB: 
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Combining this split with the decomposition (17.16) of the spinor BABcp one 
finds that the constraint Equations (17.18) imply the system 


2Pu+ 464? wap = 2uaB PTP — 3uD4? TAB 


+ 27 EF DAB BEF, (17.19a) 
4Pucp +2ôcpu = 4(ucpD "ter + uerD” TED) — 3uWP ToD 
+ 4(60" óp" + topt”? )D4? LABEF. (17.19b) 


A similar system is satisfied by the components of Eascp. Direct inspection 
reveals that the above equations constitute a linear symmetric hyperbolic system 
(intrinsic to J ) for the fields u and wap if the field uaBcnp is provided; that 
is, LABcD plays the role of source terms. The terms involving derivatives with 
respect to the spinor field 74g appearing in the right-hand sides of the above 
equations can be simplified if one assumes a boundary-adapted gauge on J. 

The discussion of the previous paragraphs can be summarised in the following 
manner: suppose one is given boundary data on J of the form (17.17a) and 
suppose one knows the values of the fields u and wag on OS,; then, at least 
in a neighbourhood of the edge 0S,, it is possible to determine the components 
u and uag by solving the hyperbolic system (17.19a) and (17.19b). A similar 
discussion holds for the electric part. 


17.3.2 Prescribing the Cotton tensor of the conformal boundary 


Despite the formal symmetry between the boundary conditions (17.17a) and 
(17.17b), the former condition possesses a much stronger geometric content. 
As a consequence of Equation (11.42), the magnetic part of the rescaled Weyl 
tensor corresponds, essentially, to the components of the Cotton tensor Yijk of 
the intrinsic Lorentzian metric £ of J. Thus, one can ask whether, given the 
components Yijk Of a tensor on J with the symmetries of the Cotton tensor, it 
is possible to find a Lorentzian metric £ on J such that y;;, are the components, 
with respect to a boundary-adapted frame, of the Cotton tensor of £. If this is 
possible, then, as a consequence of its conformal transformation properties, one 
has obtained a way of reexpressing a subset of the general maximally dissipative 
boundary conditions for the conformal field equations in terms of the conformal 
structure on J. One has the following result, adapted from lemma 7.1 in 
Friedrich (1995): 


Proposition 17.2 (geometric formulation of boundary conditions) 
Suppose one has a solution to the extended conformal field equations with anti- 
de Sitter-like cosmological constant on M,, = [0, Te) x S for Te > 0 for which 
I = |0, Te) x OS represents the conformal boundary. Let g denote the metric on 
M,, obtained from the solution to the conformal field equations and let £ denote 
the 8-metric induced on % by g. Assume that the boundary-adapted conformal 
Gaussian gauge system can be extended to all of M,,. One then has: 
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(i) Given the restriction to OS, of the data for the conformal Einstein field 
equations in the boundary-adapted gauge and given the conformal class |£], 
it is possible to compute the function q appearing in the boundary condition 
(17.17a). 

(ii) Conversely, given on OS, the restriction of the data for the conformal 
Einstein field equations in the boundary-adapted gauge and the boundary 
condition (17.17a), it is possible to determine, in a unique manner, the 
conformal class |£]. 


Proof To prove (i) it is observed that as a consequence of Lemma 17.1, the 
boundary-adapted conformal Gaussian gauge at the conformal boundary can be 
constructed by solving the conformal geodesic equations for the metric £. Once 
the associated Weyl-propagated frame {e;} has been obtained, one can directly 
compute the components Yijk of the Cotton tensor. Using the discussion of the 
previous subsection one can, in turn, compute the function q appearing in the 
boundary condition (17.17a). 

The proof of (ii) is much more involved and only a sketch of the main ideas will 
be provided. Here, one has to verify whether a given three-dimensional tensor 
is the Cotton tensor of a three-dimensional Lorentzian metric. In view of the 
Lorentzian nature of this problem, one can address this question by formulating 
a suitable initial value problem on Y% with data on OS, for the evolution equations 
implied by the structural equations on J. Formulated in this manner one has a 
situation which is very similar to the Cauchy problem for the extended conformal 
Einstein field equations. 

In what follows, let D denote the Levi-Civita covariant derivative of the 
metric £, and let D denote a Weyl connection in the conformal class of Z. As 
in the four-dimensional case, the connections are related to each other via a 
relation of the form D — D = S (f), with f representing a three-dimensional 
covector and S the three-dimensional version of the transition tensor discussed 
in Section 5.2.1. Let {e;} denote an -orthogonal frame on J, and let ĝi k 
be the associated connection coefficients of the connection D. Moreover, let lis 
denote the components of the Schouten tensor of the connection D. In analogy 
to the discussion of the conformal field equations, it is convenient to introduce 
a number of zero quantities encoding the structure equations to be satisfied 
by the various geometric fields: 


D; jen = [ex ej] — (fij — 3j"i)er, 


= e5(45"1) — e; (541) + Âm ai — 145) 


~ 
>. 
S: 

II 


T 4G 4am — Ni miiy" m Sin Ls 
Aijk = Diljx Dylix Yijk, 


Aj = D?yij, 
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where 
— 1 kl i 
Yij =— 565 Vikt Yi =0, Yij = Yji, 


is the so-called Bach tensor. The a quantity py j encodes the vanishing 
of the torsion of the connection D, È Š kiij contains the relation between the 
geometric and algebraic curvatures (the Ricci identities), Auge describes the 
second Bianchi identity for D while A; corresponds to the so-called third 
Bianchi identity — the differential identity satisfied by the Bach tensor. 

To obtain a hyperbolic reduction of the above equations one considers the 
conformal Gaussian system implied by the conformal geodesics on J. Using 
arguments similar to the ones in the four-dimensional case one has 


ei% = 6%, Fo"; =0, io; = 0, (17.20) 
and one considers the evolution equations 
oje =0, =¥g;=0,  Âojk=0, Az =O. (17.21) 


Taking into consideration the gauge conditions (17.20), it can be verified that 
the first three equations in (17.21) are transport equations on J. The fourth 
equation requires a more careful discussion: using the solution to the conformal 
constraint equations as given by Equation (11.42) some components of y;; can be 
expressed in terms of the boundary conditions; for the remaining components one 
has that Equations (17.19a) and (17.19b) imply a symmetric hyperbolic system. 
Thus, one has obtained a symmetric hyperbolic system for the fields e;%, Saifi, 
lig and for the components of y;; not determined by the boundary conditions. 
Initial data on OS, for these fields can be computed from the restriction to 0S, 
of the initial data for the conformal evolution equations. Hence, using the general 
theory of symmetric hyperbolic systems as discussed in Chapter 12, one obtains 
a solution to Equations (17.21) in a neighbourhood U in -¥ of 0S,. To show that 
this solution implies, in turn, a solution to the equations 

Dak eK = 0, BF = 0, Âijk = 0, Aj = 0, on U 
provided that they are satisfied at OS, one needs to discuss the propagation of 
the constraints along the lines of Section 13.4.5. The resulting frame {e;} can 
be used to construct on U C J a Lorentzian metric £. This metric characterises 
the conformal class of the intrinsic metric of the conformal boundary. 


Reflective boundary conditions 


An important class of boundary conditions covered by the prescription (17.17a) 
is that of the so-called reflective boundary conditions. These correspond to 
the particular choice of g = 0 so that one has 


11111 = vvo’, on I. 
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In what follows, this boundary condition will be supplemented by the conditions 
go111 = voor’, boo11 = b0'0'1'1'; on OS,. 


Accordingly, from the discussion in Section 17.3.1 it follows that Bapcp = 0 
on 0S,. Furthermore, using the interior evolution system (17.19a) and (17.19b) 
one has 


Baspcp = 0, on f. 


As Bapcp corresponds to the Cotton tensor of J, it follows that reflective 
boundary conditions together with some supplementary conditions at the edge 
imply that the intrinsic metric on I is conformally flat. 

As pointed out in Friedrich (2014a), despite the above neat geometric 
characterisation of reflective boundary conditions, if one wants to construct 
a smooth solution to the initial boundary value problem, one still needs to 
satisfy an infinite hierarchy of corner conditions. Whether this requirement is 
compatible with the known procedures for constructing anti-de Sitter-like initial 
data remains an open question. 


Comparison with other initial boundary value problems for the 
Einstein field equations 


Initial boundary value problems in general relativity arise in a natural manner 
in numerical applications. There exists a number of treatments of the well- 
posedness of this type of partial differential equation problem for the Einstein 
field equations; see, for example, Friedrich and Nagy (1999) and Kreiss et al. 
(2009). The approach and formulation of the Einstein equations considered in 
the former reference are similar to the ones discussed in this book. 

The analysis in Friedrich and Nagy (1999) makes use of a frame formulation 
of the Einstein field equations. The equations employed in this reference can 
be obtained from the standard conformal Einstein field equations discussed in 
Section 8.3.1 by setting = = 1. Given these equations, the question is what type 
of boundary data need to be prescribed on a, in principle, arbitrary, timelike 
hypersurface to obtain a well-posed initial boundary value problem and to ensure 
the propagation of the constraints. It turns out that the allowed boundary data 
are essentially expressed as a combination of components of the Weyl tensor (with 
respect to a boundary adapted frame) of the form given in Equation (17.14). 

Despite these parallels, the situation of the initial boundary value problem 
analysed in Friedrich and Nagy (1999) and the one discussed in this chapter 
differ in a key aspect: the boundary hypersurface in anti-de Sitter spacetimes 
has a canonic character. As a consequence, it is possible to formulate covari- 
ant boundary conditions, and one ends up with a setting where geometric 
uniqueness of the solutions can be ensured. In Friedrich and Nagy (1999) it 
was not possible to obtain a geometric formulation of the boundary conditions 
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on the timelike hypersurface. Thus, they remain tied to the prescription of the 
boundary-adapted gauge. As geometric uniqueness cannot be asserted, it is, in 
principle, not possible to determine whether two seemingly different boundary 
conditions will lead to the same spacetime, modulo diffeomorphisms. A further 
discussion can be found in Friedrich (2009). 


17.4 Other approaches to the construction of anti-de 
Sitter-like spacetimes 


The analysis of this section has been concerned with the construction of four- 
dimensional anti-de Sitter-like spacetimes by means of an initial boundary value 
problem for the conformal Einstein field equations. There are, however, other 
approaches to this problem if, for example, one assumes the existence of a static 
Killing vector on the spacetime. The assumption of staticity is a strong one and 
renders results of a global nature. As an example of this type of statement one 
has the following theorem from Anderson et al. (2002): 


Theorem 17.2 (existence of static anti-de Sitter-like spacetimes) Let £ 
denote a smooth strictly globally static Lorentzian metric of non-negative scalar 
curvature on R x S?. Then (R x S?,£) is the conformal boundary of a complete 
strictly globally static vacuum Lorentzian metric on Rt with anti-de Sitter-like 
cosmological constant. 


A strictly globally static spacetime is a spacetime containing an every- 
where timelike vector which is orthogonal to the level sets of a globally defined 
time function. The proof of this result relies on the use of the Fefferman- 
Graham obstruction tensor; see Fefferman and Graham (1985, 2012). Related 
to the above theorem is the rigidity result given in Anderson (2006), in which 
it is shown that complete non-singular anti-de Sitter-like spacetimes with a 
globally stationary conformal infinity and an asymptotically stationary bulk must 
be globally stationary. This result seems to suggest the instability of anti-de 
Sitter-like spacetimes, at least for certain types of boundary conditions. This 
expectation has been reinforced by the evidence of turbulent instability observed 
in numerical simulations of spherically symmetric solutions of the Einstein-scalar 
field system with anti-de Sitter-like boundary conditions reported by Bizon and 
Rostworowski (2011). 


17.5 Further reading 


The approach to the construction of anti-de Sitter-like spacetimes discussed in 
this chapter has been adapted from the seminal analysis in Friedrich (1995). 
Boundary conditions for a range of test fields in the anti-de Sitter spacetime 
have been studied in Ishibashi and Wald (2004). General properties of the exact 
anti-de Sitter spacetime are examined in detail in Griffiths and Podolsky (2009), 
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while properties of anti-de Sitter-like spacetimes are discussed in Henneaux and 
Teitelboim (1985) and Frances (2005). An issue which has not been touched on in 
this chapter is that of the definition of the mass for anti-de Sitter-like spacetimes. 
Conformal approaches to this question have been discussed, for example, in 
Ashtekar and Magnon (1984) and Ashtekar and Das (2000). Readers interested in 
a discussion of the issue of the stability /instability of the anti-de Sitter spacetime 
are referred to the reviews by Bizon (2013) and Maliborski and Rostworowski 
(2013) and references within. 

A considerable part of the interest on anti-de Sitter-like spacetime stems from 
the so-called AdS/CFT correspondence; see, for example, Maldacena (1998), 
Witten (1998) and Witten and Yau (1999). A good discussion of the issues 
involved from a mathematician’s point of view are presented in Anderson 
(2005b). 


18 


Characteristic problems for the conformal 
field equations 


This chapter discusses the basic theory of characteristic problems for the 
conformal field equations. Characteristic problems have been of great conceptual 
value in the development of the modern theory of gravitational radiation. Indeed, 
the seminal works by Bondi et al. (1962) and Sachs (1962b), in which the 
modern understanding of gravitational waves was established, were carried out 
in a setting based on a characteristic initial value problem; see also Sachs 
(1962c) and Newman and Penrose (1962). The connection between characteristic 
problems and the notion of asymptotic flatness, already present in the seminal 
work by Penrose (1963), was further elaborated in Penrose (1965, 1980). From a 
mathematical point of view, the realisation that the characteristic initial value 
problem for the Einstein field equations leads to a symmetric hyperbolic evolution 
system for which the machinery of the theory of partial differential equations 
(PDEs) is available was first established in Friedrich (1981b). In Friedrich (1981a, 
1982) these ideas were subsequently extended to a situation in which part of 
the data is prescribed at null infinity -a so-called asymptotic characteristic 
initial value problem, the subject of this chapter. These results established 
the local existence of analytic solutions and were later extended to the smooth 
case by Kánnár (1996b) using the method of reduction to a standard Cauchy 
problem by Rendall (1990); see Section 12.5.3. 

There are two basic types of asymptotic characteristic problem for the 
conformal Einstein field equations. The first type is the so-called standard 
asymptotic characteristic problem — introduced in Friedrich (1981b) — where 
initial data are prescribed on null infinity and a null hypersurface intersecting 
null infinity in a two-dimensional surface with the topology of a 2-sphere; see 
Figure 18.1, left. In the second type — the so-called characteristic problem 
on a cone, first discussed in Friedrich (1986c) — one prescribes information on 
a null cone down to its vertex; see Figure 18.1, right. For reasons discussed in 
Section 12.5, characteristic problems on a cone are more technically involved. 
Existence results have been obtained in Chruściel and Paetz (2013). 
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Figure 18.1 Two possible asymptotic characteristic problems for the conformal 
field equations: on the left, initial data are prescribed on an outgoing null 
hypersurface “M and null infinity #7; on the right, data are prescribed 
on a null cone representing past null infinity .%~. The vertex of the cone 
corresponds to past timelike infinity, i™. 


The standard and characteristic initial value problems have several structural 
properties in common. Moreover, the characteristic problem on a cone can be 
regarded as a limiting case of the standard characteristic problem. In both 
cases, the Einstein field equations on the initial hypersurfaces split into a set 
of interior (or intrinsic) equations and a set of transverse equations. 
The interior equations split, in turn, into constraint equations which need to 
be satisfied only on some subsets of the initial hypersurface (the intersection of 
the null hypersurfaces or the vertex of the cone) and transport equations 
which propagate information along the generators of the null hypersurfaces. 
The transverse equations dictate the evolution off the initial hypersurfaces. 
One of the key aspects of the analysis of asymptotic characteristic problems 
is the identification of freely specifiable data from which the full data for the 
evolution equations can be derived. An appealing feature of this type of setting 
is the natural interpretation of the free data in terms of radiation fields so that a 
clear-cut connection with the theory of asymptotics as discussed in Chapter 10 
can be established. 

The discussion in the present chapter is mostly concerned with standard 
characteristic problems. Certain aspects of the characteristic problem on a cone 
are briefly considered. The existence results discussed are local in nature. That 
is, one obtains existence of solutions in a neighbourhood of the intersection of the 
null hypersurfaces or the vertex of the initial cone. From the perspective of the 
physical spacetime these local neighbourhoods represent unbounded domains in 
the asymptotic region. 


18.1 Geometric and gauge aspects of the standard characteristic 
initial value problem 


This section provides a discussion of the geometric setting and the gauge 
fixing procedure for the standard asymptotic characteristic problem. Taking into 
account the general theory of characteristic problems described in Section 12.5.1 
one can consider two possible configurations (see Figure 18.2): (i) that of a 
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Figure 18.2 The two possible standard asymptotic characteristic problems for 
the conformal Einstein field equations. Case (i) where data are prescribed on a 
future-oriented (outgoing) null hypersurface M’ and future null infinity J+, 
and case (ii) where data are prescribed on a past-oriented (incoming) null 
hypersurface “M and past null infinity J7. 


future-oriented (i.e. outgoing) null hypersurface intersecting future null infinity 
or (ii) a past-oriented (i.e. incoming) null hypersurface intersecting past null 
infinity. In order to compare with the characteristic problem on a cone, the 
present discussion focuses in the latter case. A careful inspection of the setting 
discussed here leads to the formulation of case (i). 


18.1.1 Geometric setting 


In what follows, let (M, g, Z) denote a conformal extension of an asymptotically 
simple spacetime (M, ĝ) satisfying Ric[g] = 0 which contains past null infinity 
JT. Let W denote a region of M with W ~ RF x Rt x S? bounded by an 
incoming null hypersurface “M and past null infinity J7. It will be assumed 
that both “M and J7 have the topology of RF x S?. Let Z = N N JT with 
Z ~ S?. One has that W C J+ (Z). A schematic representation of the geometric 
setting can be seen in Figure 18.3. 

An adapted coordinate system (a) and an associated null tetrad {e 4 a }will 
be used to describe the geometry of the region W. Let {w^^} denote the 
associated coframe and require that 


g(€aa’, CBB’) = €ABEA'B’- (18.1) 


On ¥ one considers some coordinate system (x4) where A = 2, 3. The complex 
vectors eor and €49' = Eor of the null tetrad {eaa} will be chosen so that 
they span the tangent bundle T(2) — recall that in standard Newman-Penrose 
notation the vectors eo1 and e10 correspond to m and m. 

Now, choose eoo so that, on .%~, it is tangent to the null generators of 
the conformal boundary — in standard Newman-Penrose notation this vector 
corresponds to l. Let v denote an affine parameter of these generators with the 
property that v| = 0. Thus, one has that eoo ~ ô, where, following the 
conventions of Chapter 10, the symbol ~ denotes equality at %~. The vectors 
eor and e10 can be extended to the rest of %~ by parallel propagation along 
the null generators. Accordingly, one has 


V 00’ €00/ SS 0, Voo €or d 0, Voo €o & 0, on F, (18.2) 
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Figure 18.3 Schematic representation of the set up for the standard asymptotic 
characteristic problem. The existence results are restricted to a neighbourhood 


U of Z in J*(F). 


where Voo = €00'“V 4g is the directional derivative in the direction of egg. Given 
Ue E [0, co), let Zu. C JT denote the two-dimensional surfaces given by 


Zo, = {pE IT | v(p) = ve}. 


As a result of their parallel propagation, the vectors €91/ and €19 span T(%,, ). 
Having fixed the vectors eoo’, €or and eo on J7, regarding the conformal 
boundary as a submanifold of M, and given that the spacetime metric g is 
assumed to be known, it follows that at every point p E€ J7 , there exists a unique 
future-pointing null vector linearly independent to {e90’, €01’, €10 }. This vector 
is used to complete the null frame {e4 a’ } on J7 — accordingly, it will be denoted 
by e411’, or n in Newman-Penrose notation. The vector e11 is fixed by the four 
conditions 


gler, eBp') = E&I BEV B’. 


Now, for fixed ve, there exists (at least locally) a unique null hypersurface -%, 
in M satisfying .%, NIT = Zo. such that at Zy, the vector e11 is tangent to 
Moe — this involves solving the eikonal equation g(d®,d®) = 0 for some scalar 
® € X(W) near JT with the appropriate initial conditions; for further details 
see, for example, Stewart (1991), section 4.3. By varying ve one thus obtains (at 
least locally) a foliation of null hypersurfaces intersecting #7. Thence, the affine 
parameter v along the null generators of .%~ can be used as a coordinate on W. 
Accordingly, one sets x° = v, and has 


MN, = {p E W|v(p) = ve}, 
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so that the normal to .%, is given by dv. The vector e117 can now be extended 
into W by requiring it to be tangent to the generators of these hypersurfaces; 
that is, one has 


eir = g’ (da, ‘). (18.3) 


Let r denote an affine parameter of the integral curves of e117 so that one can 
write e117 = ôr. Without loss of generality one can choose r ~ 0. The coordinate 
system (x) on W is then completed by setting x! = r and by extending the 
coordinates (x4) on Æ, so that they are constant along the integral curves of 
eoo and e11. As a consequence of this construction one has 


N={pew|a2(p)=0}, 4% = {pe W|2*(p) = 0}. 


The vectors €99/, €91/ and e10 can be extended off J- by parallel propagation 
along the direction of e11. Accordingly, one has 


Vi11/€11' — 0, Vir eor = 0, Vireo = 0, on W. (18.4) 


To obtain an explicit expression for the frame {eaa} in the coordinates 
(a) = (v,r,a%), it is observed that from Equation (18.3) — rewritten in the 
form g(0,,-) = (dv, -) — one obtains the pairings 


9(9,,9v)=1, — g(O,,9,)=0, g(r, ða) = 0. (18.5) 


Taking into account the above, the most general form for the frame {e,4,4’} 
consistent with Equations (18.1) and (18.3) is given by 


€o0 = 0, + UO, + X481, 
eiv = r, 
— A 
€01’ = wd, +É ðA, 
e10 = WO, + E484, 


where U and X^ are real functions and w and £^ are complex functions. Observe, 
in particular, that because of the conditions in (18.5), eor and erop cannot 
have a v-component. Using, again, relation (18.1) one finds that the components 
gt” = g*(da", dx”) are of the form 


0 1 0 
(Oe Ag ge | s 
0 g^! g^8 


g” = XU — wo), g = X4 — (¢40 + Fw), g^E = — (EAB + FAG), 
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In particular, one has that U ~ 0, X4 ~ 0, w ~ 0, consistent with the fact that 
ev is tangent to the generators of null infinity and that v is an affine parameter; 
hence, e117 œ Oy. Observe also that egy ~ £404. Thus, the pull-back to &, of 


97 O.4 ® Op = —(E48 + E46") 04 @ Oz, 
to be denoted by ¢#, corresponds to the two-dimensional (contravariant) metric 
of the sections of null infinity. Now, by assumption %, ~ S? so that ¢ is conformal 
to the standard metric of S?. 
Finally, combining the propagation conditions (18.2) and (18.4) with the 


definition of the spin connection coefficients — see Equations (3.31) and (3.33) — 
in the form 


TAa’ BC = sear (w?®,Vasecq’) 
one finds 
Too10 ~ 0, Too'00 ~ 0, 
and 
Poor =Piove +Vi010, Voir =Diwwvy, Tiwas =0, on WCM. 
The discussion of this section is summarised in the following 


Lemma 18.1 (frame gauge conditions for the standard characteristic 
problem) Let (M,g) denote an asymptotically simple spacetime satisfying 
Ric{g| = 0 and let (M,g,=) with g = =?g be a conformal extension thereof for 
which the condition = = 0 describes past null infinity J~. The frame {eaa} 
can be chosen so that, given a null hypersurface N intersecting IT on Z x S?, 
one has 


T0011 = livro + P1010, 
Tovar =Viowv, Tiras =0, on Wc M. 


In addition, one has that 


Too'01 = lo010 = lovo0 = U = X4 =w =0, on I~. 


Remark. The conventions used here for the vectors egg) and e11 are the 
opposite of those used in Kánnár (1996b). They have been chosen to agree with 
the standard conventions in the treatment of asymptotics as given in Penrose 
and Rindler (1986) and Stewart (1991) and to ease the comparison with the 
characteristic problem on a cone. 
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18.1.2 The choice of conformal gauge 


The geometric setting discussed in the previous section has an inherent conformal 
gauge freedom which can be exploited to simplify the analysis. 

As discussed in Section 8.2.5, the Ricci scalar R[g| plays the role of a 
conformal gauge source function for the conformal field equations. A 
possible choice in the present setting is to fix the conformal factor © linking 
the metrics g and g in such a manner that R[g] = 0. To see that this can always 
be done, consider first a situation involving a generic conformal factor = for 
which R[g] 4 0, and let 


g = 8g, (18.6) 


with J a positive function on W. Defining =’ = VE one finds that g’ = =’2g. 
Consistent with the above conformal rescaling one considers the following 
transformation behaviour for the g-orthonormal frame {e4 4’ }: 


/ 1 =a 1 l 1 =1 
€o90' = €00’, eir = 0 €11’, Cov = 0 €01’, E19 = v €10’. 


Using the transformation law under conformal rescalings for the Ricci scalar, 
Equation (5.6c), one finds that the requirement R[g’] = 0 is equivalent to the 
wave equation 


1 
V°Vað = z Rig); (18.7) 


see also Equation (8.30). The general theory of the characteristic problem for 
wave equations ensures the existence of a unique solution to this equation in 
a neighbourhood U of & in J*(&) if some suitable data are prescribed on 
M U IT; see, for example, Rendall (1990). A natural requirement on the initial 
data for Equation (18.7) is to have wt! = d=’ on & where {w"^^"} denotes 
the coframe dual to {e’, 4/}. This is equivalent to setting 


wY = dE oon &. 
By choosing V ty = eir (E)|z = (dE, e11’)|% one can, in fact, ensure that 
eir (£) = (d7, ejr) =1 on &. 


The principal part of the wave Equation (18.7), expressed in terms of frame 
derivatives, is given by 


eoo (e11 (0)) + e11 (eov (0)) e eor (e10 (0)) = e10 (eov (0)). 
Thus, Equation (18.7) implies an intrinsic propagation equation on N for eoo (ù) 


if e11 (V) is known on “M. Analogously, one has an intrinsic propagation equation 
on JT for e1x (Ù) if eoo (V) is known on A~. The freedom in the specification 
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of characteristic data can be exploited by observing that under the conformal 
rescaling (18.6) one obtains the transformation rules 


Tori = lori — VT teir (ð), Pine 0 "T1000 — 9 e00 (0). 
Accordingly, by setting 
eiv (0) = Torin, eov (V) = YT 10/00 on Z, 
one obtains 
To111 = 9, Mga = 0, on &. 


To propagate the freely specifiable components of V aa’ v along VY and J7 it 
is convenient to consider the transformation law under conformal rescalings of 
the trace-free part of the Ricci tensor 


lp — Bap = —20-7 (v.70 — 207!V,0Vp0 
1 
= qgav(VoV ed — 20-1V.00"0)). (18.8) 
Now, recalling that 
® 4A’ BB’ = EAA’ EBB? ab, PMA BB’ = eyii Enpi Oi 
one can consider the propagation equations 
z 2 
€11’ (e11 (8)) — 20 1 (eir (8)) = VP on MN, (18.9a) 
S 2 = 
eoo (€00'(8)) — 207" (e00 (0)) = VB oo on I7. (18.9b) 
These two equations can be read as ordinary differential equations along the 
generators of VY and J~ for e11/(V) and eoo (Ù), respectively. Accordingly, 


a solution exists in a neighbourhood of Z on M and, respectively, on J7. 
Comparing with Equation (18.8), one sees that these solutions ensure 


Sa =0 ony, (18.10a) 
9 =0 oI. (18.10b) 


Once the solutions e11 (0) and eoo (V) to the propagation conditions (18.9a) 
and (18.9b) have been obtained, one can use the intrinsic equations implied by 
(18.7) on M U JT to obtain eog (0) on “~ and er (9) on I7. 

The analysis of this section can be summarised in the following: 


Lemma 18.2 (conformal gauge conditions for the standard characteris- 
tic problem) Let (M,g) denote an asymptotically simple spacetime satisfying 
Ric(g| = 0 and let (M,g,=) with g = =*g be a conformal extension thereof 
for which the condition = = 0 describes past null infinity ST. Given the frame 
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{eaa} of Lemma 18.1, the conformal factor = can be chosen so that given a 
null hypersurface N intersecting IT on Z ~ S? one has 


Rig] = 0, in a neighbourhood W of & on J*(#). 
Moreover, one has the additional gauge conditions 
eiw (=) = 1, To111 = T1000 = 9, on Z, 
Doo = 0 on N, 
Daa’ = e11/(Z)5a tia", ®oo = 0, on I~. 


Remark. In the gauge given by Lemma 18.2 one has that LAA’ BB’ = Pas’ BB’. 
This fact will be used repeatedly in the following without any further mention. 


18.2 The conformal evolution equations in the standard 
characteristic initial value problem 


This section analyses general aspects of the standard characteristic initial value 
problem for the conformal Einstein field equations with data prescribed on 
the null hypersurfaces M and .4~. The spinorial conformal field equations, as 
discussed in Section 8.3.2, will be used to formulate this problem. Accordingly, 
on W it will be required that 


XAA BB’ = 0, Z paa' BB = 0, (18.11a) 
Eaa = 0, ZAA'BB' = 0, Zaa' =), Z=0, (18.11b) 
Acpss =Ù, App'cp = 9, (18.11c) 


where, for convenience, one defines 
= AA’ = NAA’ ar VAAZ. 


Following the conventions of Chapter 13 let u denote the collection of indepen- 
dent components of the unknowns appearing in the conformal field Equations 
(18.11a)-(18.11c) and let u, be its value on M“ U J+. 

Strictly speaking, as no hyperbolic reduction procedure has yet been applied 
to equations (18.11a)-(18.11c) — that is, the equations do not constitute a 
symmetric hyperbolic system — one does not directly obtain a characteristic 
problem in the sense described in Section 12.1.2. Nevertheless, the structure of 
the conformal evolution equations can be used to obtain a symmetric hyperbolic 
system for which the theory of Section 12.5 can be applied. Thus, it is necessary 
to analyse the properties of the conformal field equations on the hypersurfaces M 
and .%*. When evaluated on MUJ the system (18.11la)—(18.11c) splits into a 
set of interior and a set of transverse equations. As the name suggests, interior 
equations contain only derivatives which are intrinsic to the null hypersurfaces. 
The interior equations divide, in turn, into transport equations containing the 
directional derivative along the generators of the hypersurface and constraint 
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equations which do not contain this derivative. In the transverse equations one 
deals with the directional derivative transverse to the surface. 

To see how this split comes about, it is convenient to recall some aspects of 
the hyperbolic reduction procedure for the Equations (18.11a)—(18.11c). Given 
a timelike vector 7” and a suitable set of gauge source functions F(x) and 
Fap(ax) on W, one obtains a symmetric hyperbolic system for the independent 
components of the various conformal fields. As discussed in Proposition 13.1, 
the characteristic polynomial of this system contains factors of the form g” é év. 
Accordingly, the combined null hypersurface MNJ is a null hypersurface of the 
reduced evolution system. Following the discussion of Section 12.1.2, it follows 
that the reduced system contains equations which are intrinsic to M M.%* and 
equations which are transverse to the initial hypersurface. In the following, it is 
shown how this observation can be extended to the full conformal field equations. 


The interior equations on WV 


The interior equations on the null hypersurface -” should contain only the 
directional derivatives along the directions given by eiv, eop and ev. 
Inspection shows that the subset of (18.11a)—(18.11c) with this property is given 
by the equations 


aiw =0, Zivaa'=9, 411 = 0, (18.12a) 
Save =0, Zf piss =0, (18.12b) 
Aipsp =), AgBvop =0. (18.12c) 


More explicitly, taking into account the gauge conditions given by Lemmas 
18.1 and 18.2 one has the equations 


18.13a 
18.13b 


) 
€11’ Xoo’) = —86),—5, eir (Xor) = —E®jp9, eir (čir) =0, ) 
18.13c) 

) 


( ( 
( ( 
eir (s) = —®1, Day + 28)2h01", ( 
ei (epp") = -TBB iec" — Tee? veo", (18.13d 
ei (Cee/cp) = —lrvoepl Bg "i -lireo pa? v 
— 2¢Bcp1641'B' — ®c1' DB’ 1B; (18.13e) 
€11'(®po' BB’) = Vio'®p1' BB’ — V1 10'BB’ + Vdo' 11’ BB’ 
— 241 B/¢Bpo01 + 2X0B'$BD11, (18.13f) 
€11'(¢aBCo) = Vo1'$ABC1; (18.13g) 
with the understanding that equations for quantities already determined by 
gauge conditions are dropped from the list. Despite their apparent complexity, 
the above equations possess a delicate hierarchical structure which allows one to 
solve them sequentially from some basic data on & and M. This structure is 
briefly described in the following paragraphs. 
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One starts by combining Equation (18.13a) with the third equation in (18.13b) 
and then using that e11 = O, to find that OPE = 0. Hence, taking into account 
Lemma 18.2 one concludes that = = r along M. Next, one can consider Equation 
(18.13e) for T9141 and [49/11 (in standard Newman-Penrose (NP) notation y 
and à) which, in view of the gauge conditions, gives the subsystem 


2 _ 
OrPova1 = — (Torvi) — Tiol vovi, 
Tivi = —2V 01/110 1011 + Zea. 


The above Riccati system can be solved if $4 is known along M. With [91/44 
and T1011 known, one can then make use of Equation (18.13d) for eo^ = €4 
which takes the form 


0,€4 = Toriré4 —Trovr 4. 
This equation together with its complex conjugate constitute a system of 
ordinary differential equations for €4 and €4 which can be solved with the 
information already available. To determine the frame coefficient w one considers 
Equation (18.13d) for eo! = w so that 


O,w = -Torviw —Py011'@ + T0101 + P1001". 


Accordingly, one also needs to consider the equations for [91/91 and T1001 
(8 and a in NP notation), namely, 


-Toroi = -Torvo 10711 — P1001 F011 + P12, 


OrP 4001 = —Vo1/01 10711 — P1001 0/111 + Eos, 


so that, in addition, one requires equations for ¢3 and ®,2. These can be found 
to be given by 


O63 = wba + EAO4b4 — 4011163 + 41 0101 44, 
Or ®12 = Xor o4 — Xir Q3. 


Thus, to close the system one considers the third equation in (18.13b). The key 
observation is that for a given choice of ¢4 on -V and with the knowledge of 
To1ii and [4911 from a previous integration one obtains a system of ordinary 
differential equations along the generators of VW for the unknowns w, €4, T91/01, 
P1001, $3, 12 and Xov. 

At this point, one considers Equation (18.13d) for e114. One has 


3- X^ = Too" — Poor é^. 


Recalling the gauge condition T9911 = Divro + T1010 one has enough 
information to integrate along the generators of “M. Next, one considers the 
equations for loroo and T1000 (o and p in NP notation): 


0,T1'00 = —To1’00!"01/11 = Pioo l ovri Tv Poz, 


-T1000 = —lorvool 1011 — P10’00F10'1'1' + Ede. 
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Hence, one has to couple the above to the equations for @2 and ®o2: 


3rp2 = wOrb3 + €4Ad.463 + Toroods + 20 01'01¢3 — 3001/1162, 
Or Bog = V10 P12 + Nor’ 3 — Noo da. 


Thus, it is then necessary to consider simultaneously the first equation in (18.13b) 
and Equation (18.13c) to determine Xoo and s — notice that at this stage one 
already knows all the frame and connection coefficients appearing in Vio’. In 
turn, this forces the coupling with the equation for ®,, obtained from (18.13f): 


0,811, = Vio i2 — Xiro + Noi os. 


Recapitulating, one has obtained a further closed subsystem of ordinary differ- 
ential equations along the generators of VY for the fields T9100, T1000, $2, ®o2, 
®1,, s and Xoo. With the information obtained from the solution to this system, 
one can also solve for the frame coefficient U and the connection coefficient '99’01 
(e in NP notation) via the equations 


rU = —To011¥ — Porois'& + Toor01 + Por00'1'; 
Orloo'01 = —V1'01!'00'11 — Tivol vorir + 202 + O11. 


The integration of the connection coefficients can now be completed with the 
equation for loooo (K in NP notation) dictated by (18.13e), that is, 


0,Too'00 = —lo100l' 00711 — liovool vory + E1 + Por, 
which needs to be supplemented by the equations for 6; and ®o1: 


-pı = Vor Q2, 
0,®o1 = Viv i1 — Eor o2 + Xoo’ Q3- 


Again, one has a subsystem of ordinary differential equations along the generators 
of N. The integration of the interior equations on ^ is completed by considering 
the equation for the rescaled Weyl spinor component Qo 


Ordo = Vor Qı, 
which, too, is an ordinary differential equation, and by that for ®oo: 
roo = Vio Poi — Vor Por + 2200 Q2 — 220r Q1 + Voo P11. 


This last equation is different from the other ones in the hierarchy as its last term 
in the right-hand side (i.e. Voo'®11) contains transverse derivatives. However, 
using the evolution equations in Section 18.2.2, this term can be formally 
computed on .V from the available data. 
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The interior equations on I7 


On J- the intrinsic equations should contain only the derivatives along the 
directions given by eoo’, €10 and eor. The relevant subset of (18.11a)—(18.11c) 
is, in this case, given by 


Zax S0, Zax S0, Zaape ~0, for aa #11, (18.14a) 
Sax Bg' ~0, =E°paapp ~0, for aa’, BB #10, (18.14b) 
Aopsp ~0, Aspocp ~ 0. (18.14c) 


More explicitly, taking into account the gauge conditions given by Lemmas 
18.1 and 18.2 the above equations encode the following transport equations: 


eee (18.15a) 
sta ~ —s, (18.15b) 
eoo (s) ~ —®11 Nar’, (18.15c) 
eoo (€o1'"") & Tov ce: oreco" — Lor] ovece, (18.15d) 
Pepoo' BB’ ~ —=¢BcDo060'B’ — ®co'DB'60B_ BB' F11, (18.15e) 
Voo'?aBc1 ~ V10'PABCO; (18.15f) 
Voo'®p1'BB’ + V do 01’ BB’ — Voi © Do’ BB’ 

—Vp1 ®00' BB’ ~ 2418 ¢0DB1, (18.15g) 


where, following the notation of Chapter 8, the field Pop,a’pp’ denotes the 
geometric curvature. In addition to the above, Equations (18.14a)—(18.14c) also 
contain the constraint equations 


eor (=) = 0, eor (X1x) = 0, eor (5s) ¥ —Poi Nar’, (18.16a) 
eor (e10) — e10 (€or) ~ Por °° aveca” -T1000 ovece™, (18.16b) 
Poporiv ~ ¢icpoe1'0' — ®c1 do. (18.16c) 


If Equations (18.16a)—(18.16c) hold in a certain section of .%~, then using an 
argument similar to that of the propagation of the constraints in the standard 
Cauchy problem, it can be shown that they will hold everywhere else on null 
infinity by virtue of the transport Equations (18.15a)—(18.15g). Thus, they need 
to be solved only on &. 

In analogy to the transport equations on -/, the transport Equations (18.15a)— 
(18.15g) can be solved along the generators of JT exploiting a hierarchical 
structure if some basic data are provided. Some inspection reveals that the 
basic data are given by either the connection coefficient [149/141 or the rescaled 
Weyl spinor component o. The details of this construction will not be further 
elaborated. 
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18.2.1 The freely specifiable data 


The discussion of the hierarchical structure of the interior equations on “MU JT 
allows the identification of the basic reduced initial data set r, from which 
the full initial data u, on “M U J~ for the conformal Einstein field equations 
can be computed. As already observed, the choice of reduced initial data sets is 
not unique. Two possible ways of specifying the reduced data are given in the 
following: 


Lemma 18.3 (freely specifiable data for the standard characteristic 
problem) Assume that the gauge conditions given by Lemmas 18.1 and 18.2 
are satisfied in a neighbourhood Y of & on N U IT. Initial data u, for the 
conformal Einstein field equations on N U JT can be computed from either of 
the two following reduced initial data sets: 
(i) v1, consisting of 
Lior nI, 
Q4 on MN, 
Q3, 2 T $2, age on a 
(it) rox consisting of 
po on F 
Q4 on N, 
Piovi @2, $3, d2td2, Ef, on 7. 


In both cases the field £^ is chosen so that —(€4E8 +€4E8)A 498g is conformal 
to the standard (contravariant) metric on S?. 


Remark. The reduced set rg, in (ii) has the advantage of being symmetric with 
respect to VY and J7. 


Proof The proof of this lemma follows from the discussion in the previous 
subsection. Further discussion can be found in Friedrich (1981a). 


18.2.2 The reduced conformal field equations 


To apply the theory on the characteristic initial value problem discussed in 
Section 12.5 one has to extract a suitable symmetric hyperbolic system out of the 
conformal field Equations (18.1la)—(18.11c). Given the split between intrinsic 
and transverse equations, a hyperbolic reduction procedure such as the one 
discussed in Chapter 13 is not required. Instead, a suitable choice of reduced 
conformal field equations is given by the combinations 


Er = 0, Ziv = 0, 211’ AB’ = 0, (18.17a) 
X11 BB’ = 0, 2° piv Bp’ = 0, (18.17b) 
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—Aisco =0, Aosoo — Aisc1 =9, Aoga =0, (18.17c) 
— Ao1'00 = 9, Aoo Bo — Air'Bc =9, Mioi = 0. (18.17d) 


A more explicit form of the equations is discussed in Section 18.3. From 
these expressions, adopting the matricial notation of Chapter 12 and considering 
suitable multiples of the equations, the reduced conformal field equations can be 
written schematically in the form 


A“ (x, u)d,u + B(z, u) = 0, (18.18) 
with A” Hermitian matrices and 
AM(w,+w",) positive definite. (18.19) 


Thus, one obtains a symmetric hyperbolic system for the components of u. 
Using the expressions for the principal part of the system (18.17a)—(18.17d), 
a computation shows that the characteristic polynomial of the reduced system 
contains factors of the form g”, so that the null hypersurfaces VY and J7 
are indeed characteristics of the system. It follows from (18.19) that the surfaces 
with normal w® + w1! are spacelike for the symmetric hyperbolic system. 
Although the coordinates 2° = v and x! = r have been constructed so that they 
have non-negative values, the reduced Equations (18.17a)—(18.17d) also hold for 
negative values of the coordinates. It follows that the hypersurface 


Sx = {p ER x R x S° | x° (p) +2'(p) = 0} (18.20) 


is spacelike for Equation (18.18) in a neighbourhood of X. 


18.3 A local existence result for characteristic problems 


As discussed in Section 12.5, the existence and uniqueness of solutions to a 
characteristic initial value problem can be obtained via an auxiliary Cauchy 
initial value problem on a spacelike hypersurface — in the present case the 
hypersurface S, defined by (18.20). The formulation of this auxiliary Cauchy 
problem crucially depends on Whitney’s extension theorem so that initial data 
on MUJIT can be extended to a spacetime neighbourhood U of &. In turn, the 
application of Whitney’s theorem depends on being able to evaluate all (interior 
and transverse) derivatives of the initial data on “M U J7. 


18.3.1 Computation of the formal derivatives on N U I- 


To verify that one can compute all derivatives of the initial data on MU J7 one 
needs to inspect the principal part of the reduced Equations (18.17a)—(18.17d). 
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Borrowing the notation of Proposition 13.1, the reduced Equations (18.17a)— 
(18.17b) take the form 


0,0 = G(o,T, ®, 9), (18.21a) 
re = H(e,T), (18.21b) 
ð T =K(L, &, ¢); (18.21c) 


that is, they are transport equations along the direction given by ego’. For the 
equations in (18.17c) one has 


-P20 — GO, B21 — EA 421 = Loo (I, ®, Q), (18.22a) 
A, P19 — GO, ®1, — E4046); = Lio (I, ®, Q), (18.22b) 
-Poo — BO, Bo, — E13 Abo: = Loo(L, ®, $), (18.22c) 
A,B) + Oy P21 + UO, By, + XA 4G, 

— WO, Boq — EAD 4 Po — GO, Byq — EA0 4 a9 = Mai (T, ®, Q), (18.22d) 
ôrdi + Oy Or, + UO, Oy, + XAOAGy, 

— wd,B19 — E4848) — GO, ®yy — E4448 1p = My, (T, B, 9), (18.22e) 
-Dor + Oy Poi + UO, Po, + XAOAGo1 

— wô, Poo — EA0.4Bo9 — GO, Po2 — E4O4Go2 = Moi (T, &, A), (18.22f) 
Dy Boo + U3 B22 + XAA4 B22 — WA, P21 — E444821 = Noo(T,8,¢), (18.22g) 
Oy Oyo + Ud, B12 + XA 419 — Ww, Oy, — E4040 = Ni(T, ®, p), (18.22h) 
Oy Pog + UA, Bog + XA 4Bo2 — GO, Po, — E49 A Po = Moz(T, @, Q), (18.223) 


where Lag, Lio, Loo, Mo, Miu, Moi, Noa, Nip and Noz are smooth functions 
of their arguments — their explicit form will not be required. Finally, for the 
Equations (18.17d) involving the components of the rescaled Weyl tensor one has 


dro — wOrd1 — EA0adb1 = WolT, $), ( ) 
Orb1 + Ovd1 + UOrg1 + XAO4G1 (18.23b) 
— BOrbo — E IA po — wOrb2 — EAO G2 = Wi(T, $), ) 
On bz + Oyb2 + UOrb2 + XA0abo ) 
— 00,61 — EAd.4¢1 — wd,3 — EA aps = W2(T, $), (18.23e) 
( ) 

) 

) 


rps + Ovb3 + Ud,b3 + XA0.a¢3 
— BOrb2 — E13 Ap — wOpbs — E4064 = W (T, $), ( 
Oyo + Udha + XAO Abs — GO-b3 — EAA Ab3 = Wal, $), (18.23h 


with Wo, W1, W2, W3 and W4 smooth functions of their arguments — again, their 
explicit form will not be required. 

In what follows, it is shown that all formal partial derivatives on NU JT can 
indeed be computed from the above equations. 
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Computation of formal derivatives on s7 


To compute the formal derivatives on .%~ one first observes that the partial 
derivatives ð», 02, 03 are interior, while 0, is transverse. In this case, direct 
inspection shows that except for 


Ora, 0, B22, Or ® 12, Or Boa, 


all 0,-derivatives of the unknown u can be computed using Equations (18.21a)— 
(18.21c), (18.22a)—-(18.22f) and (18.23a)—(18.23g). The exceptional cases shown 
above arise due to the fact that w = U = 0 on -¥~ so that Equations (18.22g)— 
(18.221) and (18.23h) evaluated at .%~ do not, in fact, contain 0,-derivatives. 
To get around this problem one computes the 0,-derivative of (18.22g)—(18.22i) 
and (18.23h) and then evaluates on .Y~ to obtain the system 


dy (0, B22) + 8U 3 P22 + 8- X13 4829 — O,WO, B19 
— ð lð Ai — E4849, B19 ~ O,No0, 
Oy (9, ®12) + 0-Ud, B12 + O-XAO AB 12 — O,wO, P11 
— 0,€48, 81, — €4040,811 ~ Ni, 
Oy (O,Bo2) + O-UI,Bo2 + 3- X43 Aoz — 0,WO,Bo1 

— 0,€4048o1 — E4040, B01 S Noz, 
3 (Orbs) + OrU pha + OX AOA b4 — OrWOrh3 

— d,EA.ab3 — EAD Or b3 = OpWa. 


The latter can be interpreted as a system of first-order linear ordinary differential 
equations for 0,¢4, 0,®22, 0,®12, OrPo2. The initial data on & for these 
equations can be computed from the data on “M U J~. General results of the 
theory of ordinary differential equations ensures that this system of equations can 
be solved in a neighbourhood of Z on .4~. Accordingly, all the first transverse 
derivatives on .%~ can be explicitly computed. The argument described in this 
paragraph can be generalised, by repeatedly differentiating the reduced equations 
with respect to 0,, to iteratively compute higher order 0,-derivatives as the 
solution to a system of algebraic equations and linear PDEs. 


Computation of formal derivatives on WV 


The analysis of the formal derivatives on -V is almost the mirror image of that 
on J~. In this case O,, 02, 03 are interior derivatives, while ô, is transverse. 
After an inspection of the list of Equations (18.21a)—(18.21c), (18.22a)—(18.22i) 
and (18.23a)—(18.23h) one finds that only 


Ovha, Ovds, Oude, Ovi, 
OyP22, OyPi2, vi, OAyPo2, OAyPo1 
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are algebraically determined by the initial data on “M. To obtain the remaining 
transverse derivatives, one computes the 0,-derivatives of Equations (18.21a)— 
(18.21c), (18.22a)—(18.22c) and (18.23a) and evaluates them on -¥% to obtain a 
first-order system of ordinary differential equations along the generators of VW for 


Oyo, Oye, AT, AyBo2, AyPo1, AyvPoo, voo. 


Supplementing this system with the information on & implied by the initial 
data for the reduced equations, one finds that the general theory of ordinary 
differential equations ensures the existence of solutions in a neighbourhood of 
X on MN. In this manner one obtains a complete set of first-order transverse 
derivatives on M“. Higher order transverse derivatives can be obtained iteratively 
by computing higher order 0,-derivatives of the reduced conformal field equations 
as required. 

The analysis described in the previous paragraphs can be summarised in the 
following: 


Lemma 18.4 (computation of formal derivatives) Any arbitrary formal 
derivatives (O%u), of the vector unknown u on NUIT can be computed from the 
prescribed initial data u, for the reduced conformal field equations on N U I7. 


18.3.2 The subsidiary system 


To show that the solutions of the reduced equations imply a solution to the 
full conformal field equations if initial data satisfying the constraints on “M and 
J- are prescribed, it is necessary to obtain a suitable subsidiary system for the 
zero quantities encoding the conformal field equations. The propagation of the 
constraints is ensured by the following: 


Proposition 18.1 (propagation of the constraints) A solution u of the 
reduced conformal field Equations (18.17a)-(18.17d) on a neighbourhood U of & 
on J*(&) that coincides with initial data on N U JT satisfying the conformal 
equations is a solution to the conformal field Equations (18.11a)-(18.11c) on U. 


A subsidiary system adapted to the geometry of the characteristic problem 
described in the previous sections is obtained from the following derivatives of 
the zero quantities associated to the conformal field equations: 


Viva’, Viv Zaa', Vi1'ZAA' BB’; 
Vir UAA'BB’; Vi1'ECDAA’BB' 
(Vov + Vii )AcpsBpB’; (Vov + Vii )ABBcD. 


Using arguments similar to those employed in Sections 13.3 and 13.4.5 one 
rewrites the above derivatives as homogeneous expressions in the zero quantities. 
Further details of these lengthy calculations can be found in Friedrich (1981a). 
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Once a subsidiary system of the required form has been obtained, the propagation 
of the constraints follows from the uniqueness of solutions to the characteristic 
problem. 

In addition to Proposition 18.1 one has the following: 


Corollary 18.1 (preservation of the conformal gauge) Let u denote a 
solution to the characteristic problem for the conformal field equations on a 
neighbourhood U of & on J+(&) which satisfies the gauge conditions given in 
Lemmas 18.1 and 18.2. Then the metric g constructed from the components of 
the solution u satisfies the vacuum Einstein field equations R{g] = 0. 


This result follows from an argument similar to the one used to prove the 
propagation of the algebraic conformal field equation encoding the trans- 
formation rule for the Ricci scalar in Lemma 8.1. Here one considers the 
derivative 


Var (V^ Vax E — 2V aa EVA“ 2) 


and makes use of the conformal field equations to rewrite it as a homogeneous 
expression in zero quantities. In view of the transformation law of the Ricci 
scalar under conformal rescalings, the term in brackets coincides with R[g]. Now, 
from the discussion leading to Lemma 18.2 one concludes that R[g] = 0 on 
MN U J. The corollary then follows from the uniqueness of the solutions to the 
characteristic problem. 


18.3.3 The existence result 


Combining the analysis developed in the previous subsections with the theory 
of characteristic initial value problems for symmetric hyperbolic systems of 
Section 12.5, one obtains the following existence result: 


Theorem 18.1 (existence and uniqueness to the standard asymptotic 
characteristic problem) Given a smooth reduced initial data set r, for the 
conformal Einstein field equations on VW U IT, there exists a unique smooth 
solution of the conformal field equations in a neighbourhood U of Z in Jt(#) 
which implies the prescribed initial data on VY U J7. 


Proof It follows from Lemma 18.4 that the formal derivatives of u can be 
computed to any arbitrary order from the reduced data r, on WY U J7. 
Hence, it is possible to formulate an auxiliary Cauchy problem for the reduced 
conformal field Equations (18.17a)—(18.17d) with data implied by the extension 
to a neighbourhood of & given by Whitney’s theorem. Thus, using Theorem 
12.7 and the discussion in Section 12.5.3 there is a neighbourhood W of X in 
J+ (Z) in which there exists a unique solution u to the reduced conformal field 
equations which on MUJ- coincides with the data u, implied by the prescribed 
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reduced initial data — as & = S?, it is necessary to combine solutions in two 
different patches. Finally Proposition 18.1 and Corollary 18.1 imply that the 
solution to the reduced equations is, in fact, a solution to the full conformal field 
equations. 


The characteristic problem on N’ U J+ 


The analysis leading to Theorem 18.1 can be adapted to analyse the dual 
asymptotic characteristic problem with data on .V’U.%* where M” is a future- 
oriented null hypersurface. In this case one endeavours to find a solution in a 
neighbourhood U’ of 2 = N'A I* in J~(2’). All the relevant expressions 
can be obtained from those for the characteristic problem on “M U.%~ through 
the replacements 9 +> 1, 1 > o in the spinorial frame indices so that 


€o0’ © eir’, €r © Ego’, €or’ +7 E10’, €v + eor. 
In particular, one has 


poH ba, i= $3, 2 62, Q3 Qı, 4> Qo 
and 
w e> w, EAs EA. 


Similarly, for the connection coefficients and the components of the trace-free 
Ricci spinor one has 


Toroo > Tio, P15 b> Pio = Por, and so on. 


For consistency, one should replace the coordinate v along the generators of #7 
with a coordinate u along the generators of J+. 


18.4 The asymptotic characteristic problem on a cone 


As discussed in the introduction, an alternative characteristic problem for the 
conformal Einstein field equations consists of a configuration where initial data 
is prescribed in a neighbourhood of the vertex of a cone representing the 
timelike infinity of a Minkowski-like spacetime; see Figure 18.1, right. This 
type of geometric setup for a characteristic initial value problem was originally 
introduced in Friedrich (1986c) and is intended to model purely radiative 
spacetimes, that is, a system describing gravitational radiation from past 
null infinity which interacts non-linearly with itself and eventually escapes to 
future null infinity. Intuitively, one would expect this type of solution to the 
Einstein field equations to have a smooth structure at null infinity. To ensure 
that the gravitational field consists only of gravitational radiation one requires 
that the generators of null infinity are complete and that past timelike infinity is 
represented by a point ¿~ which is regular from the point of view of the conformal 
completion. 
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To discuss the geometric setting in a more precise manner it is convenient to 
introduce some definitions. 


Definition 18.1 (spacetimes with a cone past boundary) A spacetime 
(M,g) is said to have a cone past boundary if: 


(i) There exists a causal, oriented and time-oriented spacetime (M',g') (the 

ambient manifold). 

(ii) There exists a point o E€ M’ such that the set consisting of o and all points 
of M’ which can be joined to o by a causal curve in M’ — to be denoted by 
J+ (o, M') — is closed in M'. 

(iti) Given MN = OJ*(0,M’), then MN \ {o} is a smooth null hypersurface of 
M’. 

(iv) The set M corresponds to J+ (o, M’) together with the structures it inherits 
from (M',g') — in particular, g is the pull-back of g' to M. 


Given p E M, the set M C M is called the future null cone of p. 
In terms of the above notions one introduces the further notion: 


Definition 18.2 (spacetimes with a complete past null infinity cone) 
A vacuum spacetime (M,g) is said to be a solution to the Einstein field 
equations with complete null cone at past timelike infinity i` if there 
exists a conformal extension (M,g,=) with cone-like past boundary %- such 
that the conformal factor satisfies 


=>0 on M\ %-, (18.24a) 
= on N-, (18.24b) 
dE#0 on %-\ {i}, (18.24¢) 
d==0, Hess= non-degenerate at i`, (18.24d) 


and there is a diffeomorphism by means of which the manifolds M and M \ ~,- 
can be identified so that g = =7g on M \ .%-. The set M- \ {i7} is swept by 
the future-directed null geodesics through i™ and represents the past null infinity 
IS of the spacetime. 


Equipped with the above definitions, one can formulate a pure radiation 
problem in which one asks: given data on a cone %, is there a unique solution 
to the Einstein field equations with complete past null infinity implying fields on 
IT which can be identified with the data prescribed on M and such that the 
point o can be identified with i™ ? 


18.4.1 Gauge conditions 


This section gives a brief discussion of the gauge specification process for the 
characteristic initial value problem on a cone. As is the case in all initial value 
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problems concerning the conformal field equations, one has to consider three 
different types of gauges: conformal, coordinate and frame gauges. These are 
analysed in turn. 


The conformal gauge 


Given a null cone .% with vertex o, let | denote the vector tangent to the null 
generators of .4%. Consistent with conditions (18.24a)—(18.24d), it is assumed 
that one has a conformal factor = such that 


==0, d==0, s#0 ato. 


Mimicking the discussion of Section 16.3, one can transvect the conformal field 
equations 


Va VE = —E Lab + 890, Vas = —V’E Lra, (18.25) 


with I to find that = = 0 and s # 0on.% and, moreover, that dE 4 0 on -%\ {o}. 
It is also observed that if s|, = 0, then d= = 0 on .%. The behaviour of the 
conformal gauge at o can be refined by considering a rescaling as in Equation 
(18.6) with V > 0. Making use of the transformation formula for the Friedrich 
scalar s, Equation (8.29b), one finds that s’|, = (sJ~')|,. Let y(s) with ¢ € R 
denote a future-directed null geodesic on -% with y(0) = o such that l = y 
and, consequently, V,l = 0. Setting l = 0~1U, one finds that g’(I’,l’) = 0 and 
VEE = 0 as well. Using the transformation formula for the trace-free Ricci tensor 
Pab, Equation (18.8), one finds that along y it holds that 


PUG, = OT UV Bay + V5 (IV a(9*)). 


Thus, if the value of the component /'¢1/°6!, is prescribed, the above equation 
can be read as an ordinary differential equation for J along the null geodesic y. 
The initial value of V can be fixed through the specification of s|,. Using the first 
of the equations in (18.25) one finds that 

slog’ (U, lo = Vu Vv |o- 


In order to have a local minimum of © at o, one needs that Vy Vy =|. > 0 forcing 


s|o > 0 — in the signature (+ ———). Without loss of generality, one can then set 
s=2 at o, (18.26) 

and 
lOa =0 on M near o. (18.27) 


In this construction there is still the freedom of specifying the value of dv at o. 
Adapting the arguments of Section 18.1.2 one can set a characteristic initial value 
problem on .% for the wave Equation (18.7) in such a way that 


Rig) =0 on J*(.%) near o. (18.28) 
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The coordinates and the frame near o 


A convenient four-dimensional description of the null cone -% is obtained using 
g-normal coordinates y = (y“) centred at o; see Sections 2.4.5 and 11.6.2. 
Accordingly, one has that y“(0) =0, gv (0) = uv, Orguv(o) =0 and T,,”(0) =0. 
These properties can be more concisely summarised in the expression 


Yun = 9 Naw in a neighbourhood of o. (18.29) 


In these coordinates, for fixed (y“) 4 0 one has that the curve y : ç > sy is a 
geodesic through o and that 


Mo = {y" E R | nuvgty” = 0, y? > 0} 


Thus, in these coordinates the null cone % can be thought of as being the null 
cone through the origin in Minkowski spacetime. 

Associated to the g-normal coordinates, it is natural to consider a normal 
frame centred at o, that is, a frame {ea} which, in a neighbourhood U of o, 
satisfies g(€a, €b) = Nab and Vyeqg = 0 for any geodesic passing through o. 
Without loss of generality, one can assume that the frame coefficients in eg = 
ea” ð, satisfy €a” (0) = da". Using the properties of the exponential function, it 
can be shown that the frame coefficients ea” depend smoothly on the coordinates 
(y). It can then be verified that g(7,ea) is constant along y. Moreover, using 
that guv = Nab? pr, it can be shown that 


Y iu ea (y) =y", Y" Nuvea (Y) = Y Nurda”. (18.30) 


The above conditions can be regarded as an alternative definition of normal 
coordinates. More precisely, if a set of coordinates y = (y”#) and frame coefficients 
{ea” } satisfy the conditions in (18.30) the metric components guy will satisfy 
condition (18.29). 

To complete the discussion, it is convenient to introduce the vector field 
y(y) = y“ð, tangent to the geodesics through o. One then has 


y(o) =0, (Vay )lo = On”, Vyy =y. 


Writing y in terms of a g-normal frame one has that y = yea where y*(y) = 
bp°y”. Furthermore, using Vyé— = 0 one concludes that 


Y (ya? ely) = ôy Ta?ely) = 0, close to o. 


The coordinates y = (y”) and the frame {ea} satisfying the conditions 
discussed in the previous paragraphs will be collectively known as a normal 
gauge. This gauge system is supplemented by a normalised spin frame {¢ 44} 
satisfying yi Vaaa? = 0 such that {eax} = {ceata} with egg = 
OAA’? Ea — here yA“ is the spinorial counterpart of the vector y. In what follows, 
all spinors will be expressed in components with respect to this type of frame. 
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Adapted coordinates on M 


The coordinates y = (y”) introduced in the previous subsections provide 
a convenient spacetime description of ~M. However, to analyse the intrinsic 
geometry of the cone, one needs adapted coordinates. The construction of these 
coordinates is similar to that of the coordinates (v, r, x^) used in the analysis 
of the characteristic problem on VW U J7 in Section 18.1.1. The fundamental 
difference is that, in the case of a cone, these adapted coordinates degenerate 
at the vertex o. More precisely, one can consider adapted coordinates x = (a) 
such that .% is given as a level surface by the condition r = xt = 0 and v = x° 
is a parameter along the generators with tangent l — thus, | = 0,. The two- 
dimensional spacelike surfaces %, = {p E -V | v(p) = ve} satisfy Zp, ~ S?, 
except for the limit case 4% = {0} which is a point. As in Section 18.1.1, (x^) 
denote local coordinates on %,,. On .% the covector n? = dr is null and normal 
to .%. The coordinate r can be chosen so that one has the usual normalisation 
g(l,n) = 1. Finally, the vectors l and n can be completed to a frame by choosing 
a pair of complex conjugate vectors m, Mm E€ T(&%,,), for ve # 0, such that 
g(m,m) = —1. As in Section 18.1.1 the vectors m and m can be parallelly 
propagated along the generators of .% off some fiduciary section Zy,- 


18.4.2 Null data on the cone 


As in the case of the characteristic problem on MUIT , there are several ways of 
prescribing the free data. The most physically meaningful specification consists 
of the so-called radiation field encoding information on the two components 
of the Weyl tensor with the slowest fall-off at null infinity, and can be thought 
of as describing the two polarisation states of incoming radiation. 

To describe the null data, let, as in previous sections, l denote the vector 
tangent to the generators of the null cone 4⁄4. As l is a null vector, there exists a 
spinor Kĉ such that 144 = KARA’ with ‘oo the spinorial counterpart of l. The 
spinor «^ is defined up to a phase x^ +> e!¥«4 with V € R constant along the 
null generators. The radiation field is then defined as the component 


bo = KARP KO KP baBcD 


of the rescaled Weyl spinor. Due to the phase ambiguity in «4, the radiation 
field is a spin-weighted quantity. The information encoded in the radiation field is 
equivalent to information on the pull-back of dapeal“l° to M. More precisely, if m 
and m are complex vectors tangent to the sections of M such that g(l, m) = 0, 
then it follows from the symmetries of the Weyl tensor that o = dabealém®lem?. 


Solving the constraints on M 


In analogy to the characteristic problem on “M U J7, and making use of the 
adapted coordinates x = (v, r, x^) and of the frame {l, n, m, m}, the conformal 
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Einstein field equations split into equations transverse and intrinsic to .%. The 
intrinsic equations divide, in turn, into propagation equations (i.e. ordinary 
differential equations) along the generators of the cone and constraints which 
need to be solved only at a particular cut. Assuming the conformal gauge 
discussed in Section 18.4.1, the knowledge of the radiation field po on -% allows 
one to compute the value of the remaining conformal fields in a neighbourhood 
of o on M. More precisely, one has the following: 


Proposition 18.2 (reduced initial data for the asymptotic characteristic 
problem on a cone) In the conformal gauge given by conditions (18.26), 
(18.27) and (18.28), the transport equations induced by the conformal Einstein 
field equations and the structure equations on M uniquely determine the fields =, 
s, Daa BB and daBcp on M once the radiation field ġo has been prescribed. 
The resulting fields satisfy the constraint equations on M. 


Details on this result can be found in Friedrich (2014b). 


Evaluating formal derivatives on M 


In addition to solving the constraint equations on -%, and in order to apply the 
theory of characteristic problems on a cone, given a choice of radiation field, it is 
necessary to show that the (formal) derivatives of any order of the conformal 
fields can be determined on the null cone along the generators of .%. This 
analysis is analogous to the one discussed in Section 18.3.1 for the characteristic 
problem on “M U J7. In the present case, however, the analysis is more delicate 
as the set Z = M N J- shrinks to a point, so that the information for the 
integration along the generators has to be extracted solely from the null data. 
The key result is the following (see Friedrich (2014b)): 


Proposition 18.3 (computation of formal derivatives at the vertex) In 
a neighbourhood of the point o let the fields ©, s, Baa BB’ ABCD, CAA", 
Taa'Bc be smooth and be expressed in an o-centred normal gauge and a 
conformal gauge satisfying Equations (18.26), (18.27) and (18.28). If the above 
fields satisfy the conformal field equations, then the Taylor expansions of the fields 
=, s, Pax Bp and dapcp in a suitable neighbourhood of o are determined by 
the null datum ġo. 


Remark. In the above proposition, the neighbourhoods of o are spacetime 
neighbourhoods in the ambient manifold M’ containing the cone -%. 


18.4.8 The existence result 


The setting described in the previous paragraphs leads to the following existence 
result, adapted from Chruściel and Paetz (2013): 
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Figure 18.4 Schematic representation of the set up for the asymptotic 
characteristic problem on a cone. The existence results are restricted to a 
neighbourhood U of o in Jt (o). 


Theorem 18.2 (local existence for the asymptotic characteristic prob- 
lem on a cone) For any smooth prescription of the radiation field ġo on the null 
cone at the origin of the Minkowski spacetime, %, there exists a neighbourhood 
U c Jt(o) ofo, a smooth metric g and a smooth function = such that: 


(i) M is the light cone of o for g. 
(ii) E =0 on M. 
(iii) d= = 0, Hess E £0 ono. 
(iv) d= #0 on ðJ+ (0) NU \ {0}. 
(v) The function E has no zeros onUNI* (o) and the metric g = =~ 7g satisfies 
the vacuum Einstein field equations on U N I* (o). 


Moreover, the rescaled Weyl spinor pagcp of the pair (g, =) extends smoothly 
across Ms and the restriction of pABCDEo^ co” cof €o? to Mo \ {o} coincides with 
the prescribed radiation field ġo. The solution is unique up to isometries. 


Remark. It follows from points (ii), (iii) and (iv) that the set .% \ {0} 
corresponds to the past null infinity %~ of the resulting spacetime, while the 
vertex o is its past timelike infinity i~. A schematic representation of the set up 
of the above theorem is given in Figure 18.4. 


The proof of the above theorem, as given in Chruściel and Paetz (2013), makes 
use of the metric version of the conformal field equations and the associated wave 
equations discussed in Paetz (2015); see also Section 13.5.2. The reason behind 
the use of a hyperbolic reduction based on wave equations — as opposed, say, to 
the first-order symmetric hyperbolic systems used throughout this book — lies 
in the fact that the available theory of characteristic problems on a cone is well 
understood for this type of equations; see Dossa (1986, 2002). 


18.5 Further reading 


Characteristic problems in general relativity have a long history. The first sys- 
tematic discussion has been given in Sachs (1962c). Further classical discussions 
can be found in Penrose (1965, 1980) and Miiller zu Hagen and Seifert (1977). 
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A review on the various approaches to the problem, including an analysis of the 
possible choices of free data, can be found in Chrusciel and Paetz (2012); this 
reference provides a convenient point of entry to the literature on the subject. 

The basic theory of asymptotic characteristic initial value problems for 
the conformal field equations has been developed in the articles by Friedrich 
(1981a,b). A version of Theorem 18.1 in the analytic setting was given in Friedrich 
(1982). This result has been extended to the smooth setting in Kánnár (1996b) 
using the reduction to an auxiliary Cauchy problem given in Rendall (1990). 
The geometric set up for the asymptotic characteristic problem on a cone has 
first been given in Friedrich (1986c). The relation between Taylor expansions at 
the vertex of the null cone and the interior equations implied by the conformal 
Einstein field equations has been examined in Friedrich (2014b). The existence 
result for the characteristic problem in the cone has been given in Chrusciel 
and Paetz (2013). Characteristic problems on a cone are less studied than those 
on intersecting null hypersurfaces. A good point of entry to the literature is 
Choquet-Bruhat et al. (2011). 

Characteristic problems provide a natural approach to the construction 
of solutions to the Einstein equations by means of numerical methods. An 
advantage of this formulation is its clear-cut connection with the notion of 
gravitational radiation; see, for example, Damour and Schmidt (1990). A review 
on the subject can be found in Winicour (2012). 

The characteristic initial value problem has been used in the seminal work by 
Christodoulou on the collapse of a spherically symmetric self-gravitating scalar 
field; see Christodoulou (1986). 


19 


Static solutions 


In this chapter a study of static solutions to the vacuum Einstein field equations 
from the point of view of conformal methods is undertaken. Static and, more 
generally, stationary solutions provide valuable physical and mathematical 
intuition concerning the behaviour of solutions to the Einstein field equations. 
Static solutions describe the exterior region of time-independent, non-rotating, 
isolated bodies. Accordingly, they provide an interesting class of solutions to 
analyse the structure of spatial infinity; see Chapter 20. In addition, some 
particular static solutions (the Schwarzschild spacetime) are expected to describe 
the asymptotic state of the evolution dictated by the Einstein field equations. 
From a mathematical point of view, the results discussed in this chapter are 
of particular interest as they lie at the interface of classical potential theory, 
conformal geometry and general relativity. Throughout this chapter, the focus is 
restricted to the asymptotic region of an asymptotically flat static spacetime. 
Several of the key results for static spacetimes admit a suitable stationary 
counterpart; the interested reader is referred to the literature for further details. 
These generalisations of the theory are much more technically involved than the 
original static version and they will not be considered here. 


19.1 The static field equations 


For a static spacetime it will be understood a solution to the Einstein field 
equations Ric[g] = 0 endowed with a hypersurface orthogonal Killing vector € 
which, in a suitable asymptotic region, is timelike. Using coordinates (t,y) = 
(t, y“) adapted to this Killing vector, one has that € = ô+. As € is hypersurface 
orthogonal, then there exists a function v = v(y) such that 


E = G(€,-) = vdt. 


Thus, v? = g(0:,0;) is the square of the norm of Ẹ. It follows that the 
hypersurfaces of constant coordinate t define a foliation of the spacetime. In what 
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follows, it will be convenient to consider a frame {€a} adapted to the static 
Killing vector and set e9 to be parallel to €; that is, one has € = veg. The 
spatial part of the frame, {e;}, spans the tangent bundle of the hypersurfaces 
of constant t. Without loss of generality, the spatial frame can be parallely 
propagated along the direction of eo so that using the definition of the connection 
coefficients one has that 9%; = 0. Let {w%} be the associated coframe. One 
readily finds that w? = vdt. It follows from this discussion that the metric g 
takes the form 


g=v'dtedtt+h, v=vy)>0, h= ħaply)dy” dyf, (19.1) 


where h denotes a (negative definite) Lorentzian metric on the hypersurfaces of 
constant time coordinate. 


Derivation of the static equations 


The equations satisfied by the fields v and h appearing in the metric (19.1) can 
be deduced using the frame formalism introduced in the previous paragraphs. 
Observing that ĉo = lÈ, eo) = v one concludes that £a = Vvôa?. It follows that 
the Killing equation 


Vato + Vota =0 
takes the form 
(Vavdp° + Vovba") + v(a% + Dia) =0. 
As v is time independent, one concludes from setting a, b = 0 that To% = 0. 
Setting a = 2 and b = 7 one finds that T°; +T3°; = 0 so that from the definition 
of the extrinsic curvature, Equation (2.45), one concludes that Ki; = 0; that 


is, the surfaces of constant coordinate t are time symmetric. Accordingly, the 
Einstein constraint Equations (11.13a) and (11.13b) reduce to the condition 


r[h] = 0. (19.2) 
A further condition can be obtained from the equation 
Vo(Vato + Vota) = 0. 
Commuting covariant derivatives and using that the Killing equation implies 
Vote = —Voéo = -Vov 
one finds that 
VaVou + vRoaob = 0. 


From the last equation, using the Gauss-Codazzi identity, Equation (2.47), one 
concludes that 


ViVjv = UT ig (19.3) 
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where r;; denotes the components with respect to {e;} of the Ricci tensor of the 
3-metric À. 

Equations (19.2) and (19.3) provide the required static Einstein field 
equations for the fields v and h. After some further slight manipulations they 
can be rewritten in tensorial form as 


Aju =0, (19.4a) 


fij = —D; Dj, (19.4b) 


where D; and Tij denote, respectively, the Levi-Civita connection and the Ricci 
tensor of the 3-metric h. In what follows, a pair (v,h) solving the static 
equations (19.4a) and (19.4b) will be called a static solution. A static 
solution, expressed in terms of h-harmonic coordinates is analytic; see Müller 
zu Hagen (1970). 

Observe that discarding the field v, a solution to the static equations gives rise 
to a solution to the time-symmetric Einstein constraints. This dual perspective of 
static solutions as a spacetime and as time-symmetric initial data for a spacetime 
will be used often. The context will dictate the appropriate point of view. 
Equations (19.4a) and (19.4b) can be regarded as a three-dimensional analogue 
of the Einstein field equations in which the curvature is coupled to a fictitious 
matter field described by v. This interpretation also holds for other symmetry 
reductions of the vacuum Einstein field equations, say, axial symmetry; see, for 
example, Geroch (1971la, 1972a). 


Asymptotic conditions and the Licnerowicz theorem 


Of special interest are static solutions describing the asymptotic region of isolated 
systems. For simplicity, it will be assumed that S has a single asymptotic region 
in which coordinates y = (y®) can be found such that 


se al + Olly Ot), (19.5a) 
= 2 
hap =— (1 + m) dag + Or(lyl 70+), (19.5b) 


as |y| > co where m # 0 denotes the Arnowitt-Deser-Miser (ADM) mass and 
€ > 0. The notation Ox has been described in the Appendix to Chapter 11. 
The above decay conditions can be deduced from more primitive assumptions 
which make no reference to asymptotic flatness; see Reiris (2014a,b). In order 
to describe an isolated system — say, the exterior of a star — Equations (19.4a) 
and (19.4b) need to be supplemented with suitable boundary conditions at an 
interior boundary 9S — say, the surface of a star. An analysis of this type has 
been carried out by Reula (1989) and Miao (2003). The role played by boundary 
conditions in the determination of static solutions is nicely exhibited in the case 
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where S ~ R3. In this case, it follows from Equation (19.4a) by integration by 
parts that 


0= f vdgedu=— | D'vBivdy, 
ŝ & 


so that Ď;v = 0 on S. This implies that v has to be constant on S. Moreover, 
using (19.5a) one concludes that v = 1. Substituting into Equation (19.4a) one 
finds that fi; = 0 so that h must be flat — recall that in three dimensions 
the curvature is fully determined by the Ricci tensor. Consequently, in order to 
have static solutions other than the Minkowski solution one needs hypersurfaces 
Š with a non-trivial topology or with some inner boundary 0S. This result is 
usually known as Licnerowicz’s theorem. 


19.1.1 The conformal static field equations 


In the remainder of this chapter, the discussion of static solutions will be 
restricted to a suitable asymptotic region where the decay conditions (19.5a) 
and (19.5b) hold. Accordingly, it is convenient to make use of the definition of 
asymptotically Euclidean and regular manifolds given in Section 11.6.2. Hence, 
one considers a function 2 on S = ŠU {i} with Q € C?(S) n C™(S), A> 0 on 
Š which conformally extends h to a smooth metric 


h=(h on S, 
in such a way that 
Q= 0, D;Q = 0, D;D;Q. = —2hi;, at i. (19.6) 


In order to exploit the above conformal setting, it is convenient to rewrite 
the static Equations (19.4a) and (19.4b) in terms of fields satisfying regular 
equations in a neighbourhood of i. The procedure of constructing a system of 
regular conformal static equations is similar in spirit to the one carried out 
in Chapter 8 to obtain the conformal field equations. The key idea is to identify 
quantities which in the conformally rescaled picture are both suitably regular and 
which satisfy equations that are formally regular at i. In this spirit, the equation 
obtained from combining the static Equation (19.4b) with the transformation 
law of the three-dimensional Ricci tensor, Equation (5.16a), should be read not 
as a differential condition for the components of a conformally rescaled metric 
but rather as differential equations involving second derivatives of a quantity 
associated to the conformal factor. Similar considerations need to be taken into 
account when attempting to construct a conformal equation for the scalar field v. 
Using the transformation law for the Yamabe operator, Equation (11.23), one 
obtains 


(an ~ srihi) (97v) =0. 
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This equation is formally singular at 7 unless it is possible to tie the behaviour 
of Q with that of v. Alternatively, one could try to find a regular equation for a 
quantity which indirectly allows one to gain knowledge about v. These ideas are 
explored in the following subsections. 


Fixing the conformal gauge 


The standard approach to obtain a set of regular conformal static field equations 
relies on a specific choice of conformal gauge which explicitly prescribes the 
conformal factor Q in terms of the norm of the static Killing vector v; see, 
for example, Beig and Simon (1980a) and Friedrich (1988, 2004, 2007). In the 
following, the approach taken in the last two references will be followed. A general 
version of the conformal static equations which retains the whole conformal 
freedom has been given in Friedrich (2013). 

It can be verified that the conditions (19.6) expressed in terms of physical 
coordinates y = (y%) require Q to behave like 1/|y|? as |y| > 0. This observation 
suggests, in turn, considering a conformal factor of the form 


gap e i 19.7 
(=) (19.7) 


m 


As will be seen in Section 19.2, this is not the only possible way of fixing the 
conformal freedom. The choice in Equation (19.7) fixes the value of the Ricci 
scalar of the conformal metric h. This can be seen from the transformation law 
of the Yamabe operator, Equation (11.23), by setting u = Q!/? and making the 
replacements ¢ + 1/2, h! ++ h, h > h so that, on the one hand, one has 


1— 1 
La [1] = QPL; ==) =- QA; = 0, 
m m 


while, on the other hand, 


Hence, one concludes that r[h] = 0. 


A decomposition of the conformal factor 


Following the general discussion of Section 11.6.3, one has that the conformal 
factor Q satisfies 


(an z 0) (9-1/2) =0, on S, 


and |a|Q~1/? > 1 as || > 0. Here, and in what follows, let 2 = (x®) denote 
some coordinates in a neighbourhood U C S with z®(i) = 0. Close to i one has 
the representation 


Qt = (12, (19.8) 
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with ¢, W smooth — confront this decomposition with the discussion in Section 
11.6.4. In particular, one has 


(an = sri] )W =0, W(i)= = (19.9) 
and 
(an — Zrt) (C~1/?) = 4rôfi]. (19.10) 
From this last equation it follows that 
¢(i)=0, D¢(i)=0,  D,DjC(i) = —2hi; (2). (19.11) 


One has that ¢ is essentially the Green function of the Yamabe operator 
and describes the local geometry in a neighbourhood of i, while W encodes 
information of a global nature — in particular, its ADM mass m. Accordingly, 
the functions ¢ and W will be called, respectively, the massless part and mass 
part of the conformal factor Q. Given a conformal metric h, the decomposition 
(19.8) is unique. Moreover, using the so-called Hadamard’s parametriz 
construction, it can be shown that ¢ and W are analytic if h is analytic; 
see Friedrich (1998c, 2004) for further details about this last statement and 
Garabedian (1986) for the underlying PDE theory. In particular, for the choice 
of the conformal factor (19.7) it follows that the parametrisation (19.8) takes the 
form 


1/l-v $ m m? 


It can be verified that the function Ç satisfies the asymptotic conditions (19.11) 
and that W is, indeed, a solution of Equation (19.9). 

Using the chain rule to rewrite Equation (19.10) as an equation for A,¢ and 
taking into account the asymptotic conditions (19.11), one finds that 


i 1 
2s = D:ÇD'C, with $ = ZArg, (19.13) 


which is a regular equation in a suitable neighbourhood of i. In particular, 
it can be verified that ¢(i) = —2. Equation (19.13) is the analogue of the 
conformal Einstein field Equation (8.24). It encodes a regularised version of the 
transformation equation for the Ricci scalar. As will be seen in the following, 
it can be interpreted as a constraint which is automatically satisfied if other 
equations hold. 


Equations for the curvature 


To exploit the fact that one is working with a gauge for which r[h] = 0, it is 
convenient to introduce an h-tracefree tensor s;; such that 


righ] = sij. 
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Recalling that in three dimensions the Riemann curvature tensor i ok is fully 
determined by the Ricci tensor, it is then natural to interpret the tensors 
rij and sij as describing, respectively, the geometric and algebraic three- 
dimensional curvatures; see Section 8.3.1 for further discussion on these 
notions in the context of the conformal Einstein field equations. If the zero 
quantity 


Zij = ryh] — sij 
vanishes, then the three-dimensional (contracted) Bianchi identity takes the form 
D’sij = 0. (19.14) 


The fields ¢, ¢ and s;; can be used to obtain a regular version of the formally 
singular transformation law for the Ricci tensor; see Equation (5.16a). Rewriting 
derivatives of the conformal factor Q as derivatives of ¢ one obtains 


Equation (19.15) will be read as a differential equation for ¢. To close the system 
one needs differential equations for ç and sij. Suitable equations can be obtained 
from the integrability conditions 


; 1 
D’ Sij = 0, DK Sag + zP Sikha =0, (19.16) 


encoding the three-dimensional second Bianchi identity in contracted and 
uncontracted form, respectively. The identities (19.16) can be verified through a 
direct computation and introducing the zero quantities 


Si = Dis + (1 — uÇ)si; DIÇ = 0, 
Hyig = (1 — u) Dies — u(2DkCsiy + D'Chiwsiz). 


It follows from a further computation that S; = 0 and Hki; = 0 are equivalent 
to the integrability conditions (19.16). The condition Hpi; = 0 can be read as 
an expression for the Cotton tensor 


1 
biki = Dera uii qr hay = 2Dīiklijj, 


where l;i; denotes the three-dimensional Schouten tensor. In the remainder of 
this chapter it is often more convenient to work with the dualised version of bjki, 
bij = sine; ®. A computation shows that 


H 1 a 
bij = ie uc (su ec = zsm D c) 3 
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Summary: the conformal static equations 


In what follows, the conditions 
Zij = 0, S; =0, Sij = 0, Ayiz = 0 (19.17) 


will be known as the conformal static equations. They provide an overdeter- 
mined system of differential conditions for the fields hij, Sij, Ç and ¢. As will be 
seen, the equations in (19.17) imply an elliptic system for the components of the 
various conformal fields. 


Remark. A direct computation yields the identity 
D;(2¢¢ — De¢D*s) = 268; — 25;,D*¢. 


Thus, if S; = 0 and Si; = 0, then 2¢¢ — D,¢D*¢ is a constant. Evaluating at 
i and using the known values of the various fields at this point, one concludes 
that the expression in brackets must vanish. This argument shows that Equation 
(19.13) plays the role of a constraint. Hence, it has not been included in the list 
(19.17). 


19.1.2 Spinorial version of the equations 


To write the spinorial version of the conformal static equations, let s4pcp = 
s(agcp) denote the spinorial counterpart of the trace-free tensor s;;. The Bianchi 
identity (19.14) takes the form 


AB 
D“? saBcp = 9. 


In terms of the spinor sapcp the equation H;;; = 0 takes, after exploiting the 
antisymmetry in the pair ki, the simple form 


2 


To geas Dp)’. (19.18) 


D4®sBgcDQ = E- 


The spinorial transcription of equations S; = 0 and S;; = 0 is completely 
direct. When working with spinors, the equation r;; = sij is replaced by the 
Cartan structure equations, Equations (2.41) and (2.42), for the 3-geometry with 
an algebraic 3-curvature given by sij. These structure equations provide, 
respectively, differential conditions for the coefficients of a frame and for the 
associated spin connection coefficients; see, for example, Friedrich (2007). It will 
often be convenient to express the various spinorial fields and the associated 
equations in terms of their components (e.g. saBcp) with respect to some spin 
dyad {ea^}. 

For later use, let bAgcpegr denote the spinorial counterpart of the Cotton 
tensor bijk. Exploiting the antisymmetry in the indices jk, one obtains the 
decomposition 


bDABCDEF = bDABCEEDF + bDABDFECE, bagcp = DS (asBgcopyo. (19.19) 
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Consequently, one has the symmetry bascp = b(agcp). Moreover, it can be 
verified that 


D*®bapcp = 0. 


In what follows, b4pcp will be referred to as the Cotton spinor. 


19.2 Analyticity at infinity 


The conformal static Equations (19.17) allow one to show that, under some basic 
regularity assumptions, there exist coordinates in a neighbourhood of the point 
at infinity for which all the conformal fields are analytic. This result brings to the 
forefront the inherent ellipticity of the equations and constitutes the foundation 
of any further analysis of static solutions from a conformal perspective. The 
result was originally proven by Beig and Simon (1980a). In the following, an 
adaptation of this result will be given. One has: 


Theorem 19.1 (analyticity of static solutions at infinity) Let (v, h) 
denote a solution to the static Equations (19.4a) and (19.4b) such that Q as 
defined by Equation (19.7) satisfies the conditions (19.6) with hag = hag the 
components of a C+% metric for some coordinates x = (x%) in a neighbourhood 
ofi. Then there exist coordinates x’ = (x'®) defined in a neighbourhood of i such 
that hig, 6’, s’ and sig are analytic. 


Remark. The regularity assumptions in this result are expressed in terms of 
Holder spaces; see the Appendix to this chapter. 


Proof The proof exploits the fact that the Ricci operator of a Riemannian 
metric expressed in harmonic coordinates is elliptic — the Lorentzian counterpart 
of this observation has been discussed in the Appendix to Chapter 13. The 
general theory of elliptic equations — see, for example, Garabedian (1986) — shows 
that it is always possible to find a neighbourhood of 7 in which the equations 


Anz“ =0 (19.20) 


have a solution 2’ = 2’°(x). The coefficients of the differential operator in 
Equation (19.20) consist of hag and its derivatives so that they are of class C*:*. 
The general theory of elliptic partial differential equations (PDEs) shows that 
solutions of second-order elliptic equations gain two derivatives with respect to 
the coefficients of the equation. Accordingly, one has that x'® = x/*(ax) is C5*%. 
This regularity is sufficient to invert the coordinates. Taking into account the 
transformation law of the metric tensor under change of coordinates, 


, _ Ôx Oe 
ap — ĝx'a Ay!B yò» 


it follows that h/g is C+“. Similarly, the field ¢’ can be verified to be C**, while 
ç’ and shg are C22. To conclude the proof, one needs to construct a system 
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of elliptic equations for the various fields. In the remainder of the proof it is 
assumed that all the fields are expressed in terms of the coordinates x’, and 
the primes will be dropped from the expressions. Let ya? y denote the Christoffel 
symbols of the metric h and denote by yf = AVP the associated contracted 
Christoffel symbols. A discussion analogous to that of the hyperbolic reduction 
of the Einstein field equations in generalised wave coordinates — see the discussion 
in the Appendix of Chapter 13 — shows that 


Tap = Dap) = Sap 


is an elliptic equation for the components hag of the metric h in the coordinates 
(x°) if sag are known. To close the system one considers the equations 


S°,=0, D°S,=0, D’Ayag =0. 


Using the Bianchi identity (19.14) and the conformal static field equations to 
remove all the second derivatives of the conformal fields which are not Laplacians, 
one obtains a system of the form 


An (hag, is S, Sap) = F(hag, Ga S, Saß, Dyhag; Dos, Das, Dy5ap), (19.21) 


with F an analytic vector-valued function of its entries. Despite having a 
Laplacian operator on the left-hand side, it is a priori not clear that the system 
(19.21) is elliptic as Ap applied to hag and sag gives rise to further second- 
order derivatives of hag which come from derivatives of the Christoffel symbols. 
To verify ellipticity one needs to compute the determinant of the symbol of 
(19.21). A calculation shows that this determinant is, in fact, proportional to 
(hP Ea £g)! so that one, indeed, has an elliptic system as hag are the components 
of a Riemannian metric; compare the definition of ellipticity in Section 11.2. The 
general theory of the regularity of solutions of elliptic systems shows that if one 
has a C?~ solution to the above equation, then it must, in fact, be analytic in 
U; a discussion of this result is given in Morrey (1958). 


Remarks 


(i) The original proof in Beig and Simon (1980a) was carried out in a conformal 
gauge obtained from writing the static metric (19.1) in the form 


g = dt @ dt — eV hagdy® @ dy®, 


where U is a scalar field and hop denote the components of a Riemannian 
3-metric. Their analysis shows that w = (U/m)? and h’ = w?h are analytic 
in h’-harmonic coordinates. This gauge and the one used to prove Theorem 
19.1 can be related by letting Q’ = we”. One has by analogy to Equation 
(19.8) the split Q/-'/? = ¢'-1/? + W’ with 

; Ww w= msinh U/2 


~ cosh? U/2’ U 
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It can be verified that the conformal metrics h and h’ are related to each 
other via h = Vth’ with 0 = 2W'/m. 

(ii) Kennefick and O’Murchadha (1995) have shown that the smoothness 
assumption on the conformal metric made in Theorem 19.1 can be 
deduced from weaker differentiability and decay conditions on the physical 
3-metric h. 

(iii) Theorem 19.1 can be further strengthened by considering h-normal coor- 
dinates based on 7. It can be verified that the coordinate transformation 
relating the analytic coordinate system x’ and normal coordinates is also 
analytic. 


A remark concerning the notion of analyticity at i 


As a consequence of the analytic behaviour ensured by Theorem 19.1 one has 
that, for example, the field ¢ can be expressed in a suitably small neighbourhood 
U of i as a convergent series of the form 


C= Gute. Coca ER. (19.22) 
p=2 


The other conformal fields have similar expansions. An alternative description 
of the above expansion can be obtained by introducing polar coordinates. 
Accordingly, one defines 


P = |al? = fapta’, p“ ial (19.23) 
x 


The unit position vector p“ can be parametrised by means of some coordinates 
0 = (04) on the 2-sphere S? so that one can write p% = p° (0). In what follows it 
will be assumed, for convenience, that the coordinates (04^) are analytic functions 
of the original coordinates æ — clearly, the coordinates (04) cannot cover the 
whole of S?. This fact will not play a role in the sequel. In terms of the coordinates 
(p,04) the expansion (19.22) takes the form 


CO 
Ca) Gia pr. 
p=2 


Accordingly, Ç is also an analytic function of the coordinates (p,04). Decom- 
posing the product p°? ---p°? (which depends only on the angular coordinates) 
into symmetric, trace-free terms one obtains the usual expansion in terms of 
spherical harmonics Yım. This computation can be conveniently performed in 
space spinors; see, for example, Torres del Castillo (2003). 


Remark. Not every analytic function of (p,04) is an analytic function of the 
associated Cartesian coordinates. The standard counterexample for this is the 
radial coordinate p as defined by Equation (19.23), whose second derivative with 
respect to the coordinates (x®“) is singular at i. To have analyticity with respect 
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to the coordinates (x“) one needs the right combination of spherical harmonics 
and powers of p. 

A particular case of the above discussion concerns the conformal factor Q. 
From Equation (19.8) it follows that 


¢ 
a+oRwe 
A direct computation taking into account the asymptotic conditions (19.11) 


shows that while Q is C? at i, it will fail to be of class C? unless W = 0 — 
which, in the present gauge, means that m = 0. Thus, in general, the conformal 


factor Q is not analytic in the harmonic coordinates (a*) even if ¢ is analytic. It 
is, nevertheless, analytic in p. 


19.2.1 A spacetime conformal completion of static solutions 


Theorem 19.1 is a statement about the conformal structure of hypersurfaces of a 
canonical foliation of a static spacetime. Thus, it is of natural interest to analyse 
the consequences of this property from a spacetime perspective. Intuitively, one 
expects that the nice conformal properties of the leaves of the foliation will lead 
to a good spacetime conformal behaviour. As the spatial conformal factor is not 
analytic with respect to the harmonic coordinates x = (2%), one cannot expect 
analyticity of a spacetime conformal extension in terms of these coordinates. 
Instead, one looks for extensions which are analytic in the associated radial 
coordinate. 

Following Remark (iii) after Theorem 19.1, it is assumed that the harmonic 
coordinates x = (a%) are h-normal and centred at i. Writing 0 = (04), one has 
that for 6 = 6, fixed and s € [0,s,) for s, > 0 suitably small, x° (s) = sp%(@,) 
describes a geodesic passing through i. A function f : U — R evaluated along 
one of these geodesics will be denoted by f(sp%). From 2° = p p® it follows that 


dz® = p*dp + dp® = p*dp + pdap*de, 


so that, using the normal coordinates condition hagx® = —dagx%, one concludes 
that 

h = -dp 8 dp + p’k, (19.24) 
where 


k = hagdp* ® dp? = hagð4p%3g p ddA @ do? 


corresponds to the metric of the two-dimensional surfaces of constant p. In 
particular, one has that k|,-0 = —o — the negative definite standard metric 
of S?. 

Putting together the discussion of the previous paragraph and recalling that 
h = 07h, one finds that the static metric (19.1) can be rewritten as 


g = vdt 8 dt — Q?dp @ dp + Q? p7k. (19.25) 
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The claim is now that the conformal metric g = =?g with 


E= Q! 


gives rise to a conformal extension of the static spacetime which is as regular 
as one can possibly expect, that is, analytic in the coordinates (p, 04). From 
Equation (19.25) one has that 


g = Qv7dt 8 dt — Q7'dp@ dp + p?Q~'k. (19.26) 


Recalling that Q = O(p?°) and v = O(1), one finds that while the first and third 
terms of the above metric are regular, the second one is singular. This singularity 
is a coordinate artefact which can be removed by considering the null coordinate 


u = t + a ds 
dp U(sp%)Q(sp%)’ 


for fixed p% and p, > 0. Observe, in particular, that as a consequence of the 
behaviour of Q near ¿i one has that u — —oo as p —> 0. The differential of the 
null coordinate u is given by 


1 
du = dt — —dp + A, 
vQ 


where 


Px 1 
= do“ = R : 
RENAE AA | 2 gmn 


Substituting the above expressions into the conformal metric (19.26) yields 


g = Quv’du Q du + v(du ® dp + dp ® du) — w° (du & A + A 8 du) 
— v(A 8 dp +dp 8 A) +w A 8A +P? k, 


which is regular whenever Q = 0. Moreover, following the discussion of Section 
19.2, the various metric coefficients are analytic in the coordinates (p, 04). The 
conformal representation of static spacetimes given above shows that static 
spacetimes admit a smooth conformal extension which includes a portion of null 
infinity. However, this description is not suitable for a spacetime discussion of 
spatial infinity. This issue will be elaborated in Chapter 20. The discussion of 
this section can be extended to include stationary spacetimes; for a discussion 
of the required considerations, see Dain (2001b). 
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19.3 A regularity condition 


As an application of the results on the analyticity of solutions to the conformal 
static equations at 7, in this section a proof is given of a property of the conformal 
structure of static solutions which plays a central role in the discussion of 
Chapter 20. The analysis of this section is best carried out in spinors and is 
adapted from Beig (1991). 

Before stating the main result of this section it is convenient to discuss some 
ancillary consequences of the conformal static equations. In what follows, all 
the spinors are expressed in terms of their components with respect to some 
spin dyad {e4“} associated to the frame {e;} corresponding to the particular 
realisation of harmonic h-normal coordinates at 7. 


Lemma 19.1 (behaviour of the symmetrised derivatives of ¢ at i) 
A solution to the conformal static equations satisfies 


D(a, B,DA,-1By-1 °°’ DAB S(t) = 0. 
Proof For the cases p = 0, 1, 2, the result follows from a direct computation 
using the conditions in (19.11), observing that h(agcp) = 0. For higher order 


derivatives, the result follows by induction, using that the spinorial version of 
the equation associated to the zero quantity Sj; is given by 


DaBDevS =shasoep + (u— 1)¢saBep, (19.27) 


and using that Derhascp = 0 and h(aBo)p = 0. 
Remark. Lemma 19.1 implies, in particular, that 
D(A, BpDAp-1Bp-1 °°’ DA, B,)S(t) = 0. 
The main result of this section is the following: 


Proposition 19.1 (behaviour of the derivatives of the Cotton spinor at 
i) A solution to the conformal static equations satisfies 


D(a, B,DA,-1Bp-1 ue Da,B,%aBcp)(4) = 0, p=0,1, 2,.... (19.28) 


The original proofs of this result were given independently by Friedrich (1988) 
and Beig (1991). 


Proof The proof of this result follows from considering Equation (19.18) in the 
form 


(1 — u¿)baBcp = 2usqraBcDp)%6. (19.29) 
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Using the conditions in (19.11) one obtains bagcp(t) = 0. Repeated differenti- 
ation and symmetrisation of Equation (19.29) yields 
(1 — ¢)D(a,B,Da,_1B,-1°**D A,B, baBcD) 
— ptD(a,B,SDA,-1By-1°** DA, B, baBcD) 
+- — uD( A,B, DAp-1Bp-1 t D4, B,S0aBoD) 
= Dia,B,**:Da,B,8\Q\ABCDp)?¢ 
+- + so(aBcDa,B, = DA B, Dp) ?C. 
Using Lemma 19.1 it follows that every term in the above expression, save for 


the first one in the left-hand side, vanishes when evaluated at i. This yields the 
desired result. 


Remark. Condition (19.28) has been called in Friedrich (1988), for reasons to 
be elaborated in Chapter 20, the radiativity condition. In Friedrich (1998c) it 
has been given the name regularity condition. In tensorial notation Equation 
(19.28) takes the form 


Dia, Dapit Darba li =0 p=0,1, Wax. 


Conformal transformation properties 


Let w denote a smooth function defined in a neighbourhood of i satisfying 
w(i) £0. From the conformal transformation properties of the Cotton tensor — 
see Equation (5.19) — it follows that under the rescaling h +> h’ = w?h the 
Cotton spinor satisfies 


1 —1 
baBcp =” bABCD. 


Thus, b4gcpli) = 0 if bagcp(i) = 0. Using the transformation law of 
the connection one finds that D's, B VaBcpl) = Da,B,baBcp(i) as the 
correction terms associated to the transition tensor involve bapcp(i) = 0. 


Hence, D a, B aBop)(*) = 0. Proceeding inductively one concludes that 


D A,B, D'Ap-1Bp -© -D'a Bba Bcn) li) =0, p=0,1,2,.... 
Consequently, the regularity condition (19.28) is conformally invariant. This 
conformal invariance allows the following reading of Proposition 19.1: the 
conformal class of a 8-metric satisfying the static equations cannot be arbitrary. 
More precisely, condition (19.28) is a necessary condition for a metric h to belong 
to the conformal class of a static metric. 


19.4 Multipole moments 


In Newtonian gravity time-independent gravitational fields are characterised by 
a sequence of multipole moments. It is desirable to have a similar characterisation 
for time-independent solutions to the Einstein field equations describing isolated 
bodies. One of the advantages of the conformal approach to static spacetimes 
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is that it allows a geometric formulation of the notion of multipole moments. 
Following the original treatment in Geroch (1970a,b) one defines a sequence 
of tensor fields {P, P;, P; side } in a neighbourhood U of i via the recursive 
relations 


1t2? 


P= 07121- v) 
P; = D;P, 


9 


1 
Pipi, = Deu Pi.} — zii» 
1 
Pot = Dia eS 5P(2p ar Ogee in p= 2, 3,.... 


The particular form of the lower order correction terms in the definition of the 
tensors Pippi 
definition of multipole moments to be given below — this observation follows from 
a tedious computation which will not be further elaborated here. The multipole 
moments of a static solution are then obtained by evaluating the above tensors 
at i. To this end, choose a smooth coordinate system x = (x“) on U and denote 
by Pa, Pasai, --. the components of the tensors with respect to these coordinates 
and define the multipole moments of the static solution with respect to 
the coordinates x to be the sequence {m, Ma, Mazor, ---} with 


, has been chosen so as to ensure conformal invariance of the 


m= P(t), Mapai = Paprat), p= OY Fes s 


For a given p, the 2? quantities Mma,---œ, are called the 2?-poles. In particular, m 
is the monopole (the mass) and Ma is the dipole moment. As the multipole 
moments are expressed as the value of a tensor at a point, it follows that, under 
a coordinate transformation x’ = (x'®(x)), the multipole moments transform as 
m =m, ml, = Aa’ mg, Misai = Aa, -e -Aa,mg,---B13 (19.30) 
where (A,”) are the components of 3x 3 invertible real matrices; that is, (Aa?) € 
GL(3,R). Observe that the monopole is invariant under a change of coordinates. 
For the particular choice of the conformal factor given by Equation (19.7) one 
has that P = m so that D;P = 0 and accordingly ma = 0; in other words, in 
the conformal gauge determined by (19.7) one is automatically in the centre of 
mass. 

The properties of the multipole expansions in Newtonian gravity raise the 
question of to what extent the general relativistic multipole moments determine a 
solution to the static equations, and vice versa. The construction described in the 
previous paragraph can be thought of as mapping a static solution (v, h) to the 
collection of multipoles {m, Ma, Masai, ---}. Now, two collections of multipoles 
{M, Ma, Masais ---} and {m’, Mo, Masais ---} are said to be equivalent if 
there exists (Aaf) € GL(3,R) such that the relations in (19.30) hold. In Beig 
and Simon (1980a) the following has been proved: 
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Theorem 19.2 (multipole theorem) If two static solutions (v, h) and (v’, h’) 
lead to multipole sequences which are equivalent, then the static solutions are 
isometric in a neighbourhood of i. 


Although a detailed proof of the above theorem will not be provided, it is 
of interest to discuss the basic underlying ideas. The fundamental problem is 
the following: given a sequence of multipoles {m, Ma, Mazais ---}, how can 
one reconstruct the pair (v,h) solving the static equations? To answer this 
question one first employs an inductive argument which relies on the definition 
of the multipole moments, the conformal static equations and the commutator 
of covariant derivatives to show that the values of the fields Ç, s, sag and any 
of their covariant derivatives at the point 7 can be expressed in terms of the 
multipole moments. Thus, one can compute the Taylor expansions (in harmonic 
h-normal coordinates) of these fields around i. From the general theory of Taylor 
expansions one knows that the expansions are unique. Moreover, it is a classical 
result of Riemannian geometry that the sequence 


{ropy6(t), Dyrapys(t), DnomTapys(i), ---t 


determines, in a unique way, the Taylor expansion of the components of the 
metric hag — again, in h-normal coordinates (x®) centred at i; see, for example, 
Günther (1975). A final argument shows that applying the above procedure to 
two equivalent sequences of multipoles leads to two metrics which are isometric. 
Now, given any set of multipole moments subject to the appropriate conver- 
gence condition, it is natural to expect that there exists a static solution having 
precisely those multipole moments. In other words, the sequence of multipoles 
characterises (in a suitable) unique manner the static spacetime. As a result of 
the analyses in Friedrich (2007) and Herberthson (2009) one has the following: 


Theorem 19.3 (sufficient conditions on the sequence of multipoles 
for the existence of a static solution) Let {m, Ma, Maya,,---} denote the 
components of a sequence of real valued, totally symmetric trace-free tensors 
at the origin of RÌ expressed in terms of Cartesian coordinates x = (x%). If 
constants M, C > 0 can be found such that 


p!M 
CP’ 


then there exists a static, asymptotically flat spacetime having the multipole 


(19.31) 


[Mapa] < 


moments {m, Ma, Mazars ---}- 


The proof of the above result goes beyond the scope of this book. Again, only 
the basic underlying ideas are briefly discussed. The starting point of the analysis 
is to exploit the analyticity of the solutions to the conformal static equations 
provided by Theorem 19.1 to implement a complex analytic extension of 
the whole setting. More precisely, the fields hag, Ç, S, Sag can be extended 
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near į by analyticity into the complex domain and regarded as holomorphic (i.e. 
complex analytic) fields on a complex analytic manifold Sc. Restricting Sc to 
be a sufficiently small neighbourhood of 7 one can use similarly extended normal 
coordinates x = (x*) centred at 7 to define an analytic system of coordinates on 
Sc which identifies the latter with an open neighbourhood of the origin in C3. 
The original manifold S is then a three-dimensional real analytic submanifold 
of Sc. Under the analytic extension the main differential geometric concepts 
and formulas remain valid. In particular, the extended fields, to be denoted 
again by hag, ¢, $, Sag, Satisfy the conformal static vacuum field equations on 
Sc. In order to provide a geometric perspective of the problem, one considers 
the function I = bapx%x® on S which extends to a holomorphic function on 
Sc satisfying the equation h° Dar Der = —4I. While restricted to S, the 
function I vanishes only at i. On Sc its set of zeros is a two-dimensional complex 
submanifold of Sc, 


Ni = {p € Sc |T'(p) = 0}, 


the so-called complex null cone at i. This cone is generated by the complex 
null geodesics through i; see Figure 19.1. The analogy between the (spacetime) 
conformal field equations and the conformal static field equations discussed in 
Section 19.1.1 suggests the formulation of a characteristic initial value problem 
for the conformal static field equations on the null cone M;. The formulation of 
this characteristic initial value problem requires the determination of suitable 
initial data. An argument involving the idea of exact sets of fields — see Penrose 
and Rindler (1984) — allows one to show that the basic data for this characteristic 
problem are is given by the sequence of fields 


{ Sa (t), Dia Sap} (i), siti Diapo Sa} (i), aei }. 


Figure 19.1 Schematic representation of the complex null cone through i, Nj, 
as described in the main text. 
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The above null data can be obtained by repeated differentiation along the 
direction of the complex null generators of M; of the components of sag; see, for 
example, the discussion in Friedrich (2004, 2007). 

Given the analyticity of the setting described in the previous paragraphs, one 
can make use of the Cauchy-Kowalewskaya theorem to discuss the existence 
of analytic solutions to this characteristic problem and to provide convergence 
conditions on the null data which ensure the existence of a solution; see the 
Appendix to this chapter. The convergence conditions thus obtained are similar 
to the ones in Equation (19.31) of Theorem 19.3 and, in particular, ensure the 
existence of a real static solution. This is the main result of Friedrich (2007). 
To obtain the convergence condition on the sequence of multipoles one needs 
to analyse the relation between the null data and the sequence of multipoles. 
Inspection shows that the null data and the multipole moments are in a one-to- 
one correspondence. This correspondence, however, is non-linear and implicit. 
The detailed analysis of this correspondence in Herberthson (2009) allows the 
transformation of the convergence conditions for the null data into convergence 
conditions for the sequence of multipoles. 


19.5 Uniqueness of the conformal structure of static metrics 


As a final application of the conformal static equations, the extent to which the 
conformal class of the 3-metric h determines a solution to the static equations 
will be analysed. This question was first analysed in Beig (1991) from where the 
main ideas of the analysis are adapted. An alternative discussion of some aspects 
of this problem is given in Friedrich (2008a,b). 

The multipole Theorem 19.2 shows that a static solution is determined by its 
multipole moments. Thus, it is natural to try to relate the multipole moments 
to the conformal class of the metric h. In what follows, for p = 1, 2, 3,... define 


BA,ByA1B, Ao Bo = DY (B, DA, By 4 yer Da, B.A) Bo) A,Q) (%)- 


Using an inductive argument similar (albeit lengthier!) to the one leading to 
Proposition 19.1 one obtains the family of identities 


BA, By--A1 Bi AoBo = ÔHD(A,B, ` © DA2B2 $A, By ApBo) (4); (19.32) 


for p = 1, 2, 3,... with u = m?/4; see Equation (19.12). The above identities 
constitute the main tool for the reminder of the section. Observe that the 
tensorial counterpart of the symmetrised derivatives of the spinor enter directly 
in the definition of the multipole moments. The quantities 8 ‘A,B, Ao Bo have 
good conformal properties. Recalling that under the rescaling h’ = w?h with 
w(i) £0, one has the transformation rules 


t —1 
ABCD =” baBCD,; € =w 
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It follows that 


2; 
a: ee Tee =w (i)b A, Bp- AoBo: 


Consider now two solutions (h,s4gcp,¢,s) and (h’,sypcap,¢',s') to the 
conformal static equations such that 


h’ = wh, 


and consider the question of under which circumstances will the above two 
solutions determine the same physical static solution (v, h) — modulo isometries. 
The identities (19.32) show how the multipole moments of the two solutions 
are connected to each other. One then needs further conditions that allow one 
to constrain the relation between solutions further. In view of the conformal 
nature of the problem, the natural object to look for those extra conditions 
is the Cotton spinor. Proposition 19.1 and the identities (19.32) already 
provide information about some of the derivatives of bapcp at i. The only 
derivatives which have not yet been considered are divergences of the form 
DP®D pgDa,B, °°: DAB: ABCD): A direct computation using Equations 
(19.27) and (19.29) yields 


DP®bpgcp(i) = 0, (19.33a) 
DPS D pabascp)(i) = 9, (19.33b) 
DPS DipoDEFbABCD) (i) =0. (19.33c) 


However, a lengthy computation reveals that 


Q 


DPS DipgDenDerbascp)(i) = —24uD (Gus? er a(i)sBcp)Q(i). 


Defining, for convenience, O@HEFABCD = Dieus? er a(i)sBcp)q(i), a 
computation using the definition of the quantities 64,B,..A)B, allows the 
reexpression of this quantity in the form 


1 
OGHEFABCD = 390° (GHFEASBCD)Q: (19.34) 


The conformal transformation properties can be easily read from this last 
expression. Namely, one has that 


OGuerascp =” (i)OGHEFABCD. 
On the other hand, it can be checked that 
D2 D poDeu Derbi gcn) l) = 4 *(i)D?? DiegDenDerbazcp) (i). 


From the above transformation rules, assuming that OGHEFABCD # 0 one 
concludes that 


w? (i) = p/p. 
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Observe that if Og@HEeFABCD = 0, no conclusion can be extracted from the anal- 
ysis. As a consequence of Equation (19.34), the requirement OGHEFABCD # Vis 
a condition on the conformal structure of the static solutions under consideration. 
If it holds, then using the identities (19.32) one concludes that the two solutions 
to the conformal static equations will have the same multipole moments if they 
have the same mass. Moreover, as a consequence of the multipole Theorem 19.2, 
they are isometric. The analysis of this section is summarised in the following 
theorem, first proven in Beig (1991): 


Theorem 19.4 (uniqueness of the conformal structure of static solu- 
tions) Two solutions to the conformal static equations with the same mass, lying 
in the same conformal class and satisfying Og¢HEFABCD £ 0 are isometric. 


The condition OGHEFABCD £ 0 can be seen to be violated if the two static 
solutions are axially symmetric about a common axis; see, for example, Beig 
(1991). As discussed in Friedrich (2008a) this is, in fact, the only possibility. 
More precisely, a static solution which admits a non-trivial rescaling leading to 
a new static solution must be axially symmetric and admit a conformal Killing 
vector. There exists a three-parameter family of such solutions. These have been 
explicitly found in Friedrich (2008b). 


The Schwarzschild solution 


A case of particular interest is when h is conformally flat. It then follows that 
BA,B,--AjyBo = 9 for all p, and the only non-vanishing mass multipole is the 
mass m. Invoking, again, the multipole Theorem 19.2 it follows that for a given 
value of m there exists only one solution, up to isometries, with this property — 
namely, the Schwarzschild solution. An alternative derivation of the uniqueness of 
the Schwarzschild spacetime among the class of conformally flat static solutions 
which makes no use of the multipole theorem has been given in Friedrich (2004). 
In this analysis the conformal static equations are explicitly integrated along 
geodesics starting at i. 


19.6 Characterisation of static initial data 


An issue related to the questions discussed in the previous section concerns the 
characterisation of initial data for a static spacetime — this question will be 
of relevance in Chapter 20. More precisely, one is interested in the following 
question: given a 3-metric h, under which circumstances does there exist in 
the conformal class |h] another metric h which, together with some scalar v, 
constitutes a solution to the static equations? 

As in the rest of the chapter, the above question is restricted to a suitable 
neighbourhood of infinity. Proposition 19.1 shows that not every conformal class 
will contain a static metric. In other words, condition (19.28) is a necessary 
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condition for a metric h to be conformal to a static metric. Now, condition 
(19.28) is not sufficient. The relations (19.33b) and (19.33c) show that there exist 
further conditions (in fact, an infinite hierarchy of them) on the conformal class, 
algebraically independent from (19.28), which need to be satisfied by a metric h 
in order to be conformal to a static metric. The gap between a conformal class 
of 3-metrics satisfying the regularity condition (19.28) and a conformal class 
containing a static metric has been analysed in detail in Friedrich (2013). 

The level of detail required to discuss the main result of Friedrich (2013) 
goes well beyond the scope of this chapter, and only the key ideas are 
briefly mentioned. If a metric h is conformal to a metric h’ solving the 
conformal static equations, then writing h’ = w?h for some suitable conformal 
factor w, it is possible to rewrite the conformal static equations as a highly 
overdetermined system of differential equations for w. To analyse the solvability 
of the conditions one needs to consider the associated integrability conditions. As 
already anticipated by (19.33b) and (19.33c), these integrability conditions give 
rise, in addition to (19.28), to restrictions on the conformal structure which take 
the form of an infinite hierarchy of differential conditions on the Cotton tensor 
at 7. These conditions can be expressed in terms of requirements on a covector 
constructed from the 3-metric h. An interesting feature of the analysis is that 
the overdetermined system involving the conformal factor w is highly singular 
at i. For this system to have a solution, a hierarchy of regularity conditions 
need to be imposed on the singular part of the equation so that it admits a 
smooth extension to a neighbourhood of ¿i — this is reminiscent of a procedure 
which arises in the construction of radiative initial data sets in Section 20.2. 
Remarkably, the required regularity conditions turn out to be nothing else but 
the conditions (19.28). 


19.7 Further reading 


A systematic analysis of time-independent solutions to the Einstein field 
equations is provided in Beig and Schmidt (2000). This reference provides an 
excellent point of entry to the extensive literature on static and stationary 
solutions in general relativity. A survey of the various approaches to define 
multipole moments for time-independent solutions to the Einstein field equations 
can be found in Quevedo (1990). An analysis of global aspects of static and 
stationary spacetimes can be found in Anderson (2000). 

Several of the results discussed in this chapter admit a generalisation to the 
case of stationary solutions. The definitions of multipole moments given by 
Geroch (1970a,b) have been extended to the stationary case in Hansen (1974). 
The analyticity of solutions of the conformal stationary field equations has been 
analysed in Beig and Simon (1980b, 1981); see also Kundu (1981). However, in 
this case the 3-metric h of a surface of constant time will not be analytic; see 
Dain (2001b). Instead, the analyticity refers to the 3-metric y of the quotient 
space obtained from identifying points on the spacetime lying on the same orbit 
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of the stationary Killing vector. The analysis of the convergence conditions for 
null data of static solutions in Friedrich (2007) has been extended to the case 
of stationary solutions in Aceña (2009). An alternative analysis of multipole 
expansions of static solutions with the aim of obtaining convergence conditions 
on sequences of multipoles has been given in Backdahl and Herberthson (2005a,b, 
2006) and Backdahl (2007). 

The analysis of the conformal static equations by means of the complex null 
cone through i was first introduced in Friedrich (1988). Further extensions of 
this method have been given in Friedrich (2004, 2007, 2013). 


Appendix 1: Holder conditions 


Given 0 < a < 1, a real valued function f on an open set U C R” is said to satisfy 
the Holder condition with exponent a on U if there exists a non-negative 
constant C such that 


If(@)-FMI<Cle—yl*, for alla, y € U. 


If the above is the case, one writes f € C°°(U). The Hölder condition is a 
stronger notion of continuity; that is, a function satisfying the Hölder condition 
is continuous, but not all continuous functions satisfy the Hölder condition for 
some a. More generally, one says that f € C*(U) if all its derivatives up to 
order k satisfy the Holder condition for a given a. The Holder condition plays an 
important role in the regularity of solutions to elliptic PDEs; see, for example, 
Evans (1998) for further details. 


Appendix 2: the Cauchy-Kowalewskaya theorem 


The Cauchy-Kowalewskaya theorem asserts the local existence, in a neigh- 
bourhood of t = 0, of a real analytic solution u(t, x) to the quasilinear first-order 
initial value problem 


Ou = A“(t,z,u)d,u + B(t, x,u), 

u(0, x) = u, (x), 
where A°(t,x,u), B(t,z,u) and u,(x) are real analytic functions of their 
arguments; see, for example, Evans (1998) for further details. A discussion of the 


various approaches to prove this result can be found in Shinbrot and Welland 
(1976). 


20 
Spatial infinity 


This chapter discusses the properties of the conformal Einstein field equations 
and the behaviour of their solutions in a suitable neighbourhood of spatial infin- 
ity. This analysis is key in any attempt to extend the semiglobal existence results 
for Minkowski-like spacetimes of Chapter 16 to a truly global problem where 
initial data is prescribed on a Cauchy hypersurface. An interesting feature of the 
semiglobal existence Theorem 16.1 is that the location of the intersection of the 
initial hyperboloid with null infinity does not play any role in the formulation 
of the result. This observation suggests that the essential difficulty in formulating 
a Cauchy problem is concentrated in an arbitrary (spacetime) neighbourhood of 
spatial infinity. The subject of this chapter can be regarded, in some sense, as 
a natural extension of the study of static spacetimes in Chapter 19 to dynamic 
spacetimes — a considerable amount of the discussion of the present chapter 
is devoted to understanding why this is indeed the case. A further objective 
of this chapter is to understand the close relation between the behaviour of the 
gravitational field at spatial infinity and the so-called peeling behaviour discussed 
in Chapter 10. The main technical tool in this chapter is the construction of 
the so-called cylinder at spatial infinity — a conformal representation of spatial 
infinity allowing the formulation of a regular initial value problem by means 
of which it is possible to relate properties of the initial data on a Cauchy 
hypersurface with the behaviour of the gravitational field at null infinity. 

Despite recent developments in the understanding of the behaviour of solutions 
to the Einstein field equations in a neighbourhood of spatial infinity, several key 
issues still remain open. 


20.1 Cauchy data for the conformal field equations 
near spatial infinity 


To begin to understand the difficulties behind the formulation of a standard 
initial value problem for a Minkowski-like spacetime, it is convenient to look at 
the behaviour of Cauchy data for the conformal equations near spatial infinity. 
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20.1.1 General set up 


In what follows, initial data sets (Š ALK ) which are asymptotically Euclidean 
and regular in the sense of Definition 11.2 will be considered. As the discussion 
in this chapter will be mainly concerned with the behaviour of the data in 
a neighbourhood of spatial infinity, it will be assumed, without any loss of 
generality, that the manifold S has only one asymptotic end. The basic aspects 
of the analysis of spatial infinity are already present in time-symmetric initial 
data sets. Thus, attention is restricted to this type of configuration. Finally, it 
will be assumed, unless otherwise explicitly stated, that the conformal metric h 
is analytic in a suitable neighbourhood of the point at infinity i. This assumption 
allows the simplification of a number of arguments and calculations and allows 
one to analyse the solutions to the Einstein field equations under optimal 
regularity assumptions of the initial data — it is, however, non-essential. 


Remark. Static initial data sets satisfy the assumptions described in the 
previous paragraph. 


In Chapter 11 it has been seen that the conformal factor Q linking a particular 
choice of conformal metric h with the physical metric h admits, in a suitable 
neighbourhood U of i and in terms of normal coordinates x = (x®) centred at i, 
the decomposition 


|x|? 


oS. 
(U + |x|W)? 


|x|? = daga*a?®, (20.1) 
where U/|x|? is the Green function of the Yamabe operator and describes the 
local geometry around 7, while W contains global information; see the discussion 
in Section 11.6.4. In particular, one has that U = 1+ O(|a|?) is analytic if h 
is analytic and, moreover, W(i) = m/2 where m denotes the Arnowitt-Deser- 
Misner (ADM) mass of the initial data set. 

There is a certain amount of freedom in the choice of the conformal scaling 
of the metric h. For the purposes of the present discussion, it is convenient to 
consider the scaling introduced in Section 11.6.2 for which 


hag = —ôag + O(|z|°), (20.2) 


so that the curvature tensor of h satisfies, in this gauge, rag+s5(t) = 0. This gauge 
construction is supplemented by an h-normal frame {ei} centred at i; that is, 
one has 


hij = h(ei, ej) = —ôij, De; = 0, 


where + denotes the tangent vector to any geodesic passing through i; compare 
the discussion in Section 18.4.1. Consistent with Equation (20.2), the frame 
coefficients in e; = e;°O, satisfy 


ei = ô“ + O(|z|°). 
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Moreover, the associated connection coefficients are of the form 
Fn = Olle) 
Yi k T , 
and one has that 
Tij = O(|z]|), 
where rij = Tage: ej? are the components of the Ricci tensor of h with respect 
to the frame {e;}. 


20.1.2 The rescaled Weyl and Schouten tensors on U 


For time-symmetric initial data, the components of the electric part of the 
rescaled Weyl tensor, dij, and the Schouten tensor, Lij, with respect to the 
frame {e;} are given on U, respectively, by 


1 1 1 
dij = Ga (Pudi h + 2813), Lig = — GD EDI} Q + Fras 


see Section 11.4.3. The spinorial version of the above expressions is readily found 
to be given by 


1 
PABCD = gz PasDon)? + Qsapcp), (20.3a) 
1 1 
LABCD = -gPasPen)? T J3"”ABCD. (20.3b) 


The first of the above equations implies an expression for the Cotton spinor 
baBcp; see Equation (19.19). Rewriting Equation (20.3a) in the form 


daBcn = DiaBDcp)2 + Q8aBcD, 


taking the spinorial curl of the latter, commuting covariant derivatives in the 
term with the triple derivatives of Q and recalling that the Cotton spinor is 
given by bapcp = Da®spcp)a: one concludes that 


bagon = 2D(a?Q¢RBcd)q + NUDa tecn). (20.4) 


Behaviour close to infinity 


As in the case of hyperboloidal data discussed in Section 11.7, the expressions 
(20.3a) and (20.3b) are formally singular whenever Q = 0. Accordingly, the 
discussion of the behaviour of dj; and Lij close to i requires some care. 

In view of the decomposition (20.1) it is convenient to define the massless 
part of the conformal factor as È = |z|?/U?. By construction one has 


Q(G)=0, DiQG)=0,  DıDjÈ(i) = -26;5, (20.5) 
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so that one obtains the expansion 
È = dagx%r* + O(\a|3). 


In particular, it is observed that Du DÀ = O(|x|?). 
One can define a massive part of the conformal factor as Ñ = Q — È. 
Rewriting Equation (20.1) as 


; |2|W\~? 
2=0(14 554 
( $ U ‘ 


and using that 


Ti 1 
D;\z| = = + O(|z|?), D;D;\z| = ppl oes ete) + O(|x|), 
where zi = if bapx®, one concludes, taking into account the boundary 
conditions (20.5), that 


3Mx 425} 


DuDj Q =- + O(|z|?). 


|x| 
Finally, observing that, in the present gauge, si; = O(|z|) and r = O(|z|), one 
finds 

3M 4X5} 


"= af 


+ O(|2|~7), Liz 
Accordingly, one concludes that both dj; and Lij are singular at i with 
dij = O(\2|~%), L= O(\z|~*), as |x| > 0. 


The analysis of the consequences of this singular behaviour and how to deal with 
it will be the central subject of the remainder of this chapter. 


Remark. Even if the massive part of the conformal factor vanishes, one still 
has a potential source of singularities in the fields dj; and Lij. This can be seen 
from computing the massless part of the electric part of the Weyl tensor 
given by 


` 1 ` à 
E a OEO ass) 
1 2 2 2 
— 2|x| U Du DU + 6l? DuU DU + |x|?U7 5,5). (20.6) 
A similar expression holds for Lij — the massless part of the Schouten tensor. In 


the next section, it will be seen that under suitable assumptions on the metric 
h, both dij and Lij extend to analytic fields in a neighbourhood of i. 
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20.2 Massless and purely radiative spacetimes 


Intuition on the behaviour of solutions to the conformal Einstein field equations 
in a neighbourhood of spatial infinity can be obtained from the analysis of 
massless initial data sets, that is, data sets for which Q = Ò. In view of the 
mass positivity theorem — see Schoen and Yau (1979) — the idea of considering 
initial data sets which are massless might at first seem strange. The rigidity part 
of this theorem implies that if the ADM mass m of an initial data set vanishes, 
then one has, in fact, initial data for the Minkowski spacetime or the initial data 
set is singular somewhere. Since the present chapter is mainly focused on an 
analysis local to i (i.e. in a suitably small neighbourhood of i) the presence of 
singularities in the interior of the 3-manifold S can be disregarded. 


20.2.1 Geometric setting 


Given a massless initial data set for the conformal Einstein field equations in a 
neighbourhood U of the point at infinity i, the conformal evolution equations 
determine a (future and past) development (M,g,=) which is contained in 
D(U) = D+ (U) U D- (U). Following the notation of Chapter 14, let I*(i) and 
I~ (i) denote the timelike future and timelike past of i in (M, g) and by t and 
AV,” the null cones generated by the null geodesics passing through i. From the 
boundary conditions (20.5) satisfied by È it follows that the spacetime conformal 
factor = has a non-degenerate critical point at i which, for simplicity, is assumed 
to be the only critical point of =. The locus of points for which = = 0 coincides 
with Nt U M~ ; see the discussion in Section 16.3. 

As observed in Friedrich (1988), the development (M,g,=) of the conformal 
field equations can be regarded from a dual perspective: 


(i) On the set M$ = M \ (I*(i) U-4%* U I~ (i) U-%_), corresponding to the 
exterior of the null cones, the metric g = =~2g is a solution to the Einstein 
field equations with vanishing mass for which i represents spatial infinity 7°. 

(ii) On I+ (i) the metric g represents a solution to the Einstein field equations 
for which the point i represents past timelike infinity i~ and the set %~ = 
AMT \ {i} past null infinity. For suitably smooth initial data, the solution 
thus obtained has a regular past timelike infinity and provides an example 
of purely radiative spacetimes; see the discussion in Section 18.4. 


A schematic depiction of the above geometric setting can be found in 
Figure 20.1. 


20.2.2 A regularity condition at spatial infinity 


Not all initial data sets lead to developments (M,g,=) such that I+ (i) admits 
a regular past timelike infinity — as given in point (ii) of the previous section. 
The purpose of this section is to identify the initial data sets with this property. 
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Figure 20.1 Schematic depiction of the geometric set up for massless space- 
times as described in the main text. The set Mf = M\ (I*(i)UM* UT (i)U 
V,~) contains a solution to the vacuum Einstein field equations with vanishing 
mass for which i represents spatial infinity i°, while on J+ (i) one obtains a 
purely radiative solution where Nt represents past null infinity J~ and i 


corresponds to past timelike infinity 77. 


The arguments of this section are always carried out in a suitable neighbourhood 
of the vertex i. 

As already discussed, direct inspection of expression (20.6) shows that 
although È = |a|?/U? is a real analytic function in a suitable neighbourhood 
U of i fixed by the equation 


20A,0 = 3D'ÀD; À — =0?r[h] 


N| = 


and the boundary conditions (20.5), in general, the corresponding fields dij and 
Lij will not have the same degree of smoothness. 

To identify conditions on h ensuring that the fields dij and Lij are also 
analytic, it is convenient to consider a complex analytic extension of U 
similar to the one discussed in Section 19.4. To this end, one allows the normal 
coordinates z = (a*) in U to take values in a neighbourhood Uc of the origin of 
C? so that the original neighbourhood U is a real three-dimensional analytic 
submanifold of Uc. Accordingly, the fields T = |æ|?, h, e;, Ò, Sij and r[h] 
are extended by analyticity into the complex domain and are regarded as 
holomorphic fields over Uc. Assuming that i = {p € Uc | x*(p) = 0} is the 
only critical point of Q in Uc, the complex null cone generated by the complex 
null geodesics through 7 is given by the two-dimensional complex submanifold 


Ne(i) = {p € Uc | T(p) = 0}. 


By construction, the set of points in Uc where vanishes coincides with Ne(i). 
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A first criterion ensuring the analyticity of db ABCD — Or, equivalently, dij — is 
given by the following: 


Proposition 20.1 (analyticity of the massless part of the Weyl spinor: 
first version) The analyticity of paBcp near i is equivalent to the requirement 


Dp,a, *° -Dp,g,)Der(DiasDep) 2+ 2s aBcp) (i) = 0 (20.7) 
for p=0, 1, 2, .... 
Remark. As will be seen in the following, this condition is, in fact, a condition 


on the conformal class of h. The conformal constraint equations imply that Lij 
is analytic if dij is analytic. 


Proof The proof of the lemma makes repeated use of a factorisation lemma for 
holomorphic functions, which is discussed in the Appendix to this chapter; see 
Lemma 19.2. The analyticity of h implies that the field db ABCD on U extends 
to a holomorphic field on Uc \ Ne(i) which satisfies 


dancp = DiapDep)2 + Qs aBcp. (20.8) 


Now, if dABCD is analytic at Nc(i) one can take a derivative of the above 
expression and evaluate on N¢(i) to find that 


Der (DiasDep)2 + Qs aBcD) Ives) = 0. (20.9) 


Conversely, given condition (20.9), one would like to verify that @ABCD is 
analytic at Nc(i). Using the factorisation Lemma 19.2 in the Appendix to this 
chapter, it follows that there is a holomorphic field fascper such that, in a 
neighbourhood of Nc(i), one has 


Der (DiapDop)2 + Q8aBcD) = QfABCDEF. (20.10) 


Defining ZABCD = DiaBpDep)® + ÒSABCD, the last equation can be written 


as DerZaBcp = Q faBcperF. Moreover, transvecting Equation (20.10) with 
DEFO one obtains 


which can be read as an ordinary differential equation for ZąBcp along the 
generators of Nc(i). It follows that the field ZABcp is constant along the 
generators, so that evaluating Equation (20.11) at the vertex one concludes that 


Diag Den à +ÒsaBcp =0 on Nce(i). 


Using again Lemma 19.2 again, one finds that there exists a further holomorphic 
field fAgcp such that 


DiaBDep)2 + ÒSABCD = Qfapop in a neighbourhood of Ne(i). 
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Taking a derivative of this expression and comparing the result with Equa- 
tion (20.10) it follows that 


(Der2Qfascp) Neca) =0. 


One observes that Der 4 0 on Uc \ {i}. It follows that there exists a 
holomorphic function gaBep such that fapep = QgaBcp so that 


0? gaBcD = DiasDep)® +QsaBcp. 


Comparing the latter with Equation (20.8) one concludes that gascp coincides 
with @ABCD on Uc \ Nc(i), and, thus, dABCD is analytic near i as required. 
Having encoded the analyticity of @ABCD in terms of the vanishing of a 
spinorial field at Nc(i), one makes use of Lemma 19.3 in the Appendix to this 
chapter to express the latter condition as an equivalent series of conditions at 
the vertex i. 


An alternative way of imposing conditions on the metric h ensuring that 
@ABCD is analytic at i can be obtained using expression (20.4) for the Cotton 
spinor. One has the following: 


Proposition 20.2 (analyticity of the massless part of the Weyl spinor: 
second version) A necessary condition on the metric h for dapcp to be 
analytic in a neighbourhood of i is given by the sequence of conditions 


Deo, Dp,g,bapop)(i)=0, p=0,1,2,... (20.12) 


Proof As in the proof of Proposition 20.1, one considers an arbitrary null 
geodesic y(s) € Nc(i), s € C, such that y(0) = i with tangent vector having 


the spinorial counterpart k4«? with «4 parallely propagated along y(s). The 


latter implies that 
«4 Dapt = 0. (20.13) 
For Q = È, relation (20.4) takes the form 
bascp = 2D(a 2OdbRcD) Qt QD a? BCD)Q: 


which can be extended to Uc by analyticity. In particular, at Nc(i), contracting 
the previous expression four times with «4 one obtains, in view of (20.13), that 


(K Ane KO K PbaBcv)|y.(i) = 0. 
Applying repeatedly K? KÊ Dpg one finds that 
(KP? «Se tee ie Cage cla ane Dp, 


-- Dp.@,baBcn)| yi) = 0, 


for p = 0, 1, 2,... Restricting the previous expression to i and recalling that «4 
is arbitrary, one obtains (20.12). 
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Remark. In Chapter 19 it has been shown that the Cotton spinor of the 3- 
metric of a static solution satisfies a condition that is identical to (20.12); see 
Proposition 19.1. The role it plays in ensuring the analyticity of the rescaled 
Weyl tensor at i motivates the alternative name regularity condition. From 
the analysis of Section 19.3 it follows that the expression (20.12) is conformally 
invariant and, accordingly, is a condition on the conformal class [h]. 

In Friedrich (1998c) it has been proven that conditions (20.7) and (20.12) are, 
in fact, equivalent. The following proposition rounds out nicely the discussion of 
this section. 


Proposition 20.3 (equivalence between the conditions ensuring ana- 
lyticity of the Weyl spinor) Conditions (20.7) and (20.12) are equivalent. 
Consequently, a necessary and sufficient condition on the conformal class |h] to 
ensure that the fields dABCC and LABOD extend analytically to i is given by 


Dp,Q,°** Dp,q,bapcp)(i) = 9, p=0, 1, 2,... 


The proof of the equivalence between (20.7) and (20.12) involves a lengthy 
computation that goes beyond the scope of this section. Interested readers are 
referred to Friedrich (1998c), theorem 4.2 and its proof, for full details. 


20.2.3 Construction of massless data 


In Friedrich (1988) it has been observed that asymptotically initial data sets can 
be used as seeds for the construction of massless initial data sets. 

Let (he, sij, Ç, S) denote an asymptotically Euclidean solution to the conformal 
static Equations (19.17). The above fields are expressed in a conformal gauge for 
which r[h@] = 0. Moreover, the conformal factor linking the conformal metric 
he with the physical metric he via he = %,he satisfies 


= 1 
Oo Face 5m (20.14) 
with m the ADM mass of the static solution; compare Equation (19.8). One can 
then look for conformal factors Q solving the conformal Hamiltonian constraint 


20A),.2 = 3|DeQ|? 


— compare Equation (11.15a) — where Dg and Ap, denote, respectively, the 
Levi-Civita covariant derivative and Laplacian of the conformally static metric 
he. Making use of the ansatz Q = Q(¢), observing that 


dQ dQ dQ 
DQ = — Dif, DiD; = ace PeDe + ac iP is 
and taking into account the conformal static equations one arrives at the ordinary 
differential equation 
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OQ Q Q\? 
XQ TE 3¢ ($) , 


d¢? d¢ d¢ 
The general solution to this equation is given by 
ang 


= — >; C1, C2 constants. 
(1+ c2 yÇ)? 
The subclass of analytic solutions is given by cz = 0, so that — up to a constant 
factor — one has 


=. (20.15) 


When c2 Æ 0, that is, in the case of a non-analytic solution, one has a non- 
vanishing mass. In hindsight, the solution (20.15) could have been guessed 
directly from Equation (20.14) as ¢ satisfies the boundary conditions (20.5); 
compare also Equation (19.11). Summarising, one has: 


Proposition 20.4 (massless initial data out of static data) Given a 
solution to the conformal static equations (he, $ij,¢,5) in a neighbourhood U 
of the point at infinity i, the metric 


h=C-*Rhe, 


defined in a suitable punctured neighbourhood of i, satisfies the time-symmetric 
Hamiltonian constraint r[h] = 0 and has vanishing mass. Moreover, the rescaled 
Weyl and Schouten spinors obtained from Equations (20.3a) and (20.3b) by 


setting Q = Ç are analytic at i. 


The above result can be generalised to obtain massless initial data for the 
conformal Einstein-Maxwell field equations; see Simon (1992). 


20.2.4 Evolution of massless data 


Proposition 20.4 can be combined with the conformal evolution equations to 
obtain a development admitting the dual interpretation discussed in Section 
20.1.1. The simplest way of implementing the construction is to make use of the 
extended conformal Einstein field equations expressed in terms of a conformal 
Gaussian gauge; see Section 13.4. 

Initial data for the congruence of conformal geodesics (a(r), @(r)) underlying 
the conformal Gaussian gauge can be set by the conditions 

rT=0, lU, 0,=¢, 6,=0, d, =0,8, =d, onl. 

The conformal factor associated to the congruence of conformal geodesics — see 
Proposition 5.1 — is then given by 


2 
e=¢(1+Z), < 


Apes, 
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In the above expression ¢ and ¢ are regarded as constant along a given conformal 
geodesic. Now, one has that ¢(i) = —2. Hence, by choosing U sufficiently small 
so that ¢ < 0 in this neighbourhood, one can ensure that © has real roots at 
T = +,/2¢/|c|. Observe, in addition, that © = 0 at i. 

The existence of a development for the massless data provided by Proposition 
20.4 is given by the following result: 


Theorem 20.1 (existence of purely radiative spacetimes) Let u, denote 
initial data for the extended conformal Einstein field equations on a neighbour- 
hood U of i constructed from a pair (h@,¢) as given by Proposition 20.4. Then 
there exists Te > 0 ensuring the existence of a smooth solution u to the conformal 
Einstein field equations on 


M,, = Dt (U)/N ([0, Te) x U), 
such that the restriction of u toU coincides with u,. Define 
Nr, = {pe Mr | O(p) = 0}, 


and let g be the Lorentzian metric constructed from the solution u. For this 
solution one has the following: 


(i) On Mr, \ (%, U (IF (i) N Mz )) the metric g = O~2g is a solution to the 
vacuum Einstein field equations with vanishing mass for which Np, \ {i} 
represents future null infinity .~* and the point i corresponds to spatial 
infinity 2°. 

(ii) On I*(i)OM,, the Lorentzian metric g is a purely radiative solution to the 
Einstein field equations for which N, \ {i} represents past null infinity and 
the point i corresponds to past timelike infinity. 


A schematic depiction of the spacetimes constructed via the above result is 
given in Figure 20.1. 


Proof The local existence of smooth solutions follows from the hyperbolic form 
of the evolution equations given in Proposition 13.3 together with the local 
existence for this type of evolution equations provided by Kato’s Theorem 12.2. 
The existence of an actual solution to the full conformal Einstein field equations 
follows from the form of the associated subsidiary system — see Proposition 13.4 — 
while the existence of a solution to the Einstein field equations is obtained from 
Proposition 8.3 whenever © 4 0. The interpretation of the solutions in the 
regions where © > 0 and © < 0 follows from the discussion in Section 20.2.1. 


Remark. Although the result is, from the conformal perspective, purely local, 
from the physical point of view, it is nevertheless of a semi-global nature. It 
follows from the smoothness of the solution u to the conformal Einstein field 
equations provided by Theorem 20.1 on -¥,, \ {i} and, in particular, of the field 
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PABCD, that the Weyl tensor of both of the spacetimes in (i) and (ii) satisfy 
the Peeling behaviour; see Theorem 10.4. 


20.3 A regular initial value problem at spatial infinity 


The purpose of this section is to discuss the formulation of a regular asymptotic 
initial value problem for the conformal evolution equations for data with non- 
vanishing mass. 

Consider a suitable neighbourhood U of the point at infinity i of the point- 
compactification (S,h,Q) of an asymptotically Euclidean (time-symmetric) 
Cauchy hypersurface of a vacuum spacetime (M,g). Let {e;} denote an 
h-orthonormal frame and let {ea^} denote an associated spin frame. The key 
idea behind the formulation of a regular asymptotic initial value problem is based 
on the observation that a conformal rescaling of the form 


QO =K 10 (20.16) 
induces a rescaling of the frame of the form 
ei > el; = Kei, aes et a ae 


Accordingly, the components of the rescaled Weyl spinor with respect to the spin 
frame {ea^} rescale as 


ABCD +> SaBcD = * bABCD- 
Now, if one considers the rescaling (20.16) with a function « of the form 
k = |a|x, with x smooth such that (7) 4 0, (20.17) 


one finds that ¢#'4 gcp = O(1). Thus, the components of the Weyl spinor with 
respect to the new frame are bounded at i. 


20.3.1 Rescaling of the initial data for the conformal field equations 


The discussion of the previous paragraph suggests that the rescaling (20.16) with 
k given by (20.17) could be used to formulate a regular Cauchy problem on U. 
Note, however, that while ¢'4 gcp is bounded at i, there is no guarantee that 
it will be smooth since |x| is not a smooth function of the normal coordinates 
x = (x). Thus, one needs to resort to polar coordinates similar to the ones 
used in Section 19.2.1 to analyse the spacetime conformal extensions of static 
spacetimes. Letting 


Q 
p= Sapt” a’, p“ a 
|x| 


and using some coordinates 0 = (64) on S? to parametrise the position vector 
p“, one has that the 3-metric h can be written as 


h = -dp ® dp + p’k, k = hapOap*Opp’ dd Q d0”, 
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with k|,.0 = —o; compare Equation (19.24). It is natural to consider an h- 
orthonormal frame {e;} with dual coframe {w*} satisfying 


w? = dp, Pk = —w! 8w! -w @w?. 


The indexing of the basis vectors has been chosen so as to match that of the 
spatial Infeld-van der Waerden symbols; see Equations (4.11a) and (4.11b). 
From the above expressions it follows, writing wê = wtadz®, that w3, = O(1), 
wla, W%a = O(p), while for the frame coefficients in e; = e;*Oq one has that 
e3% = O(1), e1%, e2% = O(p~*). 

Consistent with the rescaling (20.16), let 


el, = Kei, wh = klot, (20.18) 


and set e, = e;%ða and wt = w adzr®. It follows that if the function « is chosen 
as in Equation (20.17), then 


ez” _ O(p), e1”, ez“ = O(1), 
wa = O(t), Ww, w” = O(1), 


and, moreover, that 
1 
h' = *h=—— dp 9 dp + k. (20.19) 
p 


Thus, the coframe coefficients and, consequently, also the metric coefficients 
are singular at p. This singular behaviour is, however, not an obstacle for the 
construction of a regular initial value problem as these objects do not explicitly 
appear as unknowns in the spinorial conformal Einstein field equations in either 
their standard or their extended form. Introducing the coordinate r = — log p so 
that r => oo as p —> 0 one obtains the line element 


h’ = -dr 8dr + k. 


Hence, the locus of points for which p = O lies at infinity with respect to 
the metric h but has finite circumference — and is, in fact, a metric 2-sphere. 
Accordingly, the rescaling (20.19) resolves (blows up) the point at infinity into a 
2-sphere which is described locally in terms of the coordinates 0 = (04). 

In the remainder of this chapter, for the blow up of i to S? it will be 
understood the pair 


(CU), {e;}) 


consisting of a 3-manifold C(U) with boundary 0C(U) ~ S? such that C(U) \ 
OC(U) can be identified with U \ {i} and where the frame {e/} is given as in 
Equation (20.18) with a choice of « as in Equation (20.17). The set Z° = 0C(U) 
will be called the sphere at infinity. Observe that the definition of a blow up 
makes reference neither to the metric h’ nor to the coframe {w} which are 
singular as p > 0. 
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The previous definition of the blow up of i has the purpose of simplifying the 
discussion in the remainder of the chapter. A precise and rigorous discussion of 
this construction requires the use of the language of fibre bundles. The interested 
reader is referred to Friedrich (1998c, 2004) for a detailed account; see also Aceña 
and Valiente Kroon (2011). 


The rescaling of the conformal fields 


The effects of the frame rescaling (20.18) on the connection coefficients can be 
analysed by means of the usual transformation formulae for the connection. 
One has 


Ij 'j Iip Ik 
Vik =w Tke; Diek 
#3 } f : 
=w Je)’ Die” -k li pel el! Sa" Dk 
= Kik _— (ôk? Dirk + 6;3 Dgr + ik DI K); 


compare a similar computation in Section 15.1.2. The spinorial version of the 
above expression is given by 


VABCD = KYABCD — 3 (cacDppk + eppDack). 


To complete the discussion of the connection, one needs to consider the rescaling 
of the covector f. From the transformation rules of solutions to the conformal 
geodesics equations, Equation (5.40), it follows that f’ = f+dx«. Thus, if f, = 0, 
it follows that 


fi = Dir, fap = Dase. 


Finally, it follows from the transformation rules of the components of the 
Schouten tensor under the transition to a Weyl connection that 


Lij = k? Lij, O'ABCD = kK?OABCD. 
Comparing the above expressions with (20.3b), it follows that if « is chosen as 
in (20.17), then 6/4 gcp = O(1). 


A closer look at the frame 


It is convenient to have a more detailed expression for the frame {e;} or, 
alternatively, its frame spinorial index counterpart {eas} — recall that eap = 
ot apei. Let {0,, O_} denote a local basis of vectors on S? with dual cobasis 
{at, a7} such that O_ = ð, and, furthermore, 


a=2(at®a +a a‘), 


with o denoting the standard metric of S?. The vectors can be expressed in terms 
of the local coordinates 0 = (04), but the explicit correspondence will not be 
required. The vectors {0,, O_} originally defined on S? can be extended to C(U) 
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by Lie propagation along the radial direction given by p; that is, one requires 
that [0,, 0+] = 0. Using the vector fields {O,, +} one can then locally write 


3 = 
CAB = €AB Oy +eap tO, +eaB O_, 


for suitable frame coefficients eap? and e4g*. These coefficients can be 
expanded, in turn, in terms of the basic valence-2 symmetric spinors 


tap=V2qa°%ep)', YyaB= —Syeatet ZAB = Jaten’, 
satisfying 
tape? = -1, taBy’? =0, tapz*? =0, (20.20a) 
yaBy*? =0, yape4? = a zapz4® = 0. (20.20b) 
Expressing the spinorial basis {ea^} in the form e94 = 04, 6,4 = 14 one finds 


that the fields tap, yap and zap are, up to a normalisation, the components 
of the pairs 0(4lp), 0AOB and tatg with respect to the spin basis. Taking into 
account the contractions (20.20a) and (20.20b) and the line element (20.19) one 
finds the more detailed expression 


€aB = ABO, +eaB 04 +eaB O_, e01" = 0. 


20.8.2 The cylinder at spatial infinity 


After providing regular initial data for the conformal field equations in the 
neighbourhood U of i, one can now specify in more detail the conformal Gaussian 
system underlying the hyperbolic reduction of the conformal Einstein field 
equations. 

In what follows, the initial data for the congruence of conformal geodesics will 
be fixed, so that for p € U \ {i} one has: 


z, = x(0) =p, æ, = %(0) =e future directed and orthogonal to S, 
O,g(ea, eb) = Nab, O, > 0, 
(B, t) =0. 
For the above data one further lets 
O=, 6,=971'dX  inU\ {i}, (20.21) 


where, in a slight abuse of notation, 3, denotes the pull-back of Â to U \ {a}. 
While 6, is singular at i, d, = 0,8, is regular under the present assumptions. 
Using Proposition 5.1 in Chapter 5 it follows that 


222 2 Q 
o= mofi mii | j= (- a man), (20.22) 
WwW WwW 


542 Spatial infinity 


where 
20 
Vda? 


Now, as Q = O(p7), it follows that w = O(p) so that, together with the choice 
(20.17) for x one finds that k/w — 1. Moreover, both © and da can be seen to 
have well-defined limits as p — 0. Accordingly, the conformal Gaussian gauge 
can be extended to the set 


Ww = 


T? = {p EU | p(p) = 0} ~ S’, 


despite the fact that the second prescription in (20.21) is singular at the 
above set. 

Assume now that the congruence of conformal geodesics underlying the gauge 
has no conjugate points on D(U). A point p € D(U) is described by coordinates 
(T,x,) where x, denotes the normal coordinates of the intersection of the unique 
conformal geodesic passing through p with U. Accordingly, a suitable region of 
D(U) close to U can be thought of as a subset of R x U. In the following it will 
be convenient to consider the sets 


z ODEDE 
Mu) = fea ERxU | Ta <rT< ay (20.23a) 
T= {(7r,q)€ MWY) | qe, |r| < 1}, (20.23b) 
T={(r,g E€ M(U) |qer, T1}, (20.23c) 
xc T „420 
Jt= f 2) EMU) | E I (20.23d) 


If an existence result for solutions to the conformal evolution equations can be 
obtained, then the set M(U) gives rise to an extension of the physical spacetime 
manifold M in a neighbourhood of spatial infinity, while .7* describe the two 
components of null infinity. In this representation the point i° is replaced by 
an extended set Z, the cylinder at spatial infinity, with both spatial and 
temporal dimensions. The sets Z* where “null infinity touches spatial infinity” 
will be called, for reasons which will become clearer in the subsequent discussion, 
the critical sets. 


The set up discussed in the previous paragraphs is fixed up to a specific choice 
of the function x in (20.17). A convenient and simple choice of this function 
consists in setting k = p so that x = 1 — this choice will be called the basic 
representation. A schematic depiction of the sets in (20.23a)—(20.23d) of the 
basic representation is given in Figure 20.2. An alternative choice consists of 
setting kx = w. In this case © vanishes at 7 + 1, and, accordingly, one calls 
this construction the horizontal representation. A schematic depiction of 
the sets in (20.23a)—(20.23d) of the horizontal representation is given in Figure 
20.3. 
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Figure 20.2 Schematic depiction of the basic representation of the set up of 
the cylinder at spatial infinity. Left, a three-dimensional diagram; right, a two- 
dimensional longitudinal section. See the main text for further details. Note 
that the diagram to the right is not a conformal diagram but a graph of the 
location of the conformal boundary in the conformal Gaussian coordinates. 
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Figure 20.3 Schematic depiction of the horizontal representation of the set 
up of the cylinder at spatial infinity. Left, a three-dimensional diagram; right, 
a two-dimensional longitudinal section. See the main text for further details. 
Note that the diagram to the right is not a conformal diagram but a graph of 
the location of the conformal boundary in the conformal Gaussian coordinates. 


20.3.3 The cylinder at spatial infinity for the Minkowski and 
Schwarzschild spacetimes 


A good way of obtaining intuition about the properties of the conformal evolution 
equations in a neighbourhood of Z is to consider the case of initial data for the 
Schwarzschild spacetime. The discussion in this section follows that of section 6 
in Friedrich (1998c). 
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Time-symmetric initial data for the Schwarzschild spacetime has been dis- 
cussed in Section 11.6. It has been shown that the hypersurface S characterised 
by the condition t = 0 is conformally flat, so that setting p = 1/7, with 7 the 
Schwarzschild radial isotropic coordinate, one obtains the following conformal 
metric and conformal factor: 


P 


h = -dp 9 dp — p’o, Q = ———__.,. 
(1+ 3mp) 


(20.24) 
A comparison with the split (20.1) shows that, close to the point at infinity 7 
(i.e. for p close to 0), one has 


U=1 w=” 
zi =". 


The basic data (20.24) allow one to compute the data for the conformal 
evolution equations. Following the discussion of Section 20.3.1 and setting k = p 
(i.e. using the standard representation) one finds that 


cap’ =0, €aB'=ptaB, €AB™ =ZAB, CAB =YAB, (20.25a) 
faB=*aB, EaBcpd=9, X(aB)cD = 9, (20.25b) 
6m 
OABCD = a" Bcn: daBcD = —6meABcD; (20.25c) 
(1+ 3mp) 


where €4pcp = «(A°€B°¢c'€p)*. In addition, the functions associated to the 
conformal Gaussian gauge can be computed to be 


Q= £ (1 i ) | et ae 
(1+ imp)” (1+ dmp)* 7” (1+ dip)” 
Pae= 2pLAB 
(1+ 3mp) 


The simple form of the initial data (20.25a)—(20.25c) suggests that the 
discussion of the conformal evolution equations can be simplified by considering 
a specific ansatz for the solutions. Some experimentation shows that a consistent 
ansatz is given by 


0 _ 0 i TETAN | he! alk aes 
CAB =e TAB, AB =€ TAB, CAB =€ ZAB, CAB =€ YAB; 
1 
faB = ftAB, ABCD = yasleactBp +€BD@AC); 


1 
X(AB)CD = X2€aBcp + 3XħABCD, 
1 1 
OaBcp = %€4BCD + 3 Ohh ABCD + Vat ABteD: 


2 
ABCD = ABCD: 


20.8 A regular initial value problem at spatial infinity 545 


where the components of the vector-valued unknown 
u= (e, et, et, ey Í, E, X2; Xs b2, On, Ox, ¢) 


are assumed to be real-valued functions of (7, p). The ansatz allows one to reduce 
the spinorial evolution equations to a system of scalar equations. A lengthy 
computation renders 


1 1 
One = Oe xe- f, ðe! = 1o Xet, 
& 1 P 1 1 
ð, e™ = — 9 x2 + 2x)e*, OrE = g (x2 + 2x)E 5 Xx2t — Gx, 
1 bs, 2 
-f = 3 (x2 —x)f + bz, -X2 = gX2— 3X2x — b2 + O¢, 
1 1 1 1 : 
-X = E - aX -0h 0-02 = ZX292 — 3(x29n + x42) — OF, 
1 1 1 2 
Or On, = — -X202 = sxOn, Or Ox = (x2 X)Ox p 5? 
6 3 3 3(1 + imp) 


Or = -302 + DA. 


Initial data for these components can be obtained from a comparison of the 
ansatz with Equations (20.25a)—(20.25c). One concludes that 


e? = 0, e! =P, et = 1, e 1, f 1, £ 0, X2 =0, x=0, 


ELAR Pn =0, ba =0, $= -—6m. 
1 
(1+ mp) 


02 = 

The symmetry reduced system and associated initial data can be written in 
a schematic form as 

ru = F(u, T,p;m),  u(0, p; m) = u, (p; m), (20.26) 


where F and u, are analytic functions of their arguments. 


The m = 0 case 


The particular case m = 0 — that is, the Minkowski spacetime — can be solved 
explicitly with the only non-vanishing geometric fields given by 


doen qata, e=1, Jei (20.27) 


while the fields associated to the conformal gauge are 
© =pl -7°), dap = 2PT AB. 


Consequently, this solution exists for all r, p € R. From the expressions in (20.27) 
one finds that 


f 1 
w=taswrr = va( ar + Tap), wAB = —-g^Bdp — 2y^P at — 2248 a. 
P p 


546 Spatial infinity 


Using the above covectors one can recover the metric associated to the 
conformal representation of the Minkowski spacetime under consideration. From 
Equation (4.14) one finds 


1 
g= pt Oar edn ed pide edn) - (1 - 7°)dp 8 dp — ø). 


Consistent with the discussion of the previous sections, this metric is singular at 
p = 0. Now, as 


1 
f= faBw^” = me 


is a closed form, it follows that the Weyl connection V associated to this 
representation is, in fact, the Levi-Civita connection of the metric p7g. The 
standard Minkowski metric can be recovered by setting x? = Tp so that 
1 
~ -1 
§=98 "9 = 1a 
(p? — («°)2)” 
1 


= ——__n,, dx" Q da’. 
(a are ew OE 


(dz? @ dx® — dp ® dp — Po), 


Performing the inversion z” ++ —a/(aa%) in the last line element one obtains 
the standard Minkowski metric; compare the discussion in Section 6.2.2. 
Null geodesics orthogonal to the spheres of constant p are given by 
s 
1s 


p=p(1s), 0 = (04) = (0f), (20.28) 


T = 


for constant p,, 94 and s an affine parameter. A direct computation shows that 
outgoing null geodesics intersecting future null infinity .4+ correspond to the 
choice of the minus sign in Equations (20.28) — the intersection occurring at 
s = ł so that p = 5 Px: These outgoing null geodesics do not intersect past 
null infinity %~ for a finite value of s. As p, — 0, the outgoing null geodesics 
approach in a non-uniform manner the set JT UT UT UT. An analogous 
discussion applies to the incoming null geodesics obtained from taking the plus 
sign in (20.28). Accordingly, the cylinder at spatial infinity can be regarded as a 


limit set of outgoing and incoming null geodesics; see Figure 20.4. 


The m 4 0 case 


Now, returning to the case m Æ 0, it follows from the Cauchy stability of ordinary 
differential equations — see, for example, Hartman (1987) — that given Tẹ > 1 
there exist Mme > 0, pe > 0 such that the solution u(r, p;m) is analytic in all 
variables and exists for 


IT| < Te, PS Pe, |m| < me. 


By choosing Te sufficiently large and observing the properties of the 
reference m = 0 solution, one can ensure that for each conformal geodesic with 
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Figure 20.4 Schematic depiction of the null geodesics close to the cylinder at 
spatial infinity for the Minkowski spacetime as discussed in the main text; see 
the parametric equations in (20.28). The curves intersecting .%+ are outgoing 
geodesics, while the ones intersecting .%~ are incoming. The cylinder Y% can 
be seen as a limit set of the two classes of geodesics. 


0 <p <p. there exists a ty < Te such that O|4,, = 0, dO|i,, #0. To obtain 
a statement that is valid for any value of m, it is observed that the symmetry- 
reduced evolution equations and the associated data are invariant under the 
rescaling 


1 1 
m= Gm, p= lp, gv 7 e! e let, Or £0, 


for £ > 0. Consequently, for any arbitrary m it is always possible to obtain a 
solution to the symmetry-reduced system (20.26) reaching null infinity if p is 
sufficiently small. Moreover, if p is sufficiently small, the underlying congruence 
of conformal geodesics is free of conjugate points on M(U/). Null geodesics in 
the Schwarzschild spacetime behave more and more like null geodesics in the 
Minkowski spacetime as p > 0. Numerically constructed solutions of the reduced 
spherically symmetric evolution system for the Schwarzschild spacetime can be 
found in Zenginoglu (2006, 2007). 


20.3.4 Structural properties of the conformal evolution equations 
near the cylinder at spatial infinity 


Having briefly analysed the regular initial value problem at spatial infinity for 
the Minkowski and the Schwarzschild spacetimes, one is now in the position of 
making some general remarks about this type of initial value problem. 


The cylinder at spatial infinity as a total characteristic 


Following Proposition 13.3, the hyperbolic reduction of the extended conformal 
Einstein field equations by means of a conformal Gaussian system leads to an 
evolution system which can be written as 
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0,6 = Kô + Q(Î)ó + L(x)¢, (20.29a) 
(I+ A°(e))0,6 + A*(e)0.¢ = B(L)¢. (20.29b) 


For convenience, it is assumed that Equation (20.29b) corresponds to the 
boundary adapted Bianchi system; see Section 13.4.4. Despite the fact that the 
cylinder Z is, from the point of view of the metric g, a singular hypersurface, it 
is regular from the point of view of Equations (20.29a) and (20.29b) and its data 
(x, Q); see Section 20.3.1. 

Inspection of the explicit form of the conformal evolution equations reveals 
that L(x) = 0 whenever the conformal factor © and the covector d vanish. It 
follows that, on Z, the conformal evolution equations decouple and one has 


0,69 = Ke + qr” 


9, pee, Pl = fi. 

These transport equations can be integrated along the cylinder Z from the 
observation that, irrespective of the particular choice of x, the restriction of 
the initial data ©, to Z? coincides with the restriction of initial data for the 
Minkowski spacetime as given in Section 20.3.3. Accordingly, the solution one 
obtains must also coincide with the Minkowskian one — namely, 


(ap) =-rean, (eap) =0, (ejs) = yan, (ezp) = zap, 


J =0, (xaBep)"=0, (fas)! =0, (Oascp)! =0. 


[0] 
(ABCD 


Substituting the above values in the restriction to Z of the partial differential 
equation (PDE) (20.29b) one finds that the normal matriz A® satisfies 


A| =0. (20.30) 
Hence, on J the restriction of Equation (20.29b) acquires the simplified form 
(1+A? (e)a, p + A+ (ea p +A- (eap = BE”) (20.31) 


where o” = ¢|z; that is, one obtains an interior system. It follows that the 
cylinder at spatial infinity Z is a total characteristic of the conformal evolution 
Equations (20.29a) and (20.29b) and the restriction to Z of all the conformal 
fields can be obtained from the restriction of the initial data to Z? by solving the 
resulting system of transport equations. Thus, although at first sight it seems that 
the construction of the cylinder at spatial infinity is introducing a set on which 
boundary data must be prescribed, the structural properties of the equations 
do not allow this: no boundary conditions can be prescribed on T; compare the 
discussion in Section 12.4. 

The solution to the interior equations for the Weyl tensor, Equation (20.31), 
can be obtained by observing that the restriction of the initial data for the Weyl 
tensor coincides with that of Schwarzschildean data so that the solution must be 
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the Schwarzschild spacetime. From the symmetry-reduced conformal evolution 
equations it follows that ¢6asBcp is constant along T. Accordingly, one finds that 


) (0) 


(¢aBcp)” = —6meA BCD: 


The conformal evolution system and the critical sets 


The analysis of the transport equations on Z provides valuable insights into the 
hyperbolicity of the conformal evolution system (20.29a) and (20.29b). Observing 
that (e% 3)! = -rz apg it follows that 


l1-r 000 0 

0 100 0 
(I+ A?°(e))|z = 0 010 0 ; 

0 001 0 

0 000 147 


compare Equation (13.61). Accordingly, the matrix A? loses rank at the critical 
sets Z~ and is no longer positive definite. Thus, the standard theory of hyperbolic 


PDEs as discussed in Chapter 12 cannot be employed to make assertions about 
the existence and uniqueness of solutions of the evolution system (20.29a) and 
(20.29b) up to Z=. This degeneracy of the conformal evolution system is the 
essential source of difficulties in the analysis of the so-called problem of spatial 
infinity and requires the development of tailor-made techniques in order for one 
to be able to make assertions about the behaviour of its solutions. 


Expansions in a neighbourhood of the cylinder at spatial infinity 


On an intuitive level, one would expect the degeneracy of the conformal evolution 
system at the critical sets Z* to manifest itself through a loss of smoothness of 
its solutions. The discussion of Section 20.3.3 shows that this potential loss of 
regularity does not occur for all initial data. This observation hints that the 
precise algebraic structure of the evolution equations plays a decisive role in the 
nature of the solutions. In Friedrich (1998c) a procedure to analyse in detail 
the properties of the solutions to the conformal evolution equations has been 


put forward. Exploiting the total characteristic nature of the cylinder at spatial 
infinity one can repeatedly differentiate the evolution Equations (20.29a) and 
(20.29b) with respect to ô, and then evaluate on Z. In view of condition (20.30) 
one obtains a hierarchy of transport equations for the fields 


obl = olz, Pl =e], p=1,2,3,..., 
of the form 


~ [0] 


0,67] = Koll + Qh yo4l + Qera 


p—1 
+ 5 @ (Qae È LV gl!) + Lep”, 
j=1 
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(I + A°(el"l))a, 6% + At(ell)a, p” + A-(ell)a_ p! 


= BP) +Y (") (BEL) gl — At (ella, pe- 


j=l 
= A~ (e)a pP). 


The above equations will be called the transport equations of order p. The 
non-homogeneous terms depend on 6") and o”! for 0 < j < p. Thus, if these 
lower order solutions are known, the above pair of equations constitutes an 
interior system for oP! and oP! on Z. The principal part of these equations 
is universal — in the sense that it is independent of the value of p. Initial data for 
these transport equations can be obtained from repeated p-differentiation and 
evaluation on Z? of the initial data 6,, @, on U. The coefficients obtained from 
this integration can, in turn, be collected in formal expansions of the form 


= pl pp. (20.32) 


At the time of writing, the analysis of the convergence of these formal expansions 
and the way they relate to actual solutions to the conformal Einstein field 
equations is an outstanding open aspect in the understanding of the problem of 
spatial infinity. Some ideas on how this problem could be addressed can be found 
in, for ecample, Friedrich (2003b) and Valiente Kroon (2009). 

The structure of the hierarchy of transport equations for 6! and oP! makes 
them amenable to a treatment by means of computer algebra methods. This 
approach has been pursued in Valiente Kroon (2004a,b) where solutions up to 
order p = 8 have been obtained. As is to be expected, the algebraic complexity 
of the solutions increases as p increases, eventually making the evaluation of 
further orders in the expansion no longer feasible due to computer limitations. 
The solutions to the transport equations obtained in this manner provide a 
valuable insight into the behaviour of the conformal field equations at spatial 
infinity. 

As first observed in Friedrich (1998c), quite remarkably, there is a non-trivial 
relation between the regularity condition for the Cotton tensor, Equation (20.12), 
and the smoothness of the solutions to the transport equations: 


Theorem 20.2 (necessary conditions for the regularity of solutions 
to the conformal field equations at the critical sets) Given a vacuum 
time-symmetric initial data set with a conformal metric which is analytic in a 
neighbourhood of infinity, the solution to the regular finite initial value problem 


at spatial infinity is smooth through I~ only if the regularity condition 
De, Fr, Deri bascp)(?) = 0 (20.33) 


holds for p = 0, 1, 2,... If this condition is violated at some order p’, the solutions 


to the transport equations at order p' will develop logarithmic singularities at I~. 
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The analysis leading to the above result requires only the homogeneous part 
of the transport equations. 


A toy model: the spin-2 massless field 


A way of gaining insight into the behaviour of the solutions to the conformal 
evolution equations on the cylinder Z is to consider an analogous discussion for 
a test spin-2 massless field on the Minkowski spacetime. Accordingly, 
let CaBcp denote the components of a totally symmetric rank-4 spinorial field 
satisfying the equation 


VÈ a'CaBcg = 0. (20.34) 


The principal part of the evolution equations implied by (20.34) along the 
cylinder Z is identical to that of the Bianchi evolution equations. Several aspects 
of this toy model have been considered in Valiente Kroon (2002), Friedrich 
(2003b) and Beyer et al. (2012), and the following discussion is adapted from 
various parts of these references. 

The background Minkowski geometry has already been obtained in Section 
20.3.3; see Equation (20.27). From these expressions, a computation shows that 
the evolution equations implied by the spin-2 massless field equation can be 
explicitly written as 


(1 — 7)3-Co + pOpCo — 5C1 — 2Co = 0, (20.35a) 
-Å — 5 (8G + 89) —G =0, (20.35b) 
-C2 — 5 (0% + 661) =0, (20.35c) 
-Cz — 5 (BC + 002) +¢3 =0, (20.35d) 
(1+7)0,4 — pOpCa — C3 + 244 = 0, (20.35e) 
where Ço = Coooo; 61 = Go001;---, and where for convenience of the subsequent 


discussion, the connection coefficients associated to S? (i.e. Tooep and Tyicp) 
have been absorbed in the differential operators ð and 6; see the Appendix to 
Chapter 10. The subsequent analysis will also require the constraint equations 
implied by Equation (20.34). These are given by 


Orta — pgs — 5 (Blo - 842) = 0, (20.36a) 
18- — pple — 5 (8, - B42) = 0, (20.36) 
T0763 ponds 5 (C2 õla) =0. (20.36c) 


Differentiating Equations (20.35a)—(20.35e) and (20.36a)—(20.36c) repeatedly 
with respect to 0, and evaluating at Z one obtains the transport equations 
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(1 —7)0,¢¥" — Scl! + (p — 2)! = 0, (20.37a) 
axr Log aeh — cP! =o, (20.37b) 
a,c — Tog +5!) =0, (20.37c) 
hae Tag! ahe o, (20.374) 
(1+ 7)d,¢l?! — ach! — (p - 2)! =0, (20.37e) 
and 
rô- L agp + BCP!) — pel! = 0, (20.38a) 
70, Lag Scl!) — p! =0, (20.38b) 
rô- L agp ach!) — peh! = 0. (20.38¢) 


The linearity of the above equations suggests eliminating the angular depen- 
dence of the solutions through an expansion in terms of spin-weighted spherical 
harmonics. Consistent with the spin weight of the various components of CaBcp 
one considers the ansatz 


P l 
P z 5 5 Ziel lt) k—-2YIm- 


l=|k—2| m=—l 


Observe, in particular, that the number of l-modes is bounded by the differenti- 
ation order p. This ansatz can be shown to be the most general possible. Taking 
into account the action of the operators ð and 6 on the spin-weighted spherical 
harmonics, a calculation combining Equations (20.37a)—(20.37e) and (20.38a)— 
(20.38c) shows that the coefficients Zk p;1m(T) satisfy the Jacobi ordinary 
differential equation 


(1— 7°)Ëk pilm + (2(k — 2) + 2(p—1)7) kpm + (UL + 1) — p(p—1)) Ze p;tym = 0, 


where ` denotes differentiation with respect to r. The solutions to this equation 
are well understood; see, for example, Szegd (1978). For |k — 2| < l < p the 
solutions are a linear combination of the polynomials 


? 


p} p-6+k,—p+k-2) EEEN E E 
a (T), 5 Saha (7) 


where PP ) (T) denotes the Jacobi polynomial of degree n with integer 
parameters (a, 8) given by 


RCIE 
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The case | = p is the one of most interest as the general solution can be found 
to be a linear combination of 


Pe Pe, ge er 
jae a 


Pee /1+r ar i ds 
2 2 o (1—s)P-1+4(1 + 8)P+3-k° 


Using partial fractions one finds that the integral in the second solution can be 


expressed as 


Š ds Qp+2-k ay 
=a, In(1 peal Et Tate ee 
I C spare = MOF) + pee bt TGS 
bp—2+k f by 
+ be ln(1 T) + r bree 20) 
where Ge, be, Gp4+2—k,---,41, bp—2+k;---,bo are some constants. Thus, gener- 
ically, the solutions for the 1 = p modes will be non-smooth and develop 


logarithmic singularities at the critical sets Z+ even in the case where the initial 
data is as smooth as it can be. Direct inspection of the above expressions shows 
that at 7 = 1 the most singular component of CasBep is Ço, while at 7 = —1 it 
is C4. 

The singular behaviour can be avoided if the initial data is fine tuned. Indeed, 
a lengthy analysis renders the following (see Valiente Kroon (2002)): 


Proposition 20.5 (regularity of solutions to the massless spin-2 field 
equations at the critical sets) The solutions to the transport equations 
implied on the cylinder at spatial infinity T of the Minkowski spacetime by the 


spin-2 massless field Equation (20.34) extends analytically to the critical sets Z* 
if and only if the regularity condition 


Dier, DeF baBcp)(i) = 0, p=0, 1, 2,..., 
where 
bABcD = 2Dp(a9eBecn) +9Dp(alBecD) 
denotes the linearisation of the Cotton spinor around Minkowski data. 
This result is the spin-2 field version of Theorem 20.2 for the full conformal 
Einstein field equations. 
20.3.5 The cylinder at spatial infinity and static solutions 


The analysis of static solutions provides deeper insights into the behaviour of 
the solutions to the transport equations on Z. The discussion in Section 19.2.1 
shows that static solutions admit a smooth conformal completion at null infinity. 
Thus, it is natural to conjecture that they also extend smoothly through the 


554 Spatial infinity 


critical sets Z*. The analysis of the conformal evolutions for the Schwarzschild 
spacetime provides further support to this idea — this evidence, however, must 
be taken with care as the spherical symmetry of the spacetime gives rise to a 
number of non-generic simplifications. 

A lengthy computation which combines the ideas of Sections 19.2.1 and 20.3.3 
yields the following satisfactory result: 


Proposition 20.6 (regularity of static solutions at the critical sets) The 
solutions to the transport equations at T for static data extend smoothly (and, in 


fact, analytically) through the critical sets I~. 


A proof of this result can be found in Friedrich (2004). A generalisation of the 
analysis to the stationary case is given in Acefia and Valiente Kroon (2011). 


20.4 Spatial infinity and peeling 


At the time of writing, one of the outstanding challenges in the analysis of 
the problem of spatial infinity is to obtain a satisfactory understanding of the 
connection between the solutions to the transport equations on Z and the peeling 
(or lack thereof) of the Weyl tensor at J. 

The key hypothesis in the peeling theorem, Theorem 10.4, is the smoothness 
of the rescaled Weyl tensor on null infinity. Direct inspection allows one to relax 
this assumption to a certain minimum regularity threshold. Now, it has been 
seen in the previous section that generic solutions to the transport equations 
on the cylinder Z have logarithmic singularities at the critical sets Z5. In view 
of the hyperbolic character of the conformal evolution equations, it is to be 
expected that this singular behaviour will spread along the conformal boundary, 
thus destroying the smoothness of the rescaled Weyl tensor along the conformal 
boundary. These singularities may lead to a restricted peeling behaviour; see, 
for example, Chrusciel et al. (1995) and Valiente Kroon (1998, 1999a,b) for a 
discussion of more general types of peeling. A detailed and rigorous treatment 
of these ideas is not yet available; some heuristic discussions can be found in 
Valiente Kroon (2002, 2003, 2005, 2007a). 

The most promising avenue to obtain a link between the generic singular 
behaviour at the critical sets and the peeling behaviour at null infinity consists 
of computing the formal expansions (20.32) up to a certain order N. Letting © 
and @ denote the actual solutions (if any) to the conformal evolution equations 
one defines the remainders 


N N 


A A l1, 

Rw [0] = 6 — Dore”, Ry[g]=¢- 55 
p=0 
If the expansion order N is sufficiently high, it may be possible to use the 
conformal evolution equations to obtain estimates on the remainders Ry [ô] 


and Ry |@]. The idea behind this approach is that the expansion terms should 
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contain the most singular part of the solution, thus leaving a remainder which 
is more regular and, accordingly, more amenable to an analytic treatment. This 
strategy has been implemented with success for the model problems of the spin- 
2 massless field in the Minkowski spacetime in Friedrich (2003b) and for the 
spinorial Maxwell equations (i.e. the spin-1 massless field) on the Schwarzschild 
spacetime in Valiente Kroon (2009). 


20.5 Existence of asymptotically simple spacetimes 


The regularity of static solutions at spatial infinity provides a procedure to 
construct a wide class of asymptotically simple solutions to the Einstein field 
equations from a Cauchy initial value problem: the so-called Cutler- Wald- 
ChruSciel-Delay construction; see Cutler and Wald (1989); Chruściel and 
Delay (2002) and Corvino (2007). The key idea behind this construction is to 
consider time-symmetric initial data sets (S, Å) for the Einstein field equations 
which are exactly Schwarzschildean in a suitable exterior region E of the 
asymptotic end but otherwise arbitrary in a compact region 6 in the interior. 
The existence of such initial data sets is ensured by the exterior asymptotic 
gluing construction; see Theorems 11.3 and 11.4. Denote by (S,h) a suitable 
point compactification of the data (S, h) and let E denote the neighbourhood of i 
corresponding to the exterior region E. As a consequence of the causal properties 
of general relativity, the development of (S,h) is such that D+ (E) coincides with 
a suitable spacetime neighbourhood of the spatial infinity of S. In a slight abuse 
of terminology one can say that these data have compact support. Accordingly, 
D*(S) will contain hyperboloidal hypersurfaces H which coincide with S \ E on 
Dt(S \ E£). On HN Dt(E€), the initial data for the conformal field equations 
implied by the development on H will be Schwarzschildean hyperboloidal data — 
and, thus, smooth at “OH. An important technical aspect of this construction is 
to ensure that the gluing region does not drift away into the asymptotic region as 
one considers a sequence of data tending to data for the Minkowski spacetime. 
This is ensured by Theorem 11.4. Now, if the data on B are sufficiently close 
to data for the Minkowski spacetime, one can apply the semi-global existence 
Theorem 16.1 to the data on H to obtain a development D*(H) which is 
asymptotically simple. As the Schwarzschild spacetime is asymptotically simple, 
one concludes that D*(S) is asymptotically simple; see Figure 20.5. In view 
of the time symmetry of the initial data, one, in fact, obtains a spacetime 
where the two components of null infinity .4~ and J+ are complete. While the 
development D*(S) is static in D*(€), in general, radiation will be registered 
on J+ N JItT(S\ E) and %-NJI~(S\ £). 

For further details on the construction described in the previous paragraph, 
see Chrusciel and Delay (2002). 


Remark. The original version of the above construction was carried out for 
solutions to the Einstein-Maxwell equations. Remarkably, it is possible to 
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H 


S\E Ei 


Figure 20.5 Schematic depiction of the Cutler-Wald-Chrusciel-Delay con- 
struction. The spacetime is asymptotically simple and coincides with the 
Schwarzschild spacetime on D*(H). Generically, radiation is registered on 
ITN IT(S\E). 


construct initial data with compact support for the Einstein-Maxwell equations 
without the need of a gluing construction; see Cutler and Wald (1989). 


20.6 Obstructions to the smoothness of null infinity 


The spacetimes obtained from the Cutler-Wald-Chrusciel-Delay construction 
are very special. Thus, it is natural to ask whether it is possible to construct 
asymptotically simple spacetimes which do not have such a rigid behaviour in 
a neighbourhood of spatial infinity. Insight into this question can be obtained 
from the analysis of the transport equations on the cylinder at spatial infinity. 

The systematic analysis of the transport equations on Z has shown that two 
different types of obstructions to the smoothness of null infinity arise 
in the development of time-symmetric data (S,h) admitting a smooth point 
compactification (S,h) at spatial infinity. These are briefly discussed in the 
following. 


Obstructions associated to the conformal class [h] 


As already discussed, obstructions to the smoothness of null infinity associated 
to the conformal class [h] can be removed by requiring that the Cotton tensor 
of the conformal metric h satisfies the regularity condition (20.33). 


Obstructions associated to the scaling of the conformal metric 


To discuss the obstructions to the smoothness of null infinity associated to the 
particular scaling of the conformal metric, suppose that the conformal metric he 
is a solution to the conformal static equations with associated conformal factor 
Q; see Chapter 19. Now, restricting the subsequent considerations to a suitable 
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small neighbourhood U of i consider another conformal factor Q’ satisfying the 
boundary conditions of a point compactification and such that the metric h = 
0~? he satisfies the time-symmetric Hamiltonian constraint on U = U \ {i}; that 
is, r[h'] = 0. It follows that there exists 0 € C?(U) MC (U) such that Y = VQ. 
Now, assume that (i) = 1, dY (i) = 0 and Hess (i) = 0 so that the metrics 
h and h = 3~h have the same mass. As the conformal metric he is static it 
satisfies the regularity condition (20.33). Moreover, as h’ = Phe € [he] it also 
satisfies the regularity condition. After a lengthy inductive argument one obtains 
the following: 


Theorem 20.3 (obstructions to the smoothness of null infinity associ- 
ated to the scaling of the conformal metric) Given time-symmetric initial 
data with an analytic conformal metric h, the solution to the regular finite 
initial value problem at spatial infinity for the conformal Einstein field equations 


is smooth through the critical sets T® (and, in particular, free of logarithmic 
singularities) if and only if 0 —1 vanishes at i at all orders. 


The proof of this result can be found in Valiente Kroon (2010, 2011). The 
analysis leading to the above theorem assumed the analyticity of the metric 
in U. However, the result also holds if one assumes smoothness. This result 
provides strong indication that static initial data play a privileged role among 
the class of time-symmetric data which extend smoothly through the critical 
sets. A precise clarification of this role is one of the outstanding challenges in 
the analysis. Despite the insights obtained so far, at the time of writing, it 
cannot be excluded that there exist data which are not asymptotically static at 
i and for which the solutions to the transport equations on Z extend smoothly 
through the critical sets. To address this point, it is necessary to identify the gap 
between initial data satisfying the regularity condition (20.33) and static data. 
The further conditions required to single out static data have been analysed in 
Friedrich (2013). It has been found that a sufficient condition for the staticity 
of the data satisfying condition (20.33) and the non-degeneracy requirement 
associated to the hypothesis of Theorem 19.4 (concerning the uniqueness of 
the conformal structure of a static solution) can be expressed in terms of a 
covector with conformally invariant differential. The challenge is now to analyse 
whether data violating this sufficient condition develop singularities at the 
critical sets. 


20.7 Further reading 


Although it has long been recognised that, for spacetimes with a non-vanishing 
mass, spatial infinity is a singular point of the conformal structure — see, 
for example, Penrose (1963, 1965) — systematic attempts to understand the 
behaviour of the geometry of spacetime in a neighbourhood of this point 
in the light of the Einstein field equations took time to get started. Early 
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analyses of the behaviour of the Einstein field equations in a neighbourhood 
of a suitable representation of spatial infinity have been given in Schmidt (1981), 
Beig and Schmidt (1982), Beig (1984) and Schmidt (1987). The approach to 
the analysis of spatial infinity discussed in this chapter started in Friedrich 
(1988). The construction of the cylinder at spatial infinity was presented in 
Friedrich (1998c) which to date remains the most comprehensive reference in 
the matter. A useful discussion which overlaps with the previous reference but 
also expands in certain aspects not covered in the original work is given in 
Friedrich (2004); this reference provides, in particular, a detailed discussion 
of the construction of the cylinder at spatial infinity for static solutions. The 
extension of the later analysis to stationary solutions has been carried out in 
Aceña and Valiente Kroon (2011). A programme to analyse the solutions to 
the transport equations on Z was started in Friedrich and Kánnár (2000a); 
see also Friedrich and Kánnár (2000b). Expansions to a sufficiently high order 
to observe the first obstructions to the smoothness of null infinity have been 
carried out in Valiente Kroon (2004a,b,c, 2005). General results concerning 
these expansions showing the special role played by static solutions (in a time- 
symmetric setting) are given in Valiente Kroon (2010, 2011). An account of 
the state of the art concerning the problem of spatial infinity is provided in 
Friedrich (2013) where the gap between data satisfying the regularity condition 
on the Cotton tensor and static data is analysed in detail. A discussion of general 
aspects of the behaviour of the massless spin-2 field in a neighbourhood of spatial 
infinity of the Minkowski spacetime can be found in Valiente Kroon (2002); see 
also Beyer et al. (2012). A method for the construction of estimates for the 
massless spin-2 field which remain regular at the critical sets of the Minkowski 
spacetime has been provided in Friedrich (2003b). These ideas have been 
adapted to the case of the Maxwell equations on a Schwarzschild background in 
Valiente Kroon (2007b, 2009). 


Appendix: properties of functions on the complex null cone 


The following result of complex analysis is used repeatedly in the main text of 
this chapter. 


Lemma 19.2 (factorisation lemma) Let f denote a holomorphic function 
on a neighbourhood Uc of the origin of C?, and let Nc(0) denote the complex 
null cone through the origin. If f\j.(0) = 0, then there exists a holomorphic 
function g defined on a neighbourhood of the origin of C? such that f = Tg 
where T = |x|?. 


The proof of this result can be found in Kodaira (1986). Recall that Mc(0) 
coincides with the locus of points in C? for which I vanishes. One also has the 
following: 
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Lemma 19.3 (characterisation of functions vanishing on the null cone) 
A holomorphic spinorial field Ca...p in some neighbourhood Uc of the origin in 
C? vanishes on Nc(0) if and only if it satisfies the sequence of conditions 


Dip,a,***Dp.q,)6a~-p(0)=0,  p=0,1,2,... (20.39) 


The proof of this result is based on the observation that the conditions (20.39) 
can be used to construct a Taylor-like expansion of the field ¢,4...p of the form 


1 
Cane) =>, we Ker. KK Dp Q, + DP.@,6a--D(0) 


along the generators y(s) of Vc(0) for s an affine parameter sufficiently close to 0. 
As a consequence of the analyticity of the set up, the above expansion uniquely 
determines the function ¢4...p in a neighbourhood of 0 on Nc (0). A more detailed 
discussion of the proof can be found in Friedrich (2013), lemma 6.1. 
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Perspectives 


And it seemed as though in a little while the solution would be found, and then 
a new and splendid life would begin; and it was clear to both of them that they 
had still a long, long road before them, and that the most complicated and 
difficult part was only just beginning. 

— A. Chekhov, The lady with the dog 


Conformal notions provide valuable tools for the analysis of global properties of 
spacetimes. In Part IV of this book it has been shown how a conformal point of 
view leads to proofs of the global existence and non-linear stability of de Sitter- 
like spacetimes, of the semiglobal existence and non-linear stability of Minkowski- 
like spacetimes, and how they provide a systematic procedure for the construction 
of anti-de Sitter-like spacetimes. Moreover, conformal methods provide a robust 
framework for the analysis of the gravitational field of isolated systems in a 
neighbourhood of both null and spatial infinity. 

The application of conformal methods in general relativity is a mature area of 
research with a considerable number of open problems. Several of these have been 
discussed in various places of this book. Unavoidably, there are other problems 
and aspects of the subject which, for reasons of space, could not be covered in 
the main text. This last chapter presents a list of ideas and problems which, 
in the opinion of the author, may play a role in the future development of the 
subject. 


21.1 Stability of cosmological models 


The global non-linear stability of the de Sitter spacetime was discussed in 
Chapter 15. This exact solution can be regarded as a basic cosmological model. 
The analysis of Chapter 15 can be extended to include a non-vacuum matter 
content with good conformal properties: for example, the Maxwell, Yang-Mills 
and conformally coupled scalar field; see Friedrich (1991) and Lübbe and Valiente 
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Kroon (2012). More recently, the ideas behind these proofs have been adapted 
in Lübbe and Valiente Kroon (2013b) to provide an analysis of the future 
stability of Friedman-Robertson- Walker cosmological models with a perfect fluid 
with the equation of state of radiation; see Section 9.4. A natural question is 
whether conformal methods could be adapted to more general matter models, 
that is, matter models with a non-vanishing trace. That this may be possible is 
suggested by the analysis in Friedrich (2015b) where it is shown that massive 
scalar fields for which the mass parameter is related to the cosmological constant 
by the condition 3m? = —2. give rise to a set of regular conformal evolution 
equations for the Einstein-massive scalar field system. A further indication 
that conformal methods may be applicable to more general matter models is 
provided by the observation that for a large class of equations of state, perfect 
fluid Friedman-Lemaitre-Robertson-Walker (FLRW) cosmological models can be 
smoothly conformally compactified — see, for example, Griffiths and Podolsky 
(2009), section 6.4 — this despite the fact that the “natural” conformal evolution 
equations for these models are not conformally regular. 

An important motivation behind the analysis of the future non-linear stability 
of cosmological models is the so-called cosmic no-hair conjecture — the 
expectation that for a large class of models the late-time evolution approximates, 
in some sense, a de Sitter state; see, for example, Wald (1983). As the analysis 
of Lübbe and Valiente Kroon (2013b) exemplifies, conformal methods provide a 
convenient setting for this discussion — at least for some suitable matter models. 

Conformal methods provide a natural tool for the analysis of so-called 
isotropic cosmological singularities. These are singularities of the physical 
spacetime that can be removed by means of a conformal rescaling of the metric. 
The singularity of the rescaled metric is assumed to occur on a spacelike surface. 
Accordingly, the conformal structure can be extended through the singularity 
and one can study the Cauchy problem for the cosmological model with data at 
the location of the singularity; see, for example, Tod (2002) for an introduction 
into the subject and Anguige and Tod (1999a,b) and Tod (2003) for further 
details. The Big Bang singularity in FLRW models provides the prototypical 
example of this type of singularity: as these spacetimes are conformally flat, any 
curvature singularity must be restricted to the (physical) Ricci tensor. In view 
of the highly symmetric nature of FLRW spacetimes, the Ricci tensor has only 
one essential component; combining this observation with the fact that under 
conformal rescalings the Ricci tensor satisfies a transformation law which is non- 
homogeneous, one can then see that in FLRW spacetimes the conformal factor 
can be chosen so as to absorb the singular behaviour of the curvature. 

In the analysis of isotropic singularities, the role of the conformal factor is 
different from the one in the study of asymptotics: the conformal factor diverges 
at the singularity rather than going to zero — thus, it “blows up” the shrinking 
physical metric to make it finite. This type of behaviour is not expected to be 
a general feature of cosmological solutions to the Einstein field equations. This 
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observation is related to Penrose’s Weyl curvature hypothesis: the idea that 
the early geometry of the universe should be such that the Weyl tensor vanishes, 
singling out a state of low gravitational entropy; see Penrose (1979). 

In the discussion of isotropic cosmological singularities one pursues conformal 
rescalings of the form g = Ug where g denotes the physical metric, while the 
unphysical metric g extends the conformal structure through the singularity 
characterised by the condition U — 0. Under these conventions the Einstein 
field equations, written in a suitable gauge, lead to conformal evolution equations 
having a well-understood singular behaviour at the Big Bang. These evolution 
equations are an example of so-called Fuchsian differential equations — a 
class of equations with a well-defined theory. Using this theory, a number of 
statements concerning isotropic singularities can be obtained; see again Tod 
(2002) and references within for further details. More recently, it has been shown 
that a duality property of the conformally coupled scalar field equation allows 
one to analyse isotropic singularities in a framework involving the conformal 
Einstein field equations; see Liibbe (2014). It is of interest to see whether these 
ideas can be pursued further and extended to more general contexts. 


21.2 Stability of black hole spacetimes 


One of the outstanding open problems in mathematical general relativity is the 
question of the non-linear stability of the Kerr spacetime; see, for example, 
Dafermos and Rodnianski (2010) for an entry point into the literature of the 
subject. The expectation associated with this question is that perturbations of 
a Kerr metric should dynamically approach a member of the Kerr family of 
solutions in the exterior of the black hole region. This problem involves both 
an orbital and an asymptotic stability analysis; see the discussion in Section 
14.4. The non-linear stability of the Kerr spacetime poses both technical and 
conceptual challenges. On the technical side, it requires the development of 
robust partial differential equation (PDE) techniques to control the behaviour 
of the Einstein field equations in the strong gravitational field regime of a black 
hole. Current efforts in this direction have involved a detailed analysis of linear 
wave equations whose solutions propagate on the domain of outer communication 
of a Kerr background. This analysis makes systematic use of so-called vector 
field methods. The expectation is that these wave equations provide a suitable 
model for the Einstein equations written, say, in harmonic coordinates; see 
again Dafermos and Rodnianski (2010) for an account of this approach. On the 
conceptual side, the problem needs a detailed specification, compatible with the 
needs of PDE theory, of what is meant by the statement that a given spacetime is 
close to the Kerr spacetime; some ideas on how to address this issue are discussed 
in Backdahl and Valiente Kroon (2010a,b). 

Given that conformal methods, as discussed in this book, provide a tool for the 
analysis of the non-linear stability of asymptotically simple spacetimes — compare 
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Chapters 15 and 16 — it is natural to wonder whether they could also provide 
an avenue for the analysis of the non-linear stability of black hole spacetimes. 
The stability proofs discussed in this book start from the premise that a detailed 
understanding of the conformal geometry of a background solution is key to the 
analysis. Once this has been achieved, the existence and stability results follow 
by means of general results of the theory of PDEs — namely, the Cauchy stability 
guaranteed by Theorem 12.2. From the perspective of conformal geometry, the 
essential difference between the basic asymptotically simple spacetimes and the 
exact solutions describing black hole spacetimes is that while the former are 
conformally regular, the latter have a conformal structure with singular regions. 
This observation rules out the possibility of directly using arguments based 
solely on the notion of Cauchy stability to prove global existence and stability of 
black hole spacetimes. In order to go any further, it seems necessary to analyse 
the structure of the singularities in the conformal structure of the background 
solutions so as to obtain, if possible, conformal representations of the black hole 
spacetimes for which the conformal Einstein field equations acquire a form which 
is amenable to a PDE analysis. An example of the regularisation of singularities 
in the conformal structure is provided by the analysis of the problem of spatial 
infinity in Section 20.3 where a detailed knowledge of the singular behaviour of 
the various conformal fields led to the construction of a regular Cauchy problem 
for the conformal field equations. It is possible that some singular regions in the 
conformal structure of black hole spacetimes — such as neighbourhoods of i® in 
the extreme Reissner-Nordstr6m and extreme Kerr spacetimes — are amenable 
to an analogous discussion; see, for example, Liibbe and Valiente Kroon (2014). 

A systematic approach to the analysis of the conformal structure of black 
holes is through the study of suitable congruences of conformal geodesics. In 
Friedrich (2003a) it is shown that it is possible to construct a non-intersecting 
congruence of conformal geodesics that covers the whole of the Kruskal extension 
of the Schwarzschild spacetime. This congruence is prescribed by initial data on 
the time symmetric hypersurface of the spacetime, and it provides a preferred 


conformal representation of the spacetime as well as a global conformal Gaussian 
gauge system from which, say, a global numerical evaluation of the spacetime 
can be undertaken; see the discussion in the next section. In addition, this type 
of construction sheds some light on the singular behaviour of the conformal 
structure at the timelike infinity; see Friedrich (2002), section 1.4.4. A similar 
analysis has been carried out in the Reissner-Nordstr6m spacetime (including 
the extremal case) using so-called conformal curves in Liibbe and Valiente 
Kroon (2013a) and the Schwarzschild-de Sitter and Schwarzschild-anti de Sitter 
spacetime with conformal geodesics in Garcfa-Parrado et al. (2014). It would be 
of great interest extend this type of analysis to stationary black holes, that is, 
the Kerr spacetime. 

The expectation driving the constructions described in the previous paragraph 
is that they will lead to a suitable conformal representation of the background 
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black hole spacetimes which, in turn, lends itself to the formulation of an 
initial value problem allowing the analysis of the non-linear stability of black 
hole spacetimes. Nevertheless, the presence of singular points of the conformal 
structure of the background solution will require considerations of asymptotic 
stability — rather than just orbital stability as in the case of the proofs of stability 
of the de Sitter and Minkowski spacetimes given in Chapters 15 and 16. The 
development of methods that allow this type of analysis for the conformal field 
equations is an interesting and challenging problem. 

Finally, it should be mentioned that the notion of conformal compactification 
of spacetimes, as introduced in Chapter 7, has been used as the starting point of 
a programme to construct a theory of peeling and scattering of fields (including 
gravity) on black hole spacetimes; see Nicolas (2015) and references within. It 
would be of great interest to combine this approach to the asymptotic analysis of 
spacetimes with the methods for the conformal Einstein field equations developed 
in this book. 


21.3 Conformal methods and numerics 


Numerical relativity, the study of the Einstein field equations by means of 
numerical methods, has undergone a great development in recent years. Extended 
numerical simulations of coalescing black holes have become almost routine; see, 
for example, Alcubierre (2008), Pretorious (2009) and Baumgarte and Shapiro 
(2010). To a great extent, these numerical simulations have been concerned with 
astrophysical aspects of black holes — most notably the extraction of gravitational 
wave forms; see, for example, Lehner and Pretorious (2014). In addition to this 
important application aimed at the detection of gravitational waves, numerical 
relativity offers a powerful tool in mathematical investigations of the equations 
of general relativity. Some promising areas for this type of interaction have been 
described in, for example, Jaramillo et al. (2008); for an alternative perspective, 
see Andersson (2006). 

The conformal field equations suggest the possibility of performing global 
numerical evaluations of spacetimes, that is, evaluations which are not limited 
in their spatial and temporal dimensions by the finiteness of the computational 
grids. In addition, one would expect such evaluations to be free, to some extent, of 
the problems posed by the presence of unphysical boundary conditions required 
to obtain a discretisation in a finite grid without periodic boundary conditions. 

There have been a number of efforts geared towards the construction of global 
numerical evaluations of spacetimes using the conformal Einstein field equations. 
An early implementation of these ideas for the spherically symmetric Einstein- 
conformally invariant scalar field system can be found in Hiibner (1995). A 
programme to construct a computer code for numerical simulations using the 
metric vacuum conformal field equations has been reported in Hiibner (1999a,b, 
2001b) and culminated in Hübner (2001a) where a numerical demonstration of 
the semi-global existence result for hyperboloidal data discussed in Chapter 16 
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Figure 21.1 Focusing of the generators of null infinity in a numerical evaluation 
of hyperboloidal initial data close to Minkowski initial data. From Figure 
2 in P. Hübner (2001), From now to timelike infinity in a finite grid, 
Class. Quantum Grav. 18, 1871-1884. © IOP Publishing. Reproduced by 
permission of IOP Publishing. All rights reserved. 


has been provided. Remarkably, the numerical simulations obtained by means 
of this code show how the generators of null infinity intersect, up to numerical 
precision at a single point, future timelike infinity 77; see Figure 21.1. An alterna- 
tive approach based on the frame version of the standard vacuum conformal field 
equations has been described in Frauendiener (1998a,b, 2002) and implemented 
in Frauendiener and Hein (2002); see also the review by Frauendiener (2004). 
A critical discussion of the numerical implementation of the standard conformal 
Einstein field equation can be found in Husa (2002). 

Conformal Gaussian gauge systems provide an alternative approach to the 
numerical implementation of the conformal Einstein field equations. As shown 
in Chapter 13, the evolution equations implied by the extended conformal 
Einstein equations in this type of gauge splits into a subsystem of transport 
equations for the components of the frame, connection and Schouten tensor 
and a symmetric hyperbolic system for the components of the rescaled Weyl 
tensor. This remarkable structure, highlighting the special role of the Weyl 
tensor as describing the free gravitational field, may facilitate the numerical 
implementation of the system. An added advantage of this formulation of the 
conformal field equations is, in the vacuum case, the a priori knowledge of the 
conformal factor linking the unphysical spacetime with the physical spacetime 
for which the Einstein equations hold. 

A programme to analyse the global dynamics of cosmological spacetimes 
by numerical methods using the extended conformal field equations has been 
pursued in Beyer (2007, 2008, 2009a,b). This work has provided valuable insights 
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into the cosmic no-hair conjecture — see Section 21.1 — and the role of the so- 
called Nariai solution. Cosmological spacetimes provide a convenient testbed for 
the numerical implementation of the conformal field equations as they allow the 
use of compact spatial domains — say, the 3-sphere S?, the 3-torus S x S x S or 
the 3-handle S? x S — so that no boundary conditions in the spatial domain are 
required. In addition, compact spatial sections are naturally amenable to the use 
of spectral methods; see, for example, Beyer (2009c). 

A further application of the extended conformal Einstein field equations 
is the global numerical evaluation of spherically symmetric static black hole 
spacetimes. This idea was first investigated in Zenginoglu (2006, 2007) for the 
Schwarzschild spacetime and later extended to the electrovacuum case (i.e. the 
Reissner-Nordstr6m spacetime) in Valiente Kroon (2012). The assumption of 
spherical symmetry implies a great simplification in the equations so as to render 
a reduced evolution system consisting of transport equations solely. Notice, 
however, that the conformal gauge in terms of which the evolution equations 
are expressed is not adapted to the orbits of the static Killing vectors, and, thus, 
one has non-trivial gauge dynamics. An important property of these spherically 
symmetric reduced equations is that their essential dynamics is governed by a 
core system consisting of three equations in the vacuum case (for a component 
of the connection, a component of the Schouten tensor and the non-vanishing 
component of the rescaled Weyl tensor) and four equations in the electrovacuum 
case (connection, Schouten tensor, rescaled Weyl tensor and the single non- 
vanishing component of the Faraday tensor). These equations can be easily 
implemented and numerically solved with present-day desktop computers and 
allow the global computation of a privileged conformal representation of the 
black hole spacetime from an initial hypersurface to either the singularity or null 
infinity and beyond; see Figure 21.2. These small-scale numerical simulations 
could be used, in the future, as the first step in the global numerical evaluation 
of dynamic, non-spherically symmetric spacetimes. 

More recently, there have been efforts aimed at the numerical implementation 
of the construction of the cylinder at spatial infinity described in Section 
20.3.2. The ultimate goal of this programme is the numerical computation of 
hyperboloidal data from Cauchy data and to obtain insight into the numerical 
consequences of the obstructions to the smoothness of null infinity discussed 
in the later sections of Chapter 20. At the time of writing, the analysis has 
been restricted to the analysis of the spin-2 field equation on a Minkowski 
background — in the spirit of Section 20.3.4 — with the expectation that this 
situation contains the essential difficulties in the implementation; see Beyer et al. 
(2012) and Frauendiener and Hennig (2014). 

Foliations of spacetimes by means of hyperboloidal hypersurfaces have been 
used in numerical simulations aimed at analysing radiative processes in gravi- 
tational collapse and perturbations of black hole spacetimes; see, for example, 
Zenginoglu (2008, 2011a,b), Rinne (2010, 2014), Zenginoglu and Kidder (2010) 
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Figure 21.2 The Schwarzschild spacetime in a conformal Gaussian gauge 
system; see the discussion in the main text and compare also Section 20.3.3. 
From Figure 3.3, page 57, of A. Zenginoglu, A conformal approach to numerical 
computations of asymptotically simple spacetimes, PhD thesis, University of 
Postdam (2006). Reproduced courtesy of the author. 


and Rinne and Moncrief (2013). These numerical investigations make use of 
formulations of the Einstein field equations alternative to the ones discussed 
in this book. Finally, hyperboloidal foliations have also been used in the 
implementation of fully spectral (i.e. in time and space) evolution schemes for 
various fields; see Hennig and Ansorg (2009) and Macedo and Ansorg (2014). 


21.4 Computer algebra 


The analysis of hyperbolic reductions in Chapter 13 shows that despite their 
elegance and appealing geometric nature, the study of the consequences of 
the conformal field equations requires a considerable amount of algebraic 
manipulations. Modern computer algebra systems provide a natural way of 
performing these manipulations in an effective and efficient way. At the time 
of writing, the suite of packages xAct for Mathematica provides a robust 
and versatile framework for the type of tensorial and spinorial manipulations 
discussed in this book; see Martín-García (2014). The packages in the suite xAct 
allow one to perform tensorial and spinorial abstract index computations on 
generic tensors as well as explicit component computations for a given metric. 
At the core of xAct is a canonicalisation routine which allows one to simplify 
large tensorial and spinorial expressions by identifying “dummy” indices and 
exploiting the symmetries of the various objects involved. In addition, xAct 
allows one to carry out cumbersome operations such as the decomposition of 
spinors into irreducible parts. An additional appeal of this system is that it 
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provides its output in standard index notation. The system also provides facilities 
to produce Latex output of the calculations 

The capabilities of modern computers have reached the point that, for exam- 
ple, using xAct, it is possible to perform certain types of analyses which would 
have been impractically long otherwise. As an example, the study of asymptotic 
expansions using the framework of the cylinder at spatial infinity described 
in Chapter 20 and reported in Valiente Kroon (2004a,b,c, 2005) depended, in 
a crucial manner, on computer algebra calculations. These calculations were 
carried out with purpose-built routines in the computer algebra system Maple V. 


21.5 Concluding remarks 


This book has discussed a particular approach to the use of conformal methods in 
mathematical general relativity. Clearly, the approach presented is not the only 
one possible nor are the potential applications restricted to the ones discussed 
in these pages. It constitutes a body of work extending over a period of more 
than 30 years starting with the work of H. Friedrich in the early 1980s — or 
50 years if one considers the seminal work by R. Penrose in the 1960s. This 
extended period of time is proof of the vitality of the subject. Nevertheless, 
a more exacting assessment of its vitality and relevance should come from its 
influence in the whole of mathematical general relativity and its ability to foster 
new ideas and research problems. Time will be the ultimate judge on this matter. 

This book is an attempt to bring to the fore the relevance of conformal methods 
in modern research in general relativity and to make the subject as accessible 
as possible to those interested in using these ideas in their own research. The 
reader is left to decide whether this goal has been achieved. 
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initial boundary value problems, 313 
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initial data sets, 255 

initial value problems, 4, 296 
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isometries, 44 
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Koszul formula, 46 
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Maxwell equations, 213 
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spinorial evolution equations, 333 
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energy-momentum tensor, 213, 215 
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mean value theorem, 302, 329 
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conformal/conformally related, 113 
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metric tensor, see metric 
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hyperboloidal data, 442 
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a priori structure of the conformal 
boundary, 444 
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multipole moments, 518 
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Newman-Penrose constants, 240 
Newman-Penrose formalism, 91 
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news function, 237 
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normal vector, 54 
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past pointing, 76 
numerical relativity, 564 
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parallel propagation, 43 
Pauli matrices, 75 
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peeling theorem, 230 
Penrose diagrams, 10 
Eddington-Finkelstein coordinates, 170 
elementary blocks, 167 
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Kruskal-like coordinates, 171 
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Penrose’s proposal, 13, 182 
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barotropic equations of state, 220 
density, 220 
energy-momentum tensor, 220 
equation of energy conservation, 220 
equations of motion, 220 
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radiation equation of state, 220 
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points at infinity, 274 
regularity, 277 
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positive definite matrices, 308 
principal part, of a differential operator, 252, 
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spinorial counterpart, 103 
propagation, of the constraints, 6, 331, 354 
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pure radiation problem, 497 
purely radiative spacetimes, 453, 496, 531, 
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quasilinear differential operators, 253 
quasilinear evolution equations, 294 


radiation field, 237, 500 
radiativity condition, see regularity condition 
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reduced Einstein field equations, 388 
reflective boundary conditions, 473 
regularity condition, 518, 533-535 
Reissner-Nordstr6m spacetime 
extremal, 172, 174 
non-extremal, 173 
rescaled Cotton tensor, 189, 212 
spinorial decomposition, 198 
rescaled Weyl spinor, 198 
rescaled Weyl tensor, 11, 188 
Riccati system, 487 
Ricci scalar, 48, 110 
Ricci tensor, 48 
3-dimensional, 60 
spinorial counterpart, 88 
Riemann mapping theorem, 226 
Riemann tensor, see curvature 
spinorial counterpart, 84 
right-handedness, 77, 78 
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scalar field, 30, 216 
auxiliary fields, 218 
conformally invariant, 216 
energy-momentum tensor, 217 
massive, 561 
relation to other wave equations, 219 
spinorial description, 217 
unphysical, 216 

Schouten tensor 
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Schwarzschild spacetime, 163 
conformal extension, 164 
Eddington-Finkelstein coordinates, 163 
isotropic radial coordinate, 270 
Kruskal-Székeres extension, 164 
maximal conformal extensions, 176 
negative mass case, 176 
Penrose diagram, 165 
standard coordinates, 163 
time symmetric initial data, 270 

Schwarzschild-de Sitter and -anti de Sitter 

spacetimes, 175 

second fundamental form, see extrinsic 

curvature 

see-saw rule, 68 

semiglobal existence, 437 

semilinear equations, 295 
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shear, 225 
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smooth tensor field, see tensor field 

smoothness, 27 

Sobolev embedding theorems, 307 

Sobolev norm, 306 

Sobolev spaces, 306 

soldering forms, 80 

spacetime 
causal, 391 
with complete past null cone, 497 
definition, 1, 45 
globally hyperbolic, 391 
strongly causal, 392 
time oriented, 45 

spatial infinity, 19 
problem of, 438, 527, 549, 563, 566 

sphere, at infinity, 539 

spherical coordinates, 142 

spherical symmetry, 141 
centre of symmetry, 141 
quotient manifold, 141 
quotient metric, 141 
warped product form, 142 

spin algebra, 67 

spin connection coefficients, 82, 197, 206 
spatial, 109 
transformation under conformal rescaling, 
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Weyl connection, 124 

spin-2 massless field, 551 

spin-boosts, 241 

spin-weight, 242 

spin-weighted spherical harmonics, 240, 242 

spinor covariant derivative, 81 
space spinors, 108 

spinor fields, 81 

spinorial divergence equation, 298 

spinors, 15 
1+ 1+2 formalism, 464 
abstract index notation for, 66 


complex conjugation, 72 
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contravariant, 67 
covariant, 67 
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flag, 77 
Hermitian, 73 
higher rank, 67 
imaginary, 97 
real, 97 
space spinor formalism, 97 
valence 1, 67 
stability, 401 
standard Euclidean metric, 142 
star shaped neighbourhood, 275 
static equations, 506 
static solutions, 506 
cylinder at spatial infinity, 553 
static spacetimes, 504 
conformal completions, 515 


static spherically symmetric spacetimes, 165 


conformal extension, 165 
strictly globally static spacetimes, 475 
structure equations, 472 
SU(2,C) transformation, 100 
submanifolds, 54 
subsidiary evolution system, 331, 354, 388 
model equations, 354 
supertranslations, 239 
supremum norm, 292 
symbol, of a differential operator, 252, 295 
symmetric hyperbolic systems, 295 
characteristic initial value problems, 
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constraint equations, 297 
existence of solutions, 312 
finite speed of propagation, 304 
global existence, 328 
initial boundary value problems, 313 
initial data, 296 
local existence, 308 
localisability of solutions, 304, 310 
null directions, 297 
patching of solutions, 311 
stability, 309, 312 
uniqueness of solutions, 301 
symmetry reduced evolution system, 545 
symplectic transformation, 66 
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tensor algebra, 33 

tensor field, 34 
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antisymmetric, 33 
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contravariant, 32 


Index 


covariant, 32 
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product, 33 
space of, 33 
space spinor counterpart, 97 
spatial, 250 
spinorial counterpart, 76 
symmetric, 33 
symmetric part, 36 
temporal and spatial components, 53 
trace-free, 47 
transverse and longitudinal components, 
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time function, 54, 394 
time independent solutions, 19 
time reflection symmetric initial data sets, 
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topological spaces, 27 
torsion, 39 
frame components, 53 
tensor, 39 
total characteristics, 297, 548 
trace, 47 
trace-free Ricci tensor, 48 
spinorial counterpart, 110 
transition tensor, 42 
translations, 239 
transport equations, 368, 462, 548 
transverse equations, 297 


unit normal vector, see normal vector 
unit position vector, 514 
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vector spaces 
complex, 65 
complex conjugate, 65 
simplectic, 65 
vectors, 31 
causal, 391 
future directed, 45 
future/past pointing, 391 
future pointing, 78 
past directed, 45 
tangent, 30 
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Weyl propagated, see Weyl propagation 
volume form, 49 
spatial, 249 
spatial, spinorial counterpart, 105 
spinorial counterpart, 78 


wave coordinates, 387 
wave equation 
existence theory, 328 
as a symmetric hyperbolic system, 300 
weakly asymptotically simple spacetimes, 
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Weingarten tensor, 57 
well-posedness, 6, 298 
Weyl candidates, 250 
Weyl connection, see connection 
Weyl curvature hypothesis, 561 
Weyl propagation, 121 
Weyl tensor, 11, 48 
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spinorial counterpart, 87 
Weyl]-Schouten theorem, 118 
Whitney’s extension theorem, 324, 330 
world tensor, 73 
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Yamabe equation, 278 
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